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Agripino Segundo de Sousa Neto

DATA-DRIVEN COSMOLOGICAL RECONSTRUCTION USING GAUSSIAN
PROCESSES AND MACHINE LEARNING

RESUMO

A cosmologia moderna fornece uma descri¢ao consistente do Universo em larga escala,
embora questoes fundamentais, como a natureza da energia escura e a consisténcia entre
diferentes estimativas cosmoldgicas, permanecam em aberto. Levantamentos de nova
geracao, como o DESI, impoem novos desafios ao modelo ACDM, enquanto observagoes
de idades de objetos cosmicos fornecem uma via complementar para investigar a historia
de expansao.

Nesse contexto, técnicas de aprendizado de maquina tém ganhado destaque na inferén-
cia de observaveis cosmologicos. Assim, esta tese investiga sua aplicagdo na reconstrugao
dessas quantidades, com énfase na Regressao Simbolica (RS). A analise baseia-se na apli-
cagao conjunta dessa abordagem e de Processos Gaussianos (PG), estes tltimos empre-
gados como um método estatistico nao paramétrico, permitindo avaliar a consisténcia e a
robustez das reconstrugoes. Utilizamos dados recentes de oscilagoes aciisticas de barions
do DESI, combinados com supernovas do tipo Ia, bem como dados de idades de galaxias
passivas.

No contexto da energia escura, realizamos a reconstrugao da equagao de estado w(z)
diretamente a partir de observéaveis cosmolégicos, com o objetivo de investigar uma pos-
sivel evidéncia de energia escura dinamica, constituindo uma das primeiras aplicagoes de
regressao simbolica a dados do DESI para esse fim. A reconstrucao foi inicialmente real-
izada com medidas de Dy /ry, onde Dy é a distancia de Hubble e r4 o horizonte acustico
na época de dragagem. Em seguida, a analise foi refinada utilizando Dy;/ry, onde Dy é
a distancia comoével transversal, combinada com dados de supernovas.

Os resultados mostram que, dadas as incertezas atuais, nao ha evidéncias conclu-
sivas de desvios em relagdo ao modelo ACDM. A fungdo w(z) apresenta sensibilidade
significativa a parametros cosmologicos, particularmente €, (densidade de matéria) e
rq, Cujas variagoes impactam o comportamento inferido. Ainda assim, as reconstrugoes
permanecem compativeis com o ACDM dentro de 30, com apenas desvios marginais em
regioes especificas.

No estudo do tempo de formacao de galaxias, reconstruimos ts(z), definido como o
tempo cosmico no qual uma determinada fracao da massa estelar final de uma galéxia ja
foi formada, utilizando duas abordagens independentes baseadas em diferentes conjuntos
de dados. Ambas produzem resultados consistentes e indicam uma evolugao de t¢(z) com

o redshift, especialmente em baixos redshifts. Verificamos ainda que essa estimativa é
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pouco sensivel ao modelo cosmolégico, sendo dominada principalmente pelas incertezas

nos parametros cosmologicos, em particular Hy.
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Agripino Segundo de Sousa Neto

DATA-DRIVEN COSMOLOGICAL RECONSTRUCTION USING GAUSSIAN
PROCESSES AND MACHINE LEARNING

ABSTRACT

Modern cosmology provides a consistent description of the Universe on large scales,
although fundamental questions, such as the nature of dark energy and the consistency
among different cosmological estimates, remain open. Current surveys, such as DESI,
pose new challenges to the ACDM model, while observations of the ages of cosmic objects
offer a complementary way to probe the expansion history.

In this context, machine learning techniques have gained increasing attention in the
inference of cosmological observables. This thesis investigates their application to the re-
construction of such quantities, with emphasis on Symbolic Regression (SR). The analysis
is based on the combined use of this approach and Gaussian Processes (GP), the latter
employed as a non-parametric statistical method, allowing us to assess the consistency
and robustness of the reconstructions. We use recent baryon acoustic oscillation data
from DESI, combined with Type la supernovae, as well as galaxy age data from passively
evolving systems.

In the context of dark energy, we reconstruct the equation-of-state parameter w(z)
directly from cosmological observables, aiming to investigate possible evidence for dy-
namical dark energy. This constitutes one of the first applications of symbolic regression
to DESI data for this purpose. The reconstruction is initially performed using Dy /ry
measurements, where Dy is the Hubble distance and r,; is the sound horizon at the drag
epoch, and later refined using D,;/rq, where D), is the transverse comoving distance,
combined with supernova data.

Our results show that, given current uncertainties, there is no conclusive evidence
for deviations from the ACDM model. The function w(z) exhibits significant sensitivity
to cosmological parameters, particularly €2, (matter density) and ry, whose variations
impact the inferred behavior. Nevertheless, the reconstructions remain consistent with
ACDM at the 30 level, with only marginal deviations in specific regions.

In the study of galaxy formation time, we reconstruct ¢;(z), defined as the cosmic
time at which a given fraction of a galaxy’s final stellar mass has formed, using two
independent approaches based on different datasets. Both yield consistent results and
indicate an evolution of t¢(z) with redshift, particularly at low redshift. We also find
that this estimate is weakly dependent on the assumed cosmological model, being mainly

driven by uncertainties in cosmological parameters, especially Hy.



List of Figures

1.1
1.2

2.1
2.2
2.3
24

2.5

2.6

3.1
3.2
3.3
3.4
3.5
3.6

4.1

4.2

0.1
2.2

2.3
0.4

3.5

Parallel timeline of key developments in machine learning and cosmology . 3
Constraints in the wo—w, plane from DESI-BAO combined with CMB and

different SNe datasets . . . . . . . . . ... 4
Spacetime diagram illustrating the concept of luminosity distance . . . . . 13
Preliminary CMB spectrum measured by the FIRAS instrument . . . . . . 14
Cartoon of the recombination . . . . . ... ... ... ... ... ..... 17
Angular power spectrum of the CMB temperature anisotropies from the

Planck . . . . . 19

Large-scale two-point correlation function &(s) obtained from the SDSS

luminous red galaxy sample. . . . . . .. .. ... oo 20
Representative light curves of Type la supernovae. . . . . . . .. ... ... 21
Examples of strong-lens candidates . . . . . .. .. ... ... 26
Top symbolic-regression reconstructions . . . . . . . . .. . .. ... .. .. 27
Hierarchical structure of AT . . . . . ... ... ... ... ... ... 28
Reconstruction of the Hubble parameter H(z). . . . . . . . ... ... ... 30
Schematic illustration of the inner loop of PySR . . . . . . . .. .. .. .. 33
Hubble linear relation . . . . . . . . . . ... ... o 36

Reconstruction of the Hubble function H(z) from CC data for different
values of the correlation-length hyperparameter ¢ . . . . . . . . . .. ... 42

Reconstruction of H(z) and derived quantities from GP . . . . . ... . .. 45

Comparison of performance across different operator sets using CustomLoss. 52
Comparison of the Mean Squared Error (MSE) distribution per cross-

validation fold for the four tested loss functions. . . . . . .. . .. ... .. 52
PySR reconstruction of Dy /ry and the derived w(z) . . . .. ... ... .. 54
PySR reconstruction of Dy;/ry and the derived w(z) using DESI + Pan-

theon+ dataset . . . . . . . . ... o7
PySR reconstruction of D), /r; and the derived w(z) using the DESI + DESY5 58

x1



5.6 Reconstruction (30) of w(z) for DESI + Pantheon+ considering variations

in €2, and r, for different scenarios . . . . . .. .. ... 60
5.7 Same as Figure 5.6, but using DESI + DESY5. . . .. ... ... ... .. 61
5.8 GP reconstruction of D, /ry and the derived w(z) using the DESI + pan-

theon+ using GP . . . . . . ... 62
5.9 GP reconstruction of Dy;/r; and the derived w(z) using the DESI + DESY5 63
5.10 Reconstruction of w(z) using PySR and GP for two combined data sets . . 63
6.1 GP and SR reconstructions of the age-redshift relation . . . . . ... . .. 69
6.2 Age-redshift curves and t;(z) reconstruction . . . . ... ... 71
6.3 Age-redshift curves and ¢(z) reconstruction for PySR . . . . ... .. .. 72

6.4 Cosmic age as a function of redshift for the CPL model and ACDM (SHOES) 74

6.5 Contributions to the uncertainty in the age of the Universe at redshift z

from the cosmological parameters Hy, w, Qy; and Q. . . . . .. .. 0. . 75
6.6 Distance, lookback-time, and formation-time relations . . . . . . . . . . .. 76
6.7 Variance contributions of g, {7, and ¢, to tp(z). . . . ... ... 78

6.8 Comparison of the reconstructed formation time ¢; obtained with different

approaches and techniques . . . . . . . .. ... ... . L. 79

A.1 The reconstruction results for Dy, /ry using DESI + Pantheon+ dataset . . 102
A.2 The same as Figure A.1, but using the DESI + DESY5, and a CPL model
with the DESI (FS + BAO) + CMB + DESY5 . . ... ... ... .... 102

xii



List of Tables

3.1

5.1
2.2
2.3
0.4
2.5
2.6

6.1
6.2
6.3

Final model returned by PySR . . . . . . . . .. ... oo 35
BAO measurements from the DESI (DR2) collaboration . . ... ... .. 49
List of unary and binary operators used in PySR . . . . . . .. .. ... .. o1
Top 3 PySR results for different valuesof . . . . . . . . . .. .o 53
DESI-only . . . . . . . 55
DESI + Pantheon+. . . . . . . . . .. ... .. o7
DESI + DESY5. . . . . . 61
Log-likelihood values for different Gaussian Process kernels. . . . . . . . . . 68
Symbolic regression results for ¢, . . . . ... 0000000 73
Values of t; at three redshifts obtained from the different methods discussed

in the text. . . . . . 78

xiil



List of Symbols

K**

Observational covariance matrix, p. 39

Hubble distance, p. 10

Transverse comoving distance, p. 12

Proper distance, p. 11

Newton’s gravitational constant, p. 8

Einstein tensor, p. 8

Hubble-Lemaitre parameter, p. 8

Present-day Hubble constant, p. 9

Covariance matrix evaluated at the observed data points, p. 39
Absolute magnitude, p. 13

Ricci scalar, p. 8

Ricci tensor, p. 8

Energy-—momentum tensor, p. 8

Present-day normalized dark energy density parameter, p. 10
Present-day normalized density parameter of component ¢, p. 9
Present-day normalized curvature density parameter, p. 10
Present-day normalized matter density parameter, p. 10
Comoving radial distance, p. 11

Cross-covariance matrix between observed and reconstruction

points, p. 40

Covariance matrix evaluated at reconstruction points, p. 40

Xiv



X*
f*

f‘/*

gp

cov(f*)

cov(f@, f0))

Pm

Pr
PDE0
PDE
Pco
Pm,0

pr,O

Vector of observed input data points, p. 39

Vector of input points where the function is reconstructed, p. 39
Vector of reconstructed function values at test points X*, p. 40
Vector of reconstructed first derivative values at X*, p. 43
Vector of observed data values, p. 39

Gaussian Process, p. 39

Likelihood function of the observed data, p. 41

Multivariate Gaussian (normal) distribution, p. 39

Covariance matrix of the reconstructed function, p. 41

Covariance between the i-th and j-th derivatives of the function, p.
44

Distance modulus, p. 13

Mean function of the Gaussian Process, p. 39
Mass density, p. 8

Matter density, p. 9

Radiation density, p. 9

Present-day dark energy density, p. 9

Dark energy density, p. 9

critical density today, p. 9

Present-day matter density, p. 9

Present-day radiation density, p. 9

Variance of the i-th observational data point, p. 40
proper time, p. 8

Total covariance matrix including observational errors, p. 40
Scale Factor, p. 7

Speed of light, p. 7

XV



qo
Tq

to

Physical distance, p. 10
Latent function reconstructed with Gaussian Processes, p. 38

Derived observable depending on the reconstructed function and its

derivatives, p. 44

Covariance (kernel) function of the Gaussian Process, p. 39
Apparent magnitude, p. 13

Number of observed data points, p. 40

Number of reconstruction points, p. 40

Pressure of the fluid, p. 8

Present-day deceleration parameter, p. 10

sound horizon at the drag epoch, p. 48

Present cosmic time, p. 10

Four-velocity, p. 8

Curvature Parameter, p. 7

XVl



List of Abbreviations

ACDM

BAO

BA

BOSS

CMB

CNN

COBE

CPL

CP

DESI

DESY5

DETF

ETG

FIRAS

FLRW

GA

GR

MAE

MDL

MLP

A-Cold Dark Matter, p. 3

Baryon Acoustic Oscillation, p. 3

Barboza Alcaniz, p. 4

Baryon Oscillation Spectroscopic Survey, p. 3
Cosmic Microwave Background, p. 1
Convolutional Neural Networks, p. 25
Cosmic Background Explorer, p. 16
Chevallier-Polarski-Linder, p. 3

Cosmological Principle, p. 7

Dark Energy Spectroscopic Instrument, p. 3
Dark Energy Survey Supernova 5-Year, p. 3
Dark Energy Task Force, p. 3

Early-Type Galaxies, p. 5

Far InfraRed Absolute Spectrophotometer, p. 16
Friedmann—Lemaitre—Robertson—Walker, p. 7
Genetic Algorithms, p. 26

General Relativity, p. 7

Mean Absolute Error, p. 29

minimum description length, p. 26
Multi-Layer Perceptrons, p. 28

Xvil



MSE

ODE

PCA

RMSE

SDSS

SR

SVM

SVR

Mean Squared Error, p. 29
Ordinary Differential Equation, p. 9
Principal Component Analysis, p. 2
Root Mean Squared Error, p. 29
Sloan Digital Sky Survey, p. 3
Symbolic Regression, p. 6

Support Vector Machine, p. 28

Support Vector Regression, p. 28

Xviil



Contents

List of Figures

List of Tables

List of Symbols

List of Abbreviations
1 Introduction

2 Theoretical Foundations of Modern Cosmology

2.1 Dynamics of the Universe

2.2 Cosmological Distances . . . . . . . .. ... ... ... ...

2.2.1 Hubble Distance . . . .. ... ... ... ......
2.2.2 Proper Distance . . . . . . ... ... ... .. ....
2.2.3 Radial comoving distance . . . ... ... ... ...
2.2.4 Transversal comoving distance . . . . . . . . ... ..
2.2.5 Luminosity distance . . . . . . ... ... ... ...

2.3 Cosmological Observational Probes . . . . . ... ... ...

2.3.1 Cosmic Microwave Background . . . ... ... ...
2.3.2 Baryon Acoustic Oscillations . . . . . ... ... ...
2.3.3 Typela Supernovae . . . . . . . ... ... ... ...
2.3.4 Age and lookback time . . . . . ... ... ... ...

3 Supervised learning in Cosmology

3.1 Introduction . . . . . . . . . . ..

3.2 Supervised Regression in Cosmology: Conceptual Overview

3.3 Symbolic Regression

3.4 Challenges and Perspectives . . . . . ... ... ... ....

4 Gaussian Processes

4.1 Introduction . . . . . . . . . ..

4.2 Reconstructing a function

XIiX

xi

xiii

xiv

xXvii



4.3 Reconstructing the derivative of a function . . . . . . ... .. ... ... 43
4.4 Functions of a GP and Error Propagation . . . ... ... ... .. ... .. 44
4.5 A Practical Example: Reconstruction of H(z) viaGP . . . .. .. ... .. 45

5 Symbolic regression analysis of dynamical dark energy with DESI-DR2

and SN data 47
5.1 Introduction . . . . . . . .. 47
5.2 Basic Equations . . . . .. ..o Lo 47
5.3 Data . . . . . . e 48
5.3.1 Baryonic acoustic oscillations . . . . ... ..o 49

5.3.2 Typela Supernova . . . . . .. . .. ... 50

5.3.2.1 Pantheon+ . .. .. ... ... ... .. ... ... 50

5.3.2.2  Dark Energy Survey Supernova Year 5 (DESY5) . . . .. 50

5.4 Symbolic regression . . . . . . ... 50
5.4.1 Operators Usedin PySR . . . . . .. ... ... ... ... ..., 50

5.4.2 Loss Function . . . . . . . . . . ... 51

5.4.3 Model Selection . . . . . ... 53

550 Results . . . . . . 54
5.5.1 DESl-only . . . . . . .. .. 54

5.5.2 DESI + Pantheon+ . . . . . . . . . ... ... . 56

55,3 DESI + DESY5 . . . . . . . . 58

5.6 Gaussian ProCesSeS . . . . . . . .o i e 62
5.7 Conclusion . . . . . . . .. 64

6 Cosmological constraints on galaxy formation time 66
6.1 Introduction . . . . . . . . . .. 66
6.2 Galaxy formation time . . . . . .. ... L 66
6.3 Methodology and Data . . . . . .. .. .. .. ... 67
6.3.1 Gaussian Processes . . . . . . . ... o 68

6.3.2 High-performance Symbolic Regression . . . . . .. ... ... ... 68

6.3.3 AgeData . . ... ... 69

6.3.4 Type Ia Supernova Data . . . . . ... .. ... ... ... 70

6.4 Results. . . . . . . 70
6.5 Robustness tests of the formation time ¢, . . . . . .. ... ... ... ... 78
6.6 Conclusion . . . . . . . . . ... 80

7 Conclusions 81
Bibliography 84
A Analyses with DESI DR1 101



CHAPTER 1

Introduction

Cosmology emerged as a result of human curiosity about the universe and the desire to
comprehend its beginnings, development, and final destiny. With the development of
General Relativity (GR; EINSTEIN, 1915) at the start of the 20th century, contempo-
rary cosmology became a scientific field, transcending purely philosophical conjecture and
building a framework based on theoretical and observational principles. This advance-
ment made it possible to apply physical rules to scales that are similar to the size and age
of the observable universe.

Currently, the standard cosmological model (ACDM), based on General Relativity
and the Cosmological Principle, provides an excellent description of the evolution of the
Universe. It is strongly supported by several key observational results, including the ex-
pansion of the Universe inferred from the recession velocities of distant galaxies (HUBBLE,
1929), the primordial abundances of light elements predicted by Big Bang nucleosynthesis
(GAMOW, 1946), and the existence of the Cosmic Microwave Background (CMB) radi-
ation (PENZIAS and WILSON;, 1965), as well as the late-time accelerated expansion of
the Universe revealed by Type Ia supernova observations (PERLMUTTER et al., 1999;
RIESS et al., 1998). The observed cosmic acceleration is commonly interpreted as the
manifestation of a dominant cosmic component characterized by a negative equation-of-
state (EoS) parameter w; within the standard cosmological model, this component is
identified with a cosmological constant A, for which w = —1.

Despite its remarkable success, the ACDM model faces several open challenges.
Among them are the unknown nature of dark energy and the persistent Hubble ten-
sion (KAMIONKOWSKI and RIESS, 2022; VERDE et al., 2023). In addition, there
are mild discrepancies in the clustering amplitude, commonly referred to as the Sg ten-
sion (HILDEBRANDT et al., 2017; WRIGHT et al., 2025), which may indicate residual
inconsistencies between different cosmological probes, although with lower statistical sig-
nificance. Furthermore, questions related to neutrino physics, such as constraints on their
total mass (ELBERS et al., 2025), remain an active area of investigation.

The increasing precision and volume of cosmological data have demanded the devel-
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2 CHAPTER 1. INTRODUCTION

opment of more sophisticated analysis techniques to address these challenges. A range
of methodological techniques, from theory-driven models to more adaptable, data-driven
frameworks, have been used in this setting. These methods seek to give reliable and objec-
tive reconstructions of cosmic observables in addition to improving parameter estimation,
allowing for a better comprehension of the underlying physical processes.

Parametric and non-parametric methods represent the two primary methodological
approaches used in the analysis of cosmological observations. The parametric approach
consists of either introducing a parametrization for the quantity of interest or assuming a
specific functional form motivated by theoretical models. This strategy is particularly ef-
fective in constraining model parameters, often leading to tighter uncertainties. However,
the results may be biased by the choice of functional form and the underlying assumptions.

Non-parametric approaches provide a more flexible alternative to mitigate these lim-
itations. Rather than assuming a predefined functional form, these methods aim to re-
construct smooth functions directly from the data. Their objective is to capture the
underlying behavior of the observables while minimizing theoretical bias.

Several non-parametric techniques have been widely employed in cosmology, such as
Gaussian Processes (GP; RASMUSSEN and WILLIAMS, 2006; SEIKEL et al., 2012),
Principal Component Analysis (PCA; PEARSON, 1901), and smoothing splines (SI-
MONOFF, 2012). For a more detailed discussion of non-parametric techniques in cosmol-
ogy, see GONZALEZ (2018). More recently, machine learning techniques have naturally
taken on this role, providing flexible and scalable frameworks for reconstructing cosmo-
logical quantities and extracting information from increasingly complex datasets.

In this context, machine learning can be viewed as a modern extension of non-
parametric approaches, providing enhanced flexibility and the ability to model complex,
high-dimensional datasets. However, despite its early theoretical foundations dating back
to the mid-20th century, its widespread application in scientific problems is relatively
recent, largely driven by advances in computational power and the availability of large
datasets.

This aspect becomes particularly evident when compared to the development of mod-
ern cosmology. While the theoretical framework of machine learning was already being
established, cosmology had already undergone major conceptual and observational break-
throughs, including the formulation of the Big Bang model and, later, the discovery of the
accelerated expansion of the Universe. Only in more recent decades has machine learning
become a practical and competitive tool in the analysis of cosmological data.

Although cosmology and machine learning originated as distinct fields, their parallel
evolution has led to a growing synergy, with artificial intelligence now playing a central
role in addressing some of the most challenging open problems in cosmology. This parallel
development is illustrated in Fig. 1.1, which highlights key milestones in both fields and

their progressive convergence.
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Figure 1.1: Parallel timeline of key developments in machine learning and cosmology,
highlighting their independent origins and subsequent convergence in the era of data-
driven science.

In light of these considerations, two representative scenarios illustrate the application
of these ideas in modern cosmology. The first concerns recent results from the Dark En-
ergy Spectroscopic Instrument (DESI) and their implications for dynamical dark energy,
while the second focuses on the problem of galaxy formation time. In both cases, ma-
chine learning techniques are employed as complementary tools to aid the analysis and
interpretation of the data.

Initiatives such as the Dark Energy Task Force (DETF; ALBRECHT et al., 2006) out-
lined a roadmap to improve our understanding of dark energy by classifying cosmological
surveys into distinct stages according to their precision and constraining power. Early sur-
veys, such as the Sloan Digital Sky Survey (SDSS), are typically associated with Stage 11
experiments, providing the first robust measurements of large-scale structure and baryon
acoustic oscillations. Subsequent Stage III surveys, including Baryon Oscillation Spectro-
scopic Survey (BOSS) and eBOSS, significantly improved these constraints through larger
volumes and higher-quality data. These efforts paved the way for the current generation
of Stage IV experiments (see, e.g., BRAUN et al. (2015); LSST DARK ENERGY SCI-
ENCE COLLABORATION (2012); SCARAMELLA et al. (2022)), which are designed to
achieve substantially higher precision. Among these, DESI (AGHAMOUSA et al., 2016)
stands out as one of the leading efforts.

The DESI collaboration, in its first data release in 2024 of baryon acoustic oscilla-
tion (BAO) measurements, provided important results which challenge the A-Cold Dark
Matter (ACDM) paradigm (ADAME et al., 2024a), as further intensified by subsequent
works (BOUSIS and PERIVOLAROPOULOS, 2024; CORTES and LIDDLE, 2024; LU-
ONGO and MUCCINO, 2024; PARK et al., 2024; YIN, 2024). Assuming that the dark
energy EoS is given by the Chevallier-Polarski-Linder parameterization (CPL; CHEVAL-
LIER and POLARSKI, 2001; LINDER, 2003), w(z) = wo + wez/(1 + z), some analyses
of the DESI-BAO data, when combined with various Type Ia Supernova (SNe) datasets,
such as the Dark Energy Survey Supernova 5-Year compilation (DESY5) ABBOTT et al.
(2024), Union3 (RUBIN et al., 2024), and Pantheon+ (SCOLNIC et al., 2022), in ad-
dition to CMB priors from Planck (AGHANIM et al., 2020), showed a preference for a
dynamical dark energy (with wy > —1 and w, < 0) compared to ACDM (see Fig. 1.2;



4 CHAPTER 1. INTRODUCTION

see also EFSTATHIOU (2025); ROY CHOUDHURY and OKUMURA (2024) for different

perspectives).
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Figure 1.2: Constraints in the wy—w, plane from DESI-BAO combined with CMB and
different SNe datasets. The ACDM model corresponds to (wy, w,) = (—1,0). Reproduced
from ADAME et al. (2024a).

Additionally, this conclusion is supported by analyses that explore different EoS pa-
rameterizations (BHATTACHARYA et al., 2024; DE SOUZA et al., 2025; GHOSH and
BENGALY, 2024b; GIARE et al., 2024; RAMADAN et al., 2024; REBOUCAS et al.,
2024; RODRIGUES et al., 2025; WOLF et al., 2024), with the best-fit model pro-
vided by the Barboza-Alcaniz parameterization (BA, BARBOZA and ALCANIZ, 2008),
w(z) = wo + wez(1+ 2)/(1 + 22).

It is worth emphasizing that these indications emerge within specific parametric de-
scriptions of the dark energy equation of state. The CPL and BA parametrizations, for
instance, provide a convenient phenomenological expansion of w(z) around the present
epoch, but they impose a predefined functional structure on the redshift evolution. As
with any low-dimensional parametrization, this choice restricts the space of possible be-
haviors and may influence the inferred dynamical features.

This naturally raises the question of whether the apparent preference for an evolving
dark energy component reflects genuine physical information encoded in the data or is,
at least in part, driven by the assumed functional form. In this sense, approaches that
relax parametric assumptions become particularly valuable.

From this perspective, non-parametric analyses (DINDA and MAARTENS, 2024,
GHOSH and BENGALY, 2024a; JIANG et al., 2024; MUKHERJEE and SEN, 2024)
provide a complementary strategy, as they allow one to investigate a possible redshift

evolution of the dark energy equation of state without imposing a specific functional form



for w(z). Methods such as Gaussian Processes (GP, RASMUSSEN and WILLIAMS,
2006; SEIKEL et al., 2012) and Genetic Algorithms (GA, ARJONA and NESSERIS,
2020; BOGDANOS and NESSERIS, 2009) have been widely employed for this purpose,
offering a flexible framework for reconstructing cosmological functions in a largely model-
independent manner.

Interestingly, some recent non-parametric reconstructions of the DESI-BAO mea-
surements, combined with SNe datasets and CMB priors (DINDA and MAARTENS,
2024), have reported a smaller tension with the ACDM model than those obtained within
the CPL framework in ADAME et al. (2024a). This difference further emphasizes how

methodological assumptions can influence the inferred dynamical behavior of dark energy:.

In a different but complementary direction, the formation time of galaxies constitutes
an important probe of cosmic evolution. Defined as the time elapsed between the Big
Bang and the epoch at which a galaxy assembles most of its stellar mass, this quantity is
intrinsically related to both the age of galaxies and the age of the Universe.

Galaxy formation itself represents a central theme in cosmology and has been ex-
tensively investigated through both theoretical modeling and observational data. In this
context, the formation time, ¢, plays a key role, as it provides a direct link between obser-
vations of galaxy ages and the underlying cosmological model. This timescale is crucial for
constraining scenarios of cosmic structure formation and for testing the consistency of the
current cosmological paradigm, thereby offering valuable insights into galactic evolution
and its connection to the expansion history of the Universe.

Over the past few decades, our understanding of galaxy formation has advanced sig-
nificantly, based on both observations and theoretical progress. Seminal works have
profoundly shaped our knowledge of galaxy formation and evolution, including those
by BLUMENTHAL et al. (1984); EGGEN et al. (1962); PEEBLES (1965); PEEBLES
(1984); PRESS and SCHECHTER (1974); WHITE and REES (1978). These foundational
studies elucidated vital mechanisms governing the formation of cosmic structures and in-
troduced key concepts such as hierarchical clustering, the decisive role of dark matter,
and the importance of cooling processes in baryonic matter. They continue to be essential
references for comprehending the timing and mechanisms of galaxy formation within the
broader cosmological context.

In principle, galaxy formation does not necessarily occur on a universal timescale;
instead, it may vary with redshift and environment. This study aims to investigate the t;
redshift dependence and characterize its behavior throughout cosmic evolution. Here, we
specifically focus on a particular class of galaxies, namely, passively evolving galaxies, like
early-type galaxies (ETG). These objects exhibit little to no ongoing star formation, are
dominated by older stellar populations that evolve slowly, and possess well-characterized
colors, spectra, and luminosities. Their age can be calculated by modeling the stellar

populations using either simple or composite stellar population models. Although our
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calculations rely on observational data of ETGs, it is important to acknowledge that
the method employed is not entirely model-independent; the formation time can only be
inferred from galaxy ages by assuming a cosmological model.

The main objective of this thesis is to investigate the applicability and robustness
of supervised learning techniques — particularly Symbolic Regression (SR) implemented
through the PySR framework — for the reconstruction of cosmological observables and
the derivation of secondary physical quantities. By allowing the data to determine the
functional form of the reconstructed relations, this approach seeks to reduce prior as-
sumptions about the underlying cosmological model and to provide flexible yet physically
interpretable descriptions of the data.

A central component of this work is the joint application of Symbolic Regression
and Gaussian Processes to the same cosmological observables. While Gaussian Processes
provide a statistically well-established and fully probabilistic reconstruction framework,
Symbolic Regression yields analytic functional forms with explicit interpretability. By
analyzing both approaches side by side, we examine the consistency of the inferred cosmo-
logical behavior and assess the stability and robustness of the reconstructed results across
different methodologies. In this way, Gaussian Processes serve both as a complementary
reconstruction technique and as a statistical reference against which the performance and
reliability of Symbolic Regression can be critically evaluated.

The remainder of this thesis is organized as follows. Chapter 2 reviews the theoret-
ical foundations of modern cosmology relevant to this work, focusing on the dynamics
of the expanding Universe, the cosmological redshift, and the main distance measures
used in observational cosmology, as well as the relation between redshift, cosmic age,
and lookback time. Chapter 3 provides an overview of machine learning techniques and
discusses their growing role in cosmological data analysis. In Chapter 4, we introduce
Gaussian Processes as a non-parametric reconstruction method, outlining their formalism
and applicability to cosmological inference. Chapter 5 presents the symbolic regression
reconstruction of cosmological observables using recent DESI measurements, with partic-
ular emphasis on the dark energy EoS parameter w(z). In Chapter 6, we investigate the
formation time of galaxies through two independent reconstruction approaches. Finally,

Chapter 7 summarizes the main results and discusses future perspectives.



CHAPTER 2

Theoretical Foundations of Modern Cosmology

In this chapter, we review the theoretical foundations of modern cosmology, focusing
on the dynamics of the expanding Universe, the cosmological redshift, and the main
distance measures employed in observational cosmology. We also discuss the relation
between redshift, cosmic age, and lookback time. The material presented here follows
closely the standard treatments found in the literature (BAUMANN, 2022; HOGG, 1999;
WEINBERG, 1972).

2.1 Dynamics of the Universe

To understand the dynamics of the Universe, we assume that it is governed by General
Relativity (GR) and satisfies the Cosmological Principle (CP). CP means that it is homo-
geneous, which means that the Universe appears the same in every point, and isotropic,
meaning that its properties are independent of direction. A homogeneous Universe does
not imply an isotropic Universe. Assuming that the Universe is filled with a perfect fluid
on large scales, the Friedmann—Lemaitre-Robertson—Walker (FLRW) metric can describe

the distances between objects, given by

dr?

1——[(7"2 + 7"2(d92 + sin? 9(1(252) (21)

ds* = Adt* — a*(t) l
where a(t) is the scale factor, which quantifies the change in distances due to the expansion
of the Universe, and K is the curvature parameter, which determines the geometry of
spatial sections: K = 0 corresponds to a flat space, K = 1 to a closed space, and K = —1
to an open space.

General Relativity describes how the geometry of spacetime responds to the presence
of matter and energy. This relationship between curvature and the energy—momentum
content of the Universe is encoded in the field equations formulated by Einstein, expressed

as
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1 rGT,,
GMV = RMV — EQW/R = E

e, (2.2)

where G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci scalar defined
by R = ¢g""R,,., G is Newton’s gravitational constant, and 7, is the energy—momentum

tensor. For a perfect fluid, we have

U, Uy,
Taw = (€ + D)= 5~ = PG (2.3)

in which p is the pressure of the fluid, p is the mass density of the fluid, and w,, is the four-
velocity of the fluid, given by u, = dx,/dr, where T is the proper time (see LANDAU and
LIFSHITZ (1987)). For a comoving reference frame, the four-velocity is u* = (¢, 0,0, 0).
By substituting the FLRW metric (2.1) into the Einstein equations (2.2), one obtains two

independent equations,

G K
H> = —p— — 2.4
AR (2.4)
where the Hubble—Lemaitre parameter is defined as
H = é.
a
The second independent equation is given by
a(t) drG 3p(t)
— =—|p(t . 2.5
“ -z [p<>+ ! (25)

Furthermore, the energy conservation equation can be obtained by taking the time

derivative of Equation (2.4) and substituting Equation (2.5) into it,

p(t) + 3H (p(t) + %) ~0. (2.6)

By defining the equation of state parameter w = p/pc?, which connects pressure p to

energy density pc?, the conservation equation can be reformulated as
p(t) +3H (14 w)p(t) =0. (2.7)

The redshift z is defined as the ratio between the observed and emitted wavelengths
of light, \g and A, respectively, and can be written as
)\0 CL(to)

1 = —
TEEN T w0

(2.8)

where a(t) is the scale factor. This relation encodes the expansion of the Universe, with

increasing (decreasing) a(t) corresponding to redshift (blueshift). This relation can be
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connected to the infinitesimal variation of the redshift of a given object during a time

interval dt as follows:

d dzd dz a
G~ didr a- g (2.9)
thus Eq. (2.7) becomes
adp _a dp  3(1 4+ w)
—(1 -—— +3-(1 =0 — = ——=0p. 2.10
( +Z)adz+ a( twlp dz 1+z 7 (2.10)

This is a separable ordinary differential equation (ODE); integrating from z = 0 (today)

p(2) = poesp [3 f 1+ w(z) dz/] | (2.11)

o 1+2

to z yields

The concordance cosmological model, ACDM, posits that matter, radiation, and dark
energy are the three primary components that constitute the universe’s material content.
Matter may be either baryonic or non-relativistic (cold dark matter). Using the equation

above, different components evolve according to:

e For non-relativistic matter (w = 0), the integral yields

pm(2) = pmo(l + 2)°.

e For radiation (w = 1/3), the density evolves as

pr(2) = pro(l + 2)4’

e For a cosmological constant (w = —1), the exponential factor becomes unity, leading
to

/)DE(Z) = PDE,0-

Returning to the Equation (2.4), we can rewrite the Friedmann equation with the sum of

the components,
87 2K
-3 pi(z) = —5 (2.12)

a?

H(z)?
i
Another important quantity is the present-day critical density, p.o, together with the

corresponding normalized density parameters evaluated at the present epoch, €2,

3H{ Pi0
) = ——, Qig= —.
Pe,0 Ry ,0 Peo

Here, Hy denotes the Hubble constant. With these definitions, the Friedmann equation
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can be conveniently written in terms of the normalized Hubble parameter as

H(z)? 3 1+ w() 2
H02 = Qm,O(]- + Z) + QDE,O €xXp 3J;] vdzl + Qk70(1 + Z) s (213)
where Qo = —¢® K /Hjaj denotes the normalized curvature density parameter evaluated

today. We will return to this general expression and discuss its implications in more detail

in a later section.

2.2 Cosmological Distances

Distance measurements in cosmology constitute a non-trivial task. In an expanding Uni-
verse, the distances between comoving objects evolve continuously. For this reason, several

distinct definitions of distance are employed in cosmology.

2.2.1 Hubble Distance

The first distance we introduce is the Hubble distance, Dy. To this end, we recall that
the cosmological redshift, previously defined in Eq. (2.8), is given by
)\0 CL(to)

1 = —
TEEN T 0

(2.14)

where t; denotes the present cosmic time. For nearby sources (z « 1), the scale factor

can be expanded around ¢, as
1
) = alto) [1 - ot~ 0) - gt~ 07 + O - 1) | 219

where ¢y = —a(ty)/[a(ty) H3] is the present-day deceleration parameter. Substituting this
expansion into the definition of the redshift yields

>~ Holto—t) + %(1 o) He(to — £ + O((to — 1)°). (2.16)

For sufficiently small distances, the spacetime can be approximated as locally
Minkowskian. At leading order in ¢y — ¢, the light travel time satisfies d ~ c(ty — t) ,

which naturally introduces the Hubble distance,

Dy =—. (2.17)

The Hubble distance does not represent a directly observable separation, but rather defines

a characteristic length scale associated with the present expansion rate.
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2.2.2 Proper Distance

In the Hubble—Lemaitre law, the distance d corresponds to the proper distance between
comoving objects evaluated at the present cosmic time. This notion of distance follows
directly from the FLRW metric given in Eq. (2.1). For radial separations at fixed cosmic
time (dt = df = d¢ = 0), the line element reduces to

(t)L
Tk

The proper distance between two comoving points is then obtained by integrating the

ds = (2.18)

spatial line element,

Dyft) = alt) | <=2 = al0)x(r), 2.19)

where x(r) denotes the comoving radial distance. By construction, x(r) is time-
independent for comoving observers. The time dependence of D,(t) reflects the expansion

of the Universe through the scale factor a(t).

2.2.3 Radial comoving distance

The comoving distance provides a natural measure of spatial separations in an expanding
Universe. For two nearby objects moving with the Hubble flow, the comoving separation
is defined as the distance that remains constant with cosmic time. Equivalently, it cor-
responds to the proper distance measured at a given epoch divided by the scale factor
at that time or, using the definition of redshift given in Eq. (2.8), to the proper distance
multiplied by (1 + z) (HOGG, 1999).

This notion can be made precise by considering the propagation of light in an expand-
ing spacetime. The radial comoving distance is determined by the propagation of photons
along radial null geodesics. Setting ds* = 0 and dff = d¢ = 0 in the FLRW metric,

Eq. (2.1), one finds
dr

cdt = a(t) —. 2.20
Introducing the comoving radial coordinate,
d
dy = —2 (2.21)

V11— Kr?

The radial comoving distance to a source emitting light at cosmic time ¢ is given by

o cdt!
X = L () (2.22)

Using Eq. (2.8) to perform a change of integration variable from cosmic time to redshift,
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together with the definition of the Hubble parameter, this expression can be rewritten as

x(z) =c Oz Iﬁi’) (2.23)

Writing the Hubble parameter as H(z) = HoFE(z), where E(z) is a dimensionless function

encoding the expansion history of the Universe, one can rewrite Eq. (2.13) as

¥4 1 /
E(2)* = Quo(1 + 2)° + Qppo exp [3J %(;) dZ'] + Quo(1 + 2)% (2.24)
0

In this form, the radial comoving distance can be expressed as

z dZ/

X = D | 5

where the Hubble distance Dy = ¢/Hj arises naturally as the characteristic length scale

(2.25)

set by the present expansion rate of the Universe. The radial comoving distance x(z) plays
a fundamental role in cosmography, as all other distance measures can be expressed in
terms of it. Physically, it represents the distance that would be measured today between
two nearby events if they were comoving with the Hubble flow, making it the appropriate

scale for describing large-scale structures in the Universe (HOGG, 1999).

2.2.4 Transversal comoving distance

The transverse comoving distance, Dy;, also known as the proper motion distance in
the literature (WEINBERG, 1972), relates transverse physical separations to observed

angular separations.

r

Dy . ( X(2)>
sinh | /€ == |, Q. >0,
on "D, k

DM(Z) = < X(z), Q. =0, (2.26)

D
il Sil’l( |Qk|&) s Qk < 0.
L |Qk| DH

In a spatially flat Universe (Q = 0), the transverse and radial comoving distances co-
incide, Dy/(2z) = x(z), while spatial curvature introduces a non-trivial mapping between
them for €, # 0.

2.2.5 Luminosity distance

In a Euclidean space, the apparent luminosity of a source at rest at a distance d is given

by L/(4wd?). By analogy, following WEINBERG (1972), one may define the luminosity
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distance Dy, of a light source in a general spacetime through the relation

| L

In a FLRW spacetime, the luminosity distance is related to the transverse comoving
distance D)y, by
Dy = (1+ z) Dy, (2.28)

where the factor (1 + z) accounts for the redshift of photon energies and the time dilation
of the emission rate, as schematically illustrated in Fig. 2.1. It is often convenient to
express the luminosity distance in terms of the distance modulus. When Dy, is given in

megaparsecs, the distance modulus is defined as
Dy,
p=m— M = 5log <M_pc> + 25, (2.29)

where m and M denote the apparent and absolute magnitudes of the source, respectively.

Thus, the luminosity distance can be written as
Dy =10""5 " Mpc. (2.30)

Combining Eq. (2.28) with the definition of the distance modulus, the transverse comoving

distance can be written as
m—M-—25

10—
(1+2)

This expression will play an important role in the subsequent analysis.

Dy = Mpe. (2.31)

observer
[ ]
to
t source

Figure 2.1: Spacetime diagram illustrating the concept of luminosity distance. Light
emitted by a source spreads over a spherical surface, while cosmic expansion reduces both

the photon energy and arrival rate (BAUMANN, 2022).

Recalling the relation Dy, = (1 + z) Dy, given in Eq. (2.28), and assuming a spatially

flat FLRW Universe (€ = 0), the transverse comoving distance reduces to the radial
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comoving distance, Dy/(z) = x(z). In this case, the luminosity distance can be written

explicitly in integral form as

* cd?
0 H(Z/)

Dp(z) = (14 2) (2.32)
This integral expression for the luminosity distance will be used throughout the subsequent

chapters of this thesis.

2.3 Cosmological Observational Probes

In this section, we introduce the primary cosmological observables considered in this
thesis. These probes access distinct physical aspects of the Universe across a wide range
of redshifts, providing complementary insights into its properties and evolution. We focus
on the theoretical description of the Cosmic Microwave Background, baryon acoustic

oscillations, Type Ia supernovae, and galaxy age and lookback time.

2.3.1 Cosmic Microwave Background

The Cosmic Microwave Background is a nearly perfect blackbody radiation (see Fig. 2.2)
field that permeates the Universe, originating from the epoch when photons decoupled
from matter in the early Universe. This decoupling occurred approximately 3.8 x 10°
years after the Big Bang, when the expansion and cooling of the Universe reduced the

interaction rate between photons and free electrons to negligible levels.
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Figure 2.2: Preliminary CMB spectrum measured by the FIRAS instrument, compared
with a blackbody spectrum. The boxes represent the observed data points and indicate
the size of the 1% error bars (SMOOT et al., 1992).
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Within the standard cosmological framework, at temperatures 7" = 1eV, photons were
tightly coupled to the baryonic plasma through Compton scattering with free electrons.
These electrons, in turn, were strongly coupled to protons via Coulomb interactions,
forming a single photon—baryon fluid. As the temperature decreased and neutral hydrogen
formed during recombination (see Fig. 2.3), the mean free path of photons increased
dramatically, allowing radiation to propagate freely. The photons observed today as the

CMB therefore provide a snapshot of the Universe at the time of last scattering.

Before photon decoupling, the tightly coupled photon—baryon fluid supported pressure-
driven acoustic oscillations generated by primordial density perturbations. These oscilla-
tions propagated through the plasma until the epoch at which baryons were released from
the Compton drag exerted by photons, commonly referred to as the baryon drag epoch.
The maximum distance that these sound waves could travel before this epoch defines the

comoving sound horizon, which sets a characteristic physical scale in the early Universe.

“ es(2)
-0 H(2)

dz, (2.33)

rq =

where ¢,(z) is the sound speed in the photon—baryon fluid, and z; denotes the redshift of
the baryon drag epoch, which occurs at z; ~ 1059 in the standard cosmological model.

The sound speed of the photon-baryon fluid is given by

cs(z) = N IO (2.34)
where 5
R(z) = 453(('2 ; (2.35)

with p, and p, representing the baryon and photon energy densities, respectively.

The sound horizon constitutes a fundamental standard ruler in cosmology. It is im-
printed in the temperature and polarization anisotropies of the CMB and also leaves a
characteristic feature in the large-scale distribution of matter at late times, known as
baryon acoustic oscillations. Measurements of this scale, therefore, provide a powerful
probe of the expansion history of the Universe and play a central role in modern obser-
vational cosmology.

In the early Universe, repeated scattering between photons and free electrons kept the
radiation tightly coupled to the hot, dense plasma, ensuring thermal equilibrium. Under
these conditions, CMB photons with frequencies in the interval v to v+dv, at temperature

T, follow a blackbody distribution whose number density N7 is given by

8rv?/c3
(exp[2mhw/kpT]| — 1)

In this expression, A denotes the reduced Planck constant and kg is the Boltzmann con-

Nr(v)dv = dv (2.36)
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stant. The frequency distribution of the radiation follows a blackbody spectrum, which
is the characteristic signature of a system in thermal equilibrium. After photon decou-
pling, the radiation propagates freely through the expanding Universe. As the expansion
proceeds, photon frequencies redshift according to v(¢)oca(t)™, while the number density
decreases as a(t) 3. Nevertheless, the spectral shape remains that of a blackbody provided
that the temperature scales as T'oca(t)™!. In this sense, the relic radiation preserves the
imprint of the early thermal equilibrium phase of the hot Big Bang.

The Far InfraRed Absolute Spectrophotometer (FIRAS) experiment, launched in 1989
aboard the Cosmic Background Explorer (COBE) satellite (BOGGESS et al., 1992), pro-
vided the first high-precision measurement of the CMB spectrum. The results showed
that the present-day temperature of the radiation is Ty = 2.725 + 0.001 K (SMOOT,
1999). After establishing the monopole temperature of the CMB, it is important to note
that the observed temperature depends on the relative motion of the observer due to the
Doppler effect. For an isotropic blackbody radiation field, the temperature measured by

an observer moving with velocity v relative to the CMB rest frame is given by

£/ 1—p?
Tops =T ————, 2.37
b 1— fcosb ( )
where 8 = v/c, and 6 denotes the angle between the direction of observation and the

observer’s velocity vector. Expanding this expression for f « 1 and using the identity

2cos?0 = 1 + cos 20, one obtains

(2.38)

2 cos 26
Tors = To <1+ﬁcos€+ﬁ%+ )

The leading term in this expansion corresponds to the dipole anisotropy, which arises
from the motion of the Earth relative to the CMB rest frame. This dipole was first detected
by SMOOT et al. (1977). The corresponding temperature variation is AT/T ~ 1073,
implying a relative velocity of approximately 390 + 60 km/s.

After subtracting the kinematic dipole contribution, the CMB still exhibits small tem-
perature fluctuations across the sky, known as anisotropies. These anisotropies were
first detected by the COBE satellite. The measured quadrupole amplitude is 13 £ 4 puK
(SMOOT ET AL., 1992), corresponding to AT/T ~ 5 x 1075 more than two orders of
magnitude smaller than the dipole component.

To characterize the statistical properties of the temperature anisotropies, it is useful
to describe the CMB temperature field across the sky. Let the temperature measured in

a given direction n be written as

T(h) = Ty[1 + ©®1)], (2.39)

where Ty denotes the mean CMB temperature today and ©(f) = §7(n) /T, represents the
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Figure 2.3: Cartoon of the recombination of protons and electrons into neutral hydro-
gen atoms and the corresponding decoupling of photons. Reproduced from BAUMANN
(2022).

fractional temperature fluctuation in that direction.

A convenient way to quantify these fluctuations is through the two-point correlation
function. By comparing the temperature fluctuations at two different directions n and n’

on the sky, one defines

C(0) = (O(R)0 (1)), (2.40)

where cos ) = n-n’, so that f represents the angular separation between the two directions
on the sky. The angle brackets denote an average over an ensemble of possible universes.
Although we observe only a single realization of the Universe, this ensemble average can
be estimated by averaging correlations over different regions of the observed sky. However,
on large angular scales, the number of statistically independent regions is small, which
introduces an intrinsic statistical uncertainty known as cosmic variance. Expanding the
temperature field in spherical harmonics is convenient since we see variations on the

spherical surface of last-scattering
[ l
l=—2m=—1

where the expansion coefficients a;,, are called multipole moments. For a statistically
isotropic temperature fluctuation field, the ensemble average of the two-point correlation

function is fully determined by the angular power spectrum C; through the relation

<alma7’m’> = C’léll’émm’- (242)

Kronecker deltas are a consequence of statistical isotropy. The two-point correlation

function in real space is equivalent to the angular power spectrum in harmonic space. In
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fact, when we replace Eq. (2.40) with (2.41), we obtain

2 1
co) = 3 ! 4; C\P(cosh), (2.43)
l

where Pj(cos ) are the Legendre polynomials. The orthogonality of P,(cos ) allows us to

write

1
C, = 27rf dcosC(0)P(cos ) (2.44)
-1

The information contained in the angular power spectrum C} is therefore fully equivalent
to that described by the correlation function C'(f). In particular, the variance of the

temperature anisotropy field can be written in terms of the multipole coefficients as

20+ 1 (0 +1)C,
C(0) = Co~ |dinl ———. 2.45
0 =270 fame S (2.45)
This expression shows that the quantity ¢(¢ + 1)C,/2n represents the contribution to the
variance per logarithmic interval in multipole ¢. It is therefore convenient to define the
dimensionless quantity
(+1) , =
Az = 2+ ) (2.46)
T

The CMB power spectrum is often plotted in terms of AZ. For scale-invariant pri-

mordial fluctuations, this quantity is approximately independent of ¢. Note that AZ
corresponds to the quantity D, commonly used in the Planck collaboration papers. An
example of the measured CMB temperature power spectrum is shown in Fig. 2.4. The
series of acoustic peaks visible in the spectrum arises from oscillations in the photon—
baryon fluid before recombination. The position and amplitude of these peaks encode
important information about the physical conditions of the early Universe, including the

matter content, baryon density, and spatial geometry.

2.3.2 Baryon Acoustic Oscillations

Baryon acoustic oscillations arise from sound waves propagating in the photon—baryon
plasma in the early Universe, as discussed in the previous section (see, also, BASSETT
and HLOZEK (2009); WEINBERG et al. (2013) for reviews). Although their physical
origin lies in pre-recombination physics, their imprints remain observable at late times in
the large-scale distribution of matter.

The clustering of matter acquires a characteristic scale in the presence of baryon
acoustic oscillations. This feature can be identified either as a series of oscillatory patterns
in the matter power spectrum, P(k), which describes clustering in Fourier space, or as a

distinct peak in the two-point correlation function, (r), defined in configuration space, as
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Figure 2.4: Angular power spectrum of the CMB temperature anisotropies from
the PLANCK COLLABORATION (2020). The red points denote the measured tem-
perature fluctuations, while the solid blue line corresponds to the best-fitting ACDM
model. The lower panel illustrates the residuals between the observational data and the
theoretical prediction.

first detected in galaxy surveys by EISENSTEIN et al. (2005) using luminous red galaxies
(LRGs) from the SDSS, as illustrated in Fig. 2.5.

The acoustic scale is relatively large, of order ~ 150 Mpc (or ~ 105h~! Mpc), reflect-
ing the fact that primordial sound waves propagate at relativistic speeds. In the early
Universe, when the radiation density dominates over baryons, the sound speed approaches
¢/+/3, allowing these waves to travel substantial distances before recombination.

This large characteristic scale makes the BAO feature particularly robust against the
effects of non-linear structure formation at low redshift, preserving its usefulness as a
cosmological probe.

The main challenge of the BAO technique is statistical in nature. Since the signal
is relatively weak and manifests at large scales, it requires mapping vast volumes of the
Universe to be robustly detected and to yield precise distance measurements. Galaxy
redshift surveys enable the construction of such three-dimensional maps of the large-scale
structure.

Galaxy positions can be reconstructed in three dimensions from their angular coordi-
nates on the sky and their redshifts. This enables independent measurements of the BAO
scale in directions perpendicular and parallel to the line of sight, which probe distinct
combinations of cosmological distances.

In practice, these measurements are expressed relative to the sound horizon at the
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Figure 2.5: Large-scale two-point correlation function £(s) obtained from the SDSS lu-
minous red galaxy sample. A clear peak is observed at ~ 100 »~! Mpc, providing one
of the first detections of the baryon acoustic oscillation signal in galaxy surveys. Figure
reproduced from EISENSTEIN et al. (2005).

drag epoch, r4, defined in Eq. (2.33). The transverse component constrains the ratio
Dy (z)/rq, where Dy(z) is given in Eq. (2.26), through the observed angular separation
Af. The radial component is sensitive to the expansion rate, constraining the combination
Dy(z)/rq, where Dy (z) is defined in Eq. (2.17), as inferred from the redshift separation
Az.

Rather than separating the transverse and radial components, BAO measurements are
often reported in terms of a single, spherically averaged distance scale that combines both

contributions. This effective distance is defined as

Dy(2) = [2D%,(2)Du(2)]"°, (2.47)
which encapsulates the information from both the angular diameter distance and the
Hubble expansion rate. In practice, observational constraints are typically expressed in
terms of the ratio Dy (z)/ry.

BAO thus provides a standard ruler to probe the expansion history of the Universe
across different redshifts. These measurements can be used to infer cosmological dis-
tances and related quantities by thereby placing indirect constraints on the underlying
cosmological model.

Because they offer a robust and largely model-independent probe of the background
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expansion, BAO measurements play a central role in modern cosmology. We revisit
this observable in the context of recent DESI survey data in Chapter 5, where these

measurements are employed in the reconstruction of cosmological quantities.

2.3.3 Type Ia Supernovae

Supernovae (SNe) are events that occur during the last stages of star evolution. They are
distinguished by an abrupt increase in luminosity, usually reaching peak luminosities of
order 1010 Ly, which represent a significant portion of a galaxy’s overall luminosity.
Different progenitor systems and explosion mechanisms are reflected in the various ob-
servational classes of supernovae. However, we are limited to Type la supernovae in this
thesis.

A widely accepted interpretation of Type Ia supernovae (SNe Ia) is that they arise
from thermonuclear explosions of white dwarfs in binary systems®. In the canonical pro-
genitor scenario, the white dwarf accretes matter from a companion star until its mass
approaches the Chandrasekhar limit, Mc¢y, ~ 1.4 Mg, corresponding to the maximum mass
supported by electron degeneracy pressure. Once this limit is exceeded, the star becomes
gravitationally unstable, leading to a rapid increase in temperature and the ignition of

thermonuclear reactions that disrupt the white dwarf.
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Figure 2.6: Representative multi-band light curves of Type Ia supernovae at different
redshifts from the PS1 survey. The data points correspond to observed flux measurements,
while the solid curves show best-fit models obtained using the SALT2 light-curve fitter.
These fits allow for the standardization of SNe Ia luminosities, making them reliable
distance indicators. Figure reproduced from SCOLNIC et al. (2018).

! An alternative progenitor channel is the double-degenerate scenario, in which the binary system
consists of two white dwarfs whose merger may lead to a thermonuclear explosion.
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The peak luminosities of SNe Ia show empirical relationships with the form and color
of the light-curve, even though they are not inherently perfect standard candles. Specifi-
cally, the Phillips relation enables standardization of these occurrences by establishing a
correlation between peak luminance and the rate of decrease in the light curve. SNe Ia
behave as standardizable candles once these empirical corrections are applied, allowing
cosmological distance measurements. Fig. 2.6 displays an example of observed multi-band

light curves and their accompanying fits.

As an illustrative example, the Pantheon+ compilation (SCOLNIC et al., 2022) stan-
dardizes Type la supernova light curves using the SALT2 model (GUY, J. et al., 2007).
In this approach, the observed light curves are fitted to determine the color parameter
¢, the stretch parameter x;, and the overall amplitude xy. The rest-frame B-band peak

magnitude is then defined as
mp = —2.5log;y(zo). (2.48)

These parameters are used to correct the observed magnitude for empirical correlations
between luminosity, light-curve width, and color. The distance modulus is then obtained
through a modified TRIPP (1998) relation

p=mp+ ary — e — M — 6, vias, (2.49)

where « and 3 are correlation coefficients, M is the fiducial absolute magnitude of a
standardized SN Ia, and d,_pias represents bias corrections derived from simulations to

account for selection effects and other observational systematics.

Modern Type Ia supernova compilations differ not only in sample size but also in
the methodology adopted to process the data. For instance, the Union3 compilation
employs the SALTS3 light-curve fitter, whereas Pantheon+ is primarily based on SALT2.
In addition, the DESY5 sample incorporates its own photometric calibration and survey-
specific modeling of selection effects and intrinsic scatter. Consequently, even when the
same supernova appears in more than one catalog, the derived parameters (mp,x1,c),
the global nuisance coeflicients («, 5, M), and the associated covariance matrices are not

identical.

Formally, each compilation defines a distinct statistical mapping between the raw pho-
tometric observations and the distance moduli used in cosmological inference. Therefore,
different catalogs should not be regarded merely as quantitative extensions of one another,
but rather as independent statistical reconstructions of the same underlying observational
data.
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2.3.4 Age and lookback time

In the early 1990s, cosmology faced a significant “age problem”: estimates of the Hubble
constant around Hy ~ 80 km s™! Mpc™! implied a Universe younger than 10 Gyr, in con-
flict with the ages of the oldest stellar populations, which exceeded 12 Gyr (CHABOYER,
1998; JIMENEZ, 1997; KRAUSS and CHABOYER, 2003; KRAUSS and TURNER, 1995;
OSTRIKER and STEINHARDT, 1995). This discrepancy challenged the standard cos-
mological model and was later alleviated by the introduction of a cosmological constant,
A, leading to the success of the ACDM model (ALCANIZ and LIMA, 1999; ALCANIZ
et al., 2003; KRAUSS and TURNER, 1995; LIMA and ALCANIZ, 2000).

This tension highlighted the importance of accurately determining the ages of cos-
mic objects for constraining cosmology. In this context, galaxies can be used as cosmic
chronometers (JIMENEZ and LOEB, 2002), providing an alternative probe of the ex-
pansion history. By comparing galaxy ages at different redshifts (NOLAN et al., 2001;
SIMON et al., 2005), one can place constraints on key cosmological parameters, such as
the Hubble constant (VAGNOZZI et al., 2022; WEI and MELIA, 2022) and the dark
energy equation of state (DANTAS et al., 2007b, 2009, 2011).

To make this connection explicit, we relate the redshift to the cosmic age starting from

t, a’ d
f dt:f Ry (2.50)
0 o @

Using the relation between the redshift and the scale factor given in Eq. (2.8) to perform

a change of variables, we obtain

o [ 4 2.51
tz)=H'| ————— .
== f (L+2)E() 220
Complementarily, we define the relationship between the lookback time and the redshift
as . 5
t 5 [ — 2.52
L5 =1 f (L+2)E() 292

Following CAPOZZIELLO et al. (2004), we consider an astrophysical object (e.g., a
galaxy, a quasar) observed at redshift z;. The age of the object, denoted by t(z;), is

defined as the difference between the age of the Universe

(2.53)

. 0 dz' 0 dz'
tz) = Hy [ f (1+2)E(z) f (1+2)E(¥)

2f

or, equivalently,

t(z) = to(z) — to(z). (2.54)

The observed lookback time to an object at z; may now be easily defined using the
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formulas above as

t2°(2i) = tr(zr) — t(2)
= [to — t(z:)] — [to — tu(zy)] (2.55)
=ty — t(z) — ty,
where %, is the age of the universe at z = 0. In the literature, related terms such as
formation epoch, delay factor, or incubation time are often used to refer to the formation

time t;, depending on the specific modeling assumptions or observational context. These

relations and definitions will play a central role in Chapter 6.



CHAPTER 3

Supervised learning in Cosmology

3.1 Introduction

Over the past decade, the number of studies in cosmology involving ML has increased
significantly, driving the development of new techniques and applications for analyzing
astronomical data. These advances have been crucial for handling the large volume and
complexity of data from modern observational surveys, such as DES, DESI, KiDS, and
LSST, which produce extensive and multidimensional catalogs.

Among the most common applications of ML in astronomy as fast finding of strongly
lensed systems (LANUSSE et al., 2018), measuring parameters of early galaxies using the
21-cm signal (GILLET et al., 2019), the search for transient events (ZHANG et al., 2020),
and the reconstruction of CMB lensing maps (CALDEIRA et al., 2019), Primordial Black
Holes (YUAN et al., 2025), hydrodynamical simulations for cosmology and galaxy cluster
physics (SCHAYE et al., 2023), emulate N-body simulations or accelerate the generation
of mock catalogs (HE et al., 2019; VILLAESCUSA-NAVARRO et al., 2022).

Several of the studies described here involve convolutional neural networks (CNN),
which are part of the broader class of Deep Learning techniques, multi-layer neural ar-
chitectures meant to learn hierarchical feature representations directly from input. As an
illustrative case, JACOBS et al. (2019) deployed a deep residual CNN on DES imaging
data to discover high-redshift strong-lens candidates, achieving high purity and complete-
ness. Fig. 3.1 provides exemplary examples of the systems detected by their CNN-based
pipeline.

Machine learning has also been applied more broadly in cosmology, including investi-
gating observational degeneracies between nine models of modified gravity and massive
neutrinos (MERTEN et al., 2019), using deep learning methods for measuring cosmologi-
cal parameters from density fields (SCHMELZLE et al., 2017), inferring cosmological pa-
rameters and reconstructing the cosmic distance ladder through deep-learning approaches

(SHAH et al., 2024), as well as estimating cosmological parameters from observational

data using supervised regression techniques (BENGALY et al., 2023; PAL and SAHA,

25
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DESJ2319-5644 DESJ2337+0040 DESJ2338-5101 DESJ2352+0006

Figure 3.1: Examples of strong-lens candidates identified in DES imaging data using
CNNs. The CNN scores are shown in yellow text. Image reproduced from Figure 12 of
JACOBS et al. (2019).

2024; SOUSA-NETO and DANTAS, 2025).

There is also a class of machine learning methods known as Genetic Algorithms
(GA), which have been applied in cosmology, for example, in Type Ia supernova analyses
(BOGDANOS and NESSERIS, 2009), dark-energy modeling (NESSERIS and GARCIA-
BELLIDO, 2012), null tests of the cosmological constant (NESSERIS and SHAFIELOO,
2010), and constraints on the distance—duality relation using standard sirens (HOGG
et al., 2020). For a comprehensive overview of ML applications in cosmology, see the re-
views by CARLEO et al. (2019); DVORKIN et al. (2022); HLOZEK (2023); MORIWAKI
et al. (2023).

Of particular relevance here are the studies that employ SR techniques, which have
been used to reconstruct cosmological data (DESMOND, 2025) and to explore infla-
tionary potentials (SOUSA et al., 2024), to investigate bounded dark energy models
(BORGHETTO et al., 2025), and to constrain dark matter halo profiles (MARTIN et al.,
2025). We will return to SR in more detail later.

As an illustrative example, BARTLETT et al. (2024b) used symbolic regression to
recreate the Hubble expansion rate H(z) from Cosmic Chronometer data. The top SR-
derived functions are color-coded according to their minimum description length! (MDL)
value in Figure 3.2. The ensemble of solutions demonstrates the range of functional forms
compatible with the data.

In this chapter, we will revisit supervised learning to see what it is and how it works,
focusing on its applications in cosmology. In particular, we will explore supervised re-
gression methods, with a special emphasis on SR, and how they can infer cosmological
parameters from data, illustrating the methodology with recent examples from the liter-

ature.

In ESR, model selection is performed using the MDL principle, which is based on information theory.
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Figure 3.2: Top symbolic-regression reconstructions of H(z) from Cosmic Chronometer

data, colored by their MDL score. Figure extracted from BARTLETT et al. (2024b).

3.2 Supervised Regression in Cosmology: Conceptual

Overview

Machine learning is a subfield of artificial intelligence concerned with systems that learn
from data without being explicitly programmed (BISHOP, 2006). It is traditionally di-
vided into three main categories: supervised, unsupervised, and reinforcement learning
(see Figure 3.3). We focus on supervised learning.

Given a training set D = {(z;,v;)}Y,, where N is the number of training samples,
its objective is to learn a mapping between inputs x; and outputs y;. The inputs z; may
be simple D-dimensional vectors—representing features such as color or size—or more
complex structures such as images or time series. The outputs y; can be categorical
variables, y; € {1,2,...,C}, where C is the number of classes (e.g., a stellar spectral type),
or real-valued scalars (e.g., the age of a galaxy). The former defines a classification task,
while the latter corresponds to regression (MURPHY, 2012).

In both cases, we assume an underlying relationship y = f(x) for some unknown
function f. Given the training data, we seek to estimate this function and use it to
make predictions y = f (). The main objective is to generalize to unseen data (the test
set), since predicting the training labels is trivial. Properly splitting the dataset into
training and test subsets is therefore essential; a common choice in the literature is a
70/30 train—test split.
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Figure 3.3: Hierarchical structure of Al showing ML as a subset, which includes super-
vised, unsupervised, and reinforcement Learning. Symbolic regression is highlighted as a
specific technique within Supervised Learning.

Classic supervised learning tools, such as Support Vector Machines (SVM; CORTES
and VAPNIK, 1995), Multi-Layer Perceptrons (MLP), and Decision Trees, have been
widely applied in cosmology (BENGALY et al., 2023; CAGLIARI et al., 2024; CON-
CEICAO et al., 2024; LOCHNER. et al., 2016; SOUSA-NETO and DANTAS, 2025).
These studies have addressed both regression and classification tasks; here, the focus is
primarily on regression, aiming at predicting continuous cosmological parameters such as
the Hubble constant or matter density.

To demonstrate the general procedure of a supervised learning regression task, we
employ Support Vector Regression (SVR?), the regression counterpart of SVM, as a prac-
tical example. In this approach, the reconstruction is determined by a subset of the
training data known as support vectors, which correspond to the data points that most
strongly constrain the regression function. The algorithm seeks to reconstruct the un-
derlying relation by maximizing the margin around the regression curve while allowing
deviations smaller than a specified tolerance parameter. As our dataset, we use the H(z)
measurements obtained from Cosmic Chronometers.

This type of reconstruction using machine learning techniques is already well estab-

2For further details, see https://scikit-learn.org/stable/modules/generated/sklearn.svm.
SVR.html.
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lished in the literature (BARTLETT et al., 2024a; BENGALY et al., 2023; DIALEK-
TOPOULOS et al., 2022; WANG et al., 2020). The inputs for the model consist of the
redshift z, the corresponding H(z) values, and a weight for each data point, defined here

as the inverse of the squared measurement error.

First, we divide the dataset into training and testing subsets, using 70% of the data for
training and 30% for testing. Since the H(z) dataset from Cosmic Chronometers contains
34 data points, this corresponds to approximately 24 points for training and 10 for testing.
This division allows the model to be trained on one subset while being independently
evaluated on unseen data, ensuring an unbiased assessment of its predictive performance.
Before training, the data were standardized to ensure consistent scaling, improving the
performance of the SVR model. Another important step is the choice of hyperparameters,
which are the intrinsic parameters that define the behavior of our model—in this case,
the SVR.

To ensure the proper selection of these values, one can explore the entire hyperparam-
eter space by training the model with all possible combinations within a predefined range.
This process, commonly known as a grid search, allows us to identify the combination

of hyperparameters that yields the best performance for our dataset.

Another important aspect is to train the model comprehensively, that is, to split the
data into training and testing sets in multiple ways (folds), thereby reducing the risk of

bias.

In order to guarantee that the results not only replicate the average behavior of the
data but also represent the statistical confidence associated with the predictions, it is
crucial to talk about how uncertainties can be measured and how the reconstruction

process can account for the errors in the original data.

Using weights in the model training process is a good way to take data mistakes into
account. This method allows the model to learn more robustly since data points with

large related uncertainties contribute less than those with smaller uncertainty.

In our example, the weights were defined as w = 1/0% where o represents the un-
certainty associated with each data point. Consequently, observations with larger uncer-
tainties have less influence during model training, whereas more reliable points contribute
more to the final reconstruction. Furthermore, setting a random seed is a crucial step to

ensure the reproducibility of the results.

Since machine learning methods do not automatically produce error estimates, this is,

in fact, one of the main critiques leveled at them.

Several metrics can be employed to assess model performance, such as the Mean
Squared Error (MSE), Mean Absolute Error (MAE), Coefficient of Determination (R?),
Root Mean Squared Error (RMSE), and the ratio between RMSE and the mean of the
observed values (RMSE/7).
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Continuing with our example, the following results were obtained:

RMSE

MSE = 252.054, RMSE = 15.876, MAE = 10.921, R? = 0.828, = 0.147.

These results indicate that the model exhibits good predictive performance, with rela-
tively low average error and a high coefficient of determination, suggesting that it is able
to explain about 83% of the variance in the observed data. However, it is important to
maintain a balance between model accuracy and generalization. Extremely high accuracy
values may indicate that the model is overfitting the training data, capturing noise rather
than the underlying physical behavior of H(z).

In this context, the relatively high value of the MSE should not be interpreted as
poor performance. Since the reconstruction of the Hubble parameter involves values on
the order of hundreds of km/s/Mpc, a large MSE is expected. Therefore, it is more
meaningful to evaluate the model using relative quantities, such as the ratio RMSE/7,
which in this case is approximately 0.15, in good agreement with previous reconstructions
of H(z) using similar techniques (BENGALY et al., 2023; DIALEKTOPOULOS et al.,
2022).

Figure 3.4 shows the reconstruction of H(z) obtained with the SVR. Blue points cor-
respond to the observational data from CC, displayed with their respective uncertainties.
The black solid line represents the SVR prediction for H(z), while the shaded regions
correspond to the 1o (gray) and 20 (orange) confidence intervals, estimated using the
RMSE.
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Figure 3.4: Reconstruction of the Hubble parameter H(z).

By using the example of reconstructing H(z), it was possible to illustrate the general
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procedure for data reconstruction using supervised learning techniques. It is essential to
note that, although the SVR approach was employed in this example, the same method-
ology applies to other supervised learning algorithms. The process involves fundamental
steps such as dividing the dataset into training and testing samples, normalizing the vari-
ables, searching for the optimal hyperparameters, performing cross-validation, selecting
and computing performance metrics (such as MSE, RMSE, MAE, R? and RMSE/7), and
using weights to incorporate observational uncertainties. The main difference among the
techniques lies in the specific hyperparameters of each model and in how they influence

the final reconstruction.

3.3 Symbolic Regression

Symbolic Regression (SR) is a supervised learning task in which the model space consists of
analytic expressions (KOZA, 1994; SCHMIDT and LIPSON, 2009). This idea is actually
intuitive from the perspective of the history of science: long before modern machine
learning, scientists effectively performed a form of “manual” symbolic regression when
inferring functional laws directly from empirical data. A classic example is the discovery
of the linear relation between recessional velocity and distance — today known as the
Hubble-Leaitre law — which emerged from searching for the analytic expression that best
described the observational trend.

This search for analytic expressions is commonly approached through a multi-objective
optimization framework, where the goal is to minimize prediction error and model com-
plexity simultaneously. Here, complexity plays a central role in SR, and we adopt the
definition provided by CRANMER (2023b). By default, complexity is equal to the num-
ber of nodes in an expression tree, regardless of each node’s content. This means that
two expression trees containing, for example, the operators [+, —, ] and [exp, cos, log]
would both have complexity equal to 3, since only the number of nodes matters, not their
specific content. Instead of adjusting specific parameters within an overparameterized
general model, SR explores the space of simple analytic expressions to identify accurate
and interpretable models.

Among the various SR libraries available in the literature, such as Eureqa (SCHMIDT
and LIPSON, 2009), GPLearn®, Exhaustive Symbolic Regression (ESR; BARTLETT
et al., 2022), OPERON, and Al Feynman (UDRESCU and TEGMARK, 2020), we will
utilize PySR (CRANMER, 2023b). PySR is a powerful open-source library for symbolic
regression, available in both Julia and Python. The Python interface is maintained at

the official GitHub repository?, and extensive documentation with examples is provided

3https://github.com/trevorstephens/gplearn
‘https://github.com/MilesCranmer/PySR
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online®.

The algorithmic core of PySR combines evolutionary search to explore the space of
candidate symbolic expressions with gradient-based optimization to refine their param-
eters, enabling the efficient discovery of interpretable models. A detailed description of
the methodology and its theoretical foundations is presented in CRANMER (2023b).

In this framework, the evolutionary component can be summarized through the fol-

lowing steps (see Fig. 3.5):

1. Assume a population of individuals, a fitness function, and a set of mutation oper-

ators.

2. Randomly select a subset of size n, from the population (e.g., classical tournament

selection uses ng = 2, although larger values are also possible).
3. Evaluate the fitness of each individual in the selected subset.

4. Select the fittest individual with probability p. Otherwise, remove it from the subset
and repeat the selection procedure. If only one individual remains, select it. This
leads to probabilities approximately given by p, p(1 — p), p(1 — p)?, and so on for

increasingly less fit individuals.

5. Create a copy of the selected individual and apply a randomly chosen mutation from

the available set of mutation operators.

6. Replace an individual in the population with the mutated one, typically the least
fit individual.

This procedure is computationally efficient and naturally suited for large-scale paralleliza-
tion. In particular, the population can be partitioned into independent subgroups that
evolve separately, with occasional asynchronous migration of individuals between them.

As a modification to the standard scheme, instead of replacing the least fit individual
after mutation, one may choose to replace the oldest member of the population. In
what follows, we focus on the key practical aspects of PySR that are most relevant to its
application in cosmological data analysis.

With PySR, various operators construct and evolve symbolic expressions. The oper-
ators are divided into unary and binary to explore possible solutions and identify the
best-fitting models. These operators are used to construct the symbolic expressions that
are evaluated and optimized to find the most accurate and interpretable models for the
given data. The number of operators chosen has a direct impact on the computational

time. Moreover, the chosen operator set constitutes a bias, as it shapes the functional

Shttps://astroautomata.com/PySR/v1.5.9/api.html
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Figure 3.5: Schematic illustration of the inner loop of PySR. A subset of expressions
is randomly sampled from the population, within which a tournament selection is per-
formed. The selected individual is then used to generate new candidates through muta-
tion, crossover, simplification, or parameter optimization. Image reproduced from CRAN-
MER (2023a).

space that SR is allowed to explore. For this reason, it is often useful to train the model

with different operator sets to assess how robustly each choice fits the data.

In this sense, the operator set constitutes a key hyperparameter®, as it shapes the
hypothesis space of symbolic regression. An additional hyperparameter of central im-
portance is the loss function, which quantifies how well a model reproduces the target
behavior. During the training process, the objective is to minimize this loss. In PySR, this
minimization is performed using the Broyden—Fletcher—-Goldfarb—Shanno (BFGS) algo-
rithm (BROYDEN, 1970), which determines the descent direction by iteratively updating
an approximation of the inverse Hessian and refining the search toward a local minimum.
Consequently, an important requirement is that the chosen loss function be differentiable.

For the selection of the final equation, PySR gives three distinct criteria—accuracy,
best, and score—each presenting a different technique for balancing predictive perfor-
mance and model complexity. The equation with the lowest loss out of all the contenders
is chosen based on the accuracy requirement. The best criterion identifies models whose
loss is below a preset threshold (usually 1.5 times the minimum loss) and then selects the
one that achieves the most advantageous trade-off between loss and complexity. The scor-
ing criterion is defined as the negated derivative of the log-loss with respect to complexity;
an expression is picked if its loss is significantly better at a slightly greater complexity.
According to the stated selection rule, the chosen expression consequently provides the

most suitable empirical description of the data’.

6 A hyperparameter is any parameter that governs the training process but is not directly learned from
the data.

"Further details on these criteria can be found in the official PySR documentation: https://ai.
damtp.cam.ac.uk/pysr/api/.
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Although the resulting expressions generally exhibit strong statistical performance,
they do not inherently guarantee physical interpretability, since the selection process is
guided solely by data fitting and structural simplicity.

As discussed earlier, Hubble’s law can be interpreted as a manual form of SR. There-
fore, an interesting exercise is to test whether SR is capable of recovering Hubble’s law
itself — a test previously performed in CRANMER (2023a). For this purpose, we use the
data presented in Table 1 of HUBBLE (1929) (see the data points shown in Fig. 3.6). Al-
though these data do not correspond to the final set adopted in his analysis, they provide
a suitable approximation for didactic purposes.

Our input variables for the model are the recession velocities of the galaxies and
their corresponding distances. The next step is to choose the hyperparameters of the SR

algorithm. In particular, we select the following operator set:
e Binary operators: {+, —, x, /}
e Unary operators: {square, cube}

For the model selection procedure, we adopt the "best" criterion. To simplify our
analysis, we fix the number of iterations to niterations = 100 and the population size
to populations = 50. Regarding the loss function, it is worth noting that PySR provides
several built-in options for model fitting, including robust, smooth, scale-invariant, and
personalized losses.®

In what follows, we briefly present three examples of loss functions available in PySR.
Among these options, the HuberLoss, a widely used robust loss designed to mitigate the

influence of outliers, will be adopted in our analysis.
The Huber loss is defined as

?7 if |’l"| < Q,
L(r) = (3.1)

2
alr| — %, otherwise,

where = y — ¢ is the residual and « is a transition parameter controlling the boundary
between the quadratic and linear regimes.
L1 Epsilon-Insensitive Loss ignores residuals smaller than e, focusing the fit on
larger deviations.
L(r) = max{0, |r| — €}; (3.2)

LP Distance Loss generalizes L1 loss; the exponent P tunes the sensitivity to residuals

and outliers.

L(r) = [r[" (3.3)

8A complete list of the available loss functions is provided in the official PySR documentation: https:
//ai.damtp.cam.ac.uk/symbolicregression/v1.12.0/losses.
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This loss behaves as an Ly loss for small residuals (|r| < «), ensuring smooth optimiza-
tion, while transitioning to an L;-like penalty for large residuals, thus reducing sensitivity

to outliers.

Equation Complexity | Loss
v = 292. 1 295.
v =425 x D 3 178.
v =443 x D — 36.6 5 177.
U=42OXD+L1(;2 7 167.
v=425x D + 0;23 8 166.
v=432x D — D _0.126 346?126 9 142.
v=1432x D + —_2;'2 5'321626 11 142.
17.2
v =424 ><DD3 S T B 0.13;01 13 138.
vzm—kélQQxD—T 14 135.
v=423x D + (D(io()z.ii%?) + 0.522 15 132.
sty L 0 6o |
v=R DTy 0.151'33713)6 ~0.133 T 124

Table 3.1: Final model returned by PySR, where the bold expression corresponds to the
best equation.

With the dataset specified and the hyperparameters properly defined, we can now
perform the symbolic regression using PySR. The resulting expressions from this illustra-
tive application to the HUBBLE (1929) data are summarized in Table 3.1. It is impor-
tant to emphasize that the complexity reported in the table corresponds to the internal
expression-tree complexity used by PySR during the search process, and not necessarily to
the simplified equation shown in the table. This distinction is relevant because different
tree representations may lead to expressions that look simpler (or more compact) once
written explicitly, potentially confusing the actual model complexity evaluated by the

algorithm. The equation highlighted in bold,
v=425x D (3.4)

is identified by PySR as the best equation under the model_selection = "best" criterion,
with a complexity equal to 3. Moreover, the balance between loss and model complexity

does not change sufficiently to favor any of the higher—complexity expressions returned
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by the algorithm. This expression reproduces the functional form of the Hubble law,

v =Hy x D, (3.5)

yielding an estimated value of Hy = 425kms~! Mpc™.

Furthermore, the blue curve
shown in Fig. 3.6 corresponds precisely to this symbolic regression model. This result
illustrates that, even when applied to the highly noisy historical measurements of 1929,
the symbolic regression framework is capable of recovering the fundamental linear relation

originally identified by Hubble.

0.0 0.5 1.0 1.5 2.0
D (Mpc)

Figure 3.6: Scatter plot of the recession velocities of galaxies as a function of their dis-
tances. The data points were extracted from Table 1 of HUBBLE (1929), and the solid
line represents the linear relation v = HyD.

Once again, this example makes it easy to understand the ML process step-by-step
and pinpoint the hyperparameters that require special care during training. It is crucial
to note that, in contrast to the previous SVR example, PySR manages these processes
internally, so we don’t divide the data into training and test sets or do a grid search for
hyperparameter tuning. However, the same procedure as in the preceding example can
still be employed if desired; in fact, we do so in our analysis, as covered in chapters 6 and 5.
This additional step provides an extra degree of assurance that the chosen hyperparameter

set is suitable for the data.
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3.4 Challenges and Perspectives

In the previous sections, we reviewed a variety of machine-learning applications, par-
ticularly supervised learning and SR. A fundamental question that arises concerns how
uncertainties are treated in such analyses. Traditionally, a wide range of metrics is avail-
able to assess the quality of a regression model and ensure that it accurately represents
the data. However, quantifying the uncertainty associated with the predicted quantities
is more subtle, especially when we aim to propagate observational errors into the model
predictions.

A straightforward way to incorporate data uncertainties is through weighted loss func-
tions, in which points with smaller errors contribute more heavily to the training process
than those with larger uncertainties. Additionally, Monte Carlo sampling can be em-
ployed to propagate observational errors and estimate uncertainties in the reconstructed
quantities.

There are also Bayesian statistical approaches (e.g., Gaussian Processes RASMUSSEN
and WILLIAMS (2006); SEIKEL et al. (2012), Bayesian Neural Networks (ESCAMILLA-
RIVERA et al., 2020; NEAL, 1996; THUMMEL et al., 2024)) designed to provide explicit
uncertainty estimates. Nonetheless, these techniques are not always easily integrated with
other supervised-learning methods, which may limit their applicability in certain contexts.

Another important aspect concerns the nature of cosmological datasets. While many
machine-learning applications in other fields rely on large datasets, key cosmological
probes—such as SNIa, CC, BAO, gravitational-wave standard sirens, and galaxy-age mea-
surements—often consist of relatively small samples that nevertheless encode significant
physical information. This limited data volume tends to increase reconstruction uncer-
tainties. Even so, as demonstrated throughout this chapter and supported by numerous
works in the literature, machine learning remains a promising and powerful tool for cos-
mological analysis and inference.

In the next chapter, we will introduce Gaussian Processes, a widely used non-
parametric statistical method for function reconstruction and uncertainty estimation,
which provides an important point of comparison with the supervised learning techniques

discussed in this chapter.



CHAPTER 4

(Gaussian Processes

4.1 Introduction

In the previous chapter, we presented data reconstruction using machine learning tech-
niques such as SVR and PySR. In this chapter, we turn to another methodology widely

used in cosmology for non-parametric reconstruction: Gaussian Processes (GP).

Gaussian Processes provide a unifying probabilistic framework that connects several
well-established modeling approaches. Under suitable conditions, they can be shown to
be mathematically related to Bayesian linear models, and even certain classes of neural
networks. They also share conceptual similarities with support vector machines. From the
GP perspective, these models can often be interpreted more transparently and analytically

tractable.

The presentation will primarily follow the approach described in RASMUSSEN and
WILLIAMS (2006). Although GP are frequently employed within the broader machine
learning literature — for instance, through implementations available in libraries such as
scikit-learn — they are more fundamentally understood as Bayesian non-parametric
models.

In this thesis, we use the implementation provided by GaPP (Gaussian Processes in
Python) (SEIKEL et al., 2012), a tool specifically developed for cosmological applications,

to directly reconstruct a function and its derivatives from observational data.

4.2 Reconstructing a function

A Gaussian Process is defined as a collection of random variables, any finite subset of
which follows a joint Gaussian distribution. In the context of reconstruction, we treat
the observed data y and the latent function f(x) as realizations of the same Gaussian

Process.

38
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Accordingly, the function is modeled as

f(@) ~ GP(u(z), k(z, 7)), (4.1)

where the process is fully characterized by its mean and covariance functions. The mean

function is defined as
u(x) = E[f(2)], (4.2)

where E[-] denotes the expectation value taken over the Gaussian Process distribution.’

The covariance function is given by

k(z, @) = E[(f(x) — u(2))(f(2) — p(2))]. (4.3)

By definition, the covariance between function values at two input points satisfies

cov(f(x), f(7)) = k(z,Z). (4.4)

Throughout this chapter, for simplicity, we adopt the squared exponential covariance

function,
)2
k(z,T) = ofexp (—u> : (4.5)

This kernel is particularly convenient because it is smooth to all orders, meaning that
it can be differentiated infinitely many times. This property makes it especially suitable
when the goal is to reconstruct not only a function but also its derivatives. The squared
exponential covariance function is specified by two hyperparameters®: the amplitude o
and the characteristic length scale /.

Given the dataset (X,Y) = {x;,y;}, the covariance matrix associated with the input
values X is defined as [K(X,X)];; = k(z;,z;). For a given input value X, the recon-
structed function corresponds to a Gaussian distribution. In this case, the covariance
matrix of the data is obtained by adding the observational covariance matrix C' to the

chosen kernel function, such that
y ~N(p, K(X,X) +C) (4.6)

Here, N denotes a Gaussian distribution for a random variable, and p represents the

For a finite-dimensional Gaussian distribution with probability density p(f), the expectation value is
defined as

E[f,] = f £ p(£) df.

2Tn analogy with the hyperparameters introduced in the previous chapter for machine learning models
(e.g., SVR), these quantities control the flexibility and smoothness of the reconstruction. While in ML
algorithms hyperparameters typically regulate model complexity and generalization, in the GP framework
they determine the amplitude of correlations and the characteristic correlation length of the function.
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prior mean of the function evaluated at the input X. When the observational data are
assumed to be uncorrelated, the covariance matrix C' becomes diagonal, with elements
given by the individual variances o?. Let f, denote the (unknown) function values we aim
to reconstruct, evaluated at the input locations X,. The joint GP describing both the
observed data and the function values at the reconstruction points can then be written
as
y n KX, X)+C K(X,X*)
~N , (4.7)
f* u* K(X*X) K(X* X*)

At this stage, the reconstruction problem amounts to determining the conditional
distribution of f* given the observed data y, namely f* | y. For convenience, we introduce
the following notation, K = K(X,X) + C, K* = K(X, X*), K** = K(X*, X*) and

K K*
K = (4.8)
K*T K**

This corresponds to a square matrix of dimension (n + n*) x (n + n*), where n denotes
the number of observed data points and n* represents the number of input locations at
which the function is to be reconstructed. The associated joint probability distribution is

then given by

1 y— M

* 1 .
p(y. %) = (27)V/2+ Jdet (K) exp D) [(y _ IJ’)T? (F* — N*)T K

f* _ u*
(4.9)
Based on this expression, and employing the properties of multivariate Gaussian distribu-

tions along with basic matrix identities, the marginalized distribution of y can be obtained

as
o) = [ oty £0)at” (4.10)
and finally the conditional probability distribution
) p(y, %)
p(f" |y) =
(1) p(y)

FETE ! o o l—%(f* )T cov(£F) L (7 — F)

= N (f*, cov(f*)). (4.11)
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wherer
f* = p* + KK ' (y — p) (4.12)

and
cov(f*) = K* - K* K 'K*. (4.13)

The reconstruction uncertainty, or variance, is given by the diagonal elements of this
matrix. An important feature that follows from the previous expressions is the dependence
of the expected reconstructed function f* on the choice of the prior mean function p. A
conservative approach is to adopt a constant mean function, typically chosen as u(x) = 0.

Examining the reconstruction variance (i.e., the diagonal elements of Eq. (4.13)), and
recalling that the covariance function is positive definite Eq. (4.5), such that K** > 0
and K* > 0, one finds that the uncertainty reaches its maximum when K* — 0. This
situation occurs when the points * at which the function is reconstructed lie far from all
available observations (WAN and SAPSIS, 2017).

Finally, the values of the hyperparameters must be determined. This can be achieved
by maximizing the likelihood function of the observed data, conditioned on the chosen

covariance matrix and prior model. The corresponding probability distribution is given
by

£=p(Y|X7Uf7£)

S S 5y R - ) (114

(2m)/2 4 /det(K

For computational efficiency, it is more convenient to maximize the logarithm of the
previous equation rather than the expression itself.

Once the optimal hyperparameters are determined, the mean of the reconstructed
function and its associated covariance can be computed using Eqs. (4.12) and (4.13),
respectively.

To illustrate the role of hyperparameters in Gaussian Process reconstruction, we revisit
the example from the previous chapter, where the Hubble function H(z) was reconstructed
using SVR and ESR techniques.

Here, we vary only the correlation-length hyperparameter ¢, keeping the others fixed to
isolate its impact. As shown in Fig. 4.1, different values of ¢ lead to distinct reconstructed
behaviors.

Small ¢ values reduce long-range correlations, allowing rapid local variations that
closely follow the data. Larger ¢ values impose stronger correlations over wider intervals,
producing smoother curves.

This comparison highlights the sensitivity of the reconstruction to hyperparameter

choices and emphasizes the need for marginal likelihood optimization.
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Figure 4.1: Reconstruction of the Hubble function H(z) from CC data for different values
of the correlation-length hyperparameter ¢. The solid line represents the mean recon-
structed function, while the shaded region indicates the 1o confidence interval. The data
points with error bars correspond to the observational measurements. The upper-left,
upper-right, lower-left, and lower-right panels correspond to ¢ = 0.05, 0.5, 1, and 2, re-
spectively.

According to SEIKEL et al. (2012), the key steps involved in constructing a GP are:

Choose the data set.

Choose a covariance function.

Select the points z} at which the function f is to be estimated.

Define a prior mean function p(z); assuming p = const. is a safe choice.

Train the hyperparameters:

— Carefully choose the initial values of the hyperparameters. It is recommended
to try different initial values, since the optimization procedure may get stuck

in local maxima.

— Maximize the likelihood function, Eq. (4.14), with respect to the hyperparam-

eters.

e Compute f* from Eq. (4.12), which provides the expected value of the function.
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e Compute the diagonal elements of cov(f*), Eq. (4.13), which give the variance of
.

4.3 Reconstructing the derivative of a function

The derivative of a function can be inferred by noting that it also follows a Gaussian Pro-
cess. While preserving the covariance structure of the original data, one must additionally
compute the cross-covariance between the function values and their derivatives, as well
as the covariance between the derivatives themselves. These quantities are obtained by

directly differentiating the original covariance matrix, namely,

ij . (}k(l’z,l’J)

cov <f,, Oxj> = o, (4.15)
) ) 2 oy

cov(OF i\ _ k@i zy) (4.16)
(}SL’Z‘ an (?x,(?x]

The first derivative can be obtained from the joint distribution of the observed data

y and f*’, given by

y I K K"
f*, Ml* K/T K”*
where ok( )
T, T
K*|, = "7/ 4.18
[ ]Z] ax;: ) ( )
and an( )
T, Tk
K™, =—2""7° 4.1
K"y = (419)

From these relations, the reconstructed mean of the derivative is
7 - + KKy — ), (4.20)

and its covariance is
cov(f*) = K" - KTK K™ (4.21)

The same hyperparameters obtained in the reconstruction of f* can be used to re-
construct its derivative. This follows from the fact that the likelihood depends only on
the observed data and on the prior mean function yu, rather than on the specific quantity

being predicted (see Eq. (4.14)). Higher-order derivatives can be computed analogously.
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4.4 Functions of a GP and Error Propagation

In many cosmological applications, the quantity of interest is not the reconstructed func-
tion itself, but a derived observable depending on it and possibly on its derivatives, e.g.,
g(f(z), f'(x),...). A natural first approach would be to evaluate g at the mean recon-
struction and propagate the associated uncertainties using standard error propagation

formulas.

Such a procedure corresponds to expanding g around the mean values and combining
the individual variances in quadrature. This approximation is typically adequate when
the uncertainties are small and the function g varies smoothly over the relevant parameter

range.

However, within the Gaussian Process framework, the reconstructed function and
its derivatives are jointly Gaussian distributed. Therefore, a more consistent treatment
consists of exploiting their full covariance structure when computing derived quantities.
In this way, correlations between f(x) and its derivatives are properly accounted for,

leading to a more accurate estimate of the uncertainty in g.

In a more precise formulation, computing a reconstructed function via GPs and its
derivatives requires knowledge of the covariance between the involved functions. In other
words, one must know the correlation between f* = f(z*), f* = f/(«*), and higher-order

derivatives at each reconstruction point x*.

The covariance matrices between f and each of its derivatives f (the i-th derivative

of f) evaluated at the point z* are given by
COV(f(i), f(j)) = k(i’j)(x*,x*) - K(i)(x*,X) [K(X,X)+ C]_lK(j)(X, "), (4.22)

where k9 (2% 2*) denotes the i-th derivative of the covariance function (Eq. 4.4) with
respect to the first argument and the j-th derivative with respect to the second argument,
both evaluated at (z*, x*).

With this information, one can obtain g(f(z*), f'(z*),...) through a Monte Carlo sim-
ulation, in which the values of f® are sampled from a multivariate Gaussian distribution
whose correlation matrix has a block structure composed of the covariance matrices de-
fined in Eq. (4.23). Thus, the Monte Carlo simulation used to determine g at each value

of x* is drawn from the distribution

f L vt cov(rs, )
PN P eov(r ) var(p) | | (4.23)
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This Monte Carlo procedure may yield asymmetric uncertainties, in contrast to the

standard error-propagation approach.

4.5 A Practical Example: Reconstruction of H(z) via
GP

We now return to the example of reconstructing H(z), optimizing the hyperparameters,
and subsequently computing the derivatives of the reconstructed function. In this appli-
cation, we use the CC measurements as our data set. For these data, the observational

uncertainties are uncorrelated, so the covariance matrix is purely diagonal.

lo

w(z) mean
—— GP mean lo

0 1 9 0 0.5 1.0 15 2.0

Figure 4.2: Reconstruction of H(z), H'(z), H"(z), and the dark energy equation-of-
state parameter w(z) using Gaussian Processes (GP). The shaded regions represent the
1o confidence intervals around the GP mean. The upper-left panel shows H(z) together
with the cosmic chronometer (CC) data. The remaining panels display the reconstructions
of H'(z) and H”(z). The lower-right panel presents the reconstructed w(z) with its lo
uncertainty, compared to the ACDM prediction.

We adopt the Squared Exponential (SE) kernel for the Gaussian Process reconstruction
and assume a vanishing mean function, p(z) = 0, which corresponds to the standard
default choice in GP implementations. The kernel hyperparameters are optimized by

maximizing the marginal likelihood, as described in the previous section.
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Figure 4.2 presents the GP reconstruction of H(z). The upper-right panel displays the
first derivative, H'(z), while the lower-right panel shows the second derivative, H”(z). The
derivatives are obtained analytically from the GP, ensuring a fully consistent propagation
of uncertainties from the original data to the reconstructed quantities.

Using Eq. (5.3), and expressing the result in terms of the reconstructed function and
its derivative, we can obtain w(z), as shown in the lower-left panel of Figure 4.2. In
this calculation, we fix the background cosmological parameters to the values reported by
PLANCK COLLABORATION (2020) results, namely Hy = 67.4km s~ Mpc™! and Q,, =
0.315. This example illustrates how to compute a derived quantity from reconstructed
observables, thereby requiring the error propagation procedure described in the previous
section.

In this chapter, we have presented the theoretical foundations of Gaussian Processes
and detailed their application to the non-parametric reconstruction of cosmological func-
tions and their derivatives. We discussed the role of the covariance function, the optimiza-
tion of hyperparameters through marginal likelihood maximization, and the consistent
propagation of uncertainties, including the treatment of derived observables via Monte
Carlo sampling of the full covariance structure. As a practical illustration, we applied this
framework to the reconstruction of the Hubble function H(z) and the derived quantity
w(z) using cosmic chronometer data.

In the next chapter, we present the first original results of this thesis, in which the
methodology developed here is applied to current observational data to investigate the

cosmological implications of our reconstructions.



CHAPTER 5

Symbolic regression analysis of dynamical dark energy
with DESI-DR2 and SN data

This chapter is based on the published article: SOUSA-NETO et al. (2025).

5.1 Introduction

In this chapter we employ a novel model-independent approach, namely Symbolic Re-
gression using PySR, on DESI-BAO and SN data to reconstruct the dark energy EoS.
Hence, we can check whether there is any statistically significant departure of the w = —1
prediction from the standard model, which would help supporting or challenging previous
results in the literature.

In what follows, we first review the relevant cosmological equations for our study in
Section 5.2, including the key concepts under consideration. Section 5.3 describes the
data used in our analysis, detailing the specifics of the DESI, Patheon+, and DESY5
datasets. In Section 5.4, we discuss the theoretical framework of symbolic regression,
focusing on its application to cosmological data. Section 5.5 presents the main results of
our analysis, while Section 5.6 reports the corresponding results obtained with Gaussian

Processes. Finally, Section 5.7 summarizes our main conclusions.

5.2 Basic Equations

We can express the equation of state (EoS), w(z), in terms of observable distances. To
this end, we first consider a spatially flat Universe, for which the normalized Hubble

parameter is given by Eq. (2.13),

H(z)"
H

= Qn(1+2)° + Qppexp [3J H—u)(z)dz,] , (5.1)
o 1+2
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With the assumption of a spatially flat universe, the normalized density parameters satisfy
the relation €2, + Qpg = 1.

In ([%’?2 — Q1+ 2)3] m> = 3f %@d%, (5.2)

One can invert the above equation to derive an expression for the dark energy EoS, w(z),

in terms of the H(z), and its first derivative,

12(1+ 2)HH' — 3H?

W) = =3 Ee 2, — B2 (53)
which can be rewritten as DINDA and MAARTENS (2024)
Iy 3 D3
w(z) = 1 - 2(1 +;2)DH(2) + 37(1 + fi D3 (2) ‘ (5.4)
3[Du(2) — 41+ 2 D (2)]

In the above expression, we rewrite Eq. (2.17) as Dy(z) = Dy /rq, where 74 is the sound
horizon at the drag epoch. Writing the expression in this form is important because it
allows the quantity to be expressed in terms of the observable Dy /ry and
QuHZr?
"y = 20 d Y (55)
c
Note that Dy, is related to Dy by D}, = ¢/H(z) = Dy, allowing us to rewrite Eq. (5.4)
as N -
2(1+ 2) Dy (2) + 3y(1 + 2)° D (2)

o NS TR 715 B o0

For analyses involving SNe data, D, is computed using the second equation above, which

relates it to the luminosity distance Dy, through Eq. (2.31), divided by 4

N Dy 1052
Dy = = . 5.7
M (1+ 2)ry (1+ 2)ry (5:7)

We can now reconstruct w(z) from H(z) using Eq. (5.3), or alternatively from Dy and D),
through Eqgs. (5.4) and (5.6), respectively. Later on, we return to the latter two approaches

and discuss different methods for computing the derivatives of these quantities.

5.3 Data

This section describes the observational datasets used in this thesis, including BAO mea-
surements from DESI DR2 (KARIM et al., 2025) and SNe data from the Pantheon+
(SCOLNIC et al., 2022) and DESY5 (ABBOTT et al., 2024) samples.
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5.3.1 Baryonic acoustic oscillations

The DESI-BAO measurements are expressed by three ratios: the three-dimensional BAO
mode (Dy /ry), the transverse mode (Dy;/ry), and the radial mode (Dg/ry). In this thesis,
we focus on the transverse and radial modes. An important point is that to reconstruct
w(z), we use only the measurements Dy /ry or Dy/ry in our analyses, depending on
the equation used (Eq.(5.4) or Eq.(5.6)). For this reason, we do not use Dy /ry from
DESI data. For analyses using only DESI data, we use exclusively Dy /ry because the
large uncertainties involved in the second derivative in Eq.(5.6) make it implausible to

reconstruct w(z) using only DESI with D,,/r; measurements.

The radial comoving distance can be related to the transverse BAO mode measurement
by

Dy . DA(l +z)
Ta Td

, (5.8)

where D 4 is the angular diameter distance. Similarly, the radial BAO mode can be written

* Dy(z) ¢
TP (5.9)

The BAO measurements obtained by the DESI collaboration are summarized in Table
5.1. There, we present the measurement values for different tracers, namely the Luminous
Red Galaxy (LRG), divided into two samples (LRG1, LRG2), the combined LRG3 and
Emission Line Galaxy (ELG1), ELG2, Lyman-« forest, and the QSO sample. The first
column indicates the tracers, the second one the effective redshift, z.¢s, while the third
and fourth columns list the Dy (z)/rq and Dy (z)/rq ratios, along with their 1o confidence

limits. The last shows the cross-correlation coefficients, 7y g, between Dy /rq and Dy /1.

tracer Zeff Dy /rq Dy /14 TM,H

LRG1 0.510 | 21.863 + 0.425 | 13.588 + 0.167 | —0.459
LRG2 0.706 | 19.455 4+ 0.330 | 17.351 + 0.177 | —0.404
LRG3+ELG1 | 0.934 | 17.641 +£0.193 | 21.576 + 0.152 | —0.416
ELG2 1.321 | 14.176 £ 0.221 | 27.601 + 0.318 | —0.434
QSO 1.484 | 12.817 + 0.516 | 30.512 £+ 0.760 | —0.500
Lya 2.330 | 8.632+0.101 | 38.988 + 0.531 | —0.431

Table 5.1: BAO measurements from the DESI (DR2) collaboration KARIM et al. (2025).
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5.3.2 Type la Supernova

5.3.2.1 Pantheon-+

The Pantheon+ dataset encompasses 20 supernova compilations spanning a redshift range
from 0.00122 to 2.26137 SCOLNIC et al. (2022). This dataset includes 1701 light curves
corresponding to 1550 spectroscopically confirmed SNe. At low redshifts, z < 0.01, 111
SNe have been removed in order to prevent a strong peculiar velocity dependence. The
1590 light curves in our final sample span a redshift range from 0.01016 < z < 2.26137.
The data and the covariance matrix used in this thesis are available in the GitHub repos-

itory*.

5.3.2.2 Dark Energy Survey Supernova Year 5 (DESY5)

The DESY5 supernova sample comprises 1635 supernovae observed by the DES collabo-
ration, spanning a redshift range from 0.0596 to 1.12, along with 194 high-quality external
supernovae at redshifts below 0.1, for a total of 1829 supernovae. After excluding super-
novae with magnitude errors 4m > 1, which are unlikely to be classified as Type Ia based
on the DES photometric data, our final sample consists of 1754 supernovae. The complete

catalog is accessible through the DES collaboration’s GitHub repository 2.

5.4 Symbolic regression

In this thesis, SR is employed as a non-parametric tool for the reconstruction of cosmo-
logical observables.

As discussed in Chapter 3, we adopt the PySR framework CRANMER (2023a) to
perform symbolic regression. In the following, we focus on the specific choices relevant
to our analysis, including the set of operators, the loss function, and the model selection

criteria.

5.4.1 Operators Used in PySR

In symbolic regression with PYSR, symbolic expressions are constructed and evolved
through combinations of unary and binary operators. As discussed in Chapter 3, the
choice of operators plays a central role in defining the functional search space and directly
impacts the complexity and performance of the resulting models. In this thesis, we adopt
a predefined set of unary and binary operators to explore possible solutions and identify

the best-fitting models, as summarized in Table 5.2.

'https://github.com/PantheonPlusSHOES/DataRelease/tree/main/Pantheon’%2B_Data
’https://github.com/des-science/DES-SN5YR.
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Table 5.2: List of unary and binary operators used in PySR

unary | binary

log —
sqrt +
exp *
cube /

square | pow

Additionally, we assessed the performance of three different operator sets while keeping
both the dataset (DESI-DR2 + DES Y5) and the loss function (CustomLoss) fixed. These
include the operator set described above, which we refer to as the original set, as well
as two alternative operator configurations. The purpose of this analysis is to assess the
robustness of our results with respect to the choice of operator set used in this chapter.

The two additional operator sets are defined as follows:
e Simple: Binary = {+, -, *}, Unary = {sqrt, square}.

e Complex: Binary = {+, -, *, /, pow}, Unary = {sqrt, square, cube, exp, log, sin,

cos}.

As shown in Fig. 5.1, the three operator sets achieve comparable performance, with
overlapping distributions and similar medians. However, the Original operator set adopted
in our chapter yielded the lowest mean MSE, indicating that it provides a good balance
between expressiveness and model simplicity. These results suggest that while more com-
plex operator sets introduce additional functional forms, they do not necessarily improve

predictive accuracy. In this case, the chosen operator set appears to be the most effective.

5.4.2 Loss Function

As shown in Chapter 3, an important hyperparameter in PySR is the loss function. To
properly account for the uncertainties in the data and ensure that the model assigns
appropriate weights to each observation, we adopt a custom loss function. We adopt the

loss function defined as

L= %rTC—lr : (5.10)

where r = x — y is the residual vector, with = representing the predicted value and y
denoting the true value; C~! is the inverse covariance matrix; and n is the number of

points in the sample, used to normalize the loss. This approach enables the model to
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Comparison of Performance by Operator Sets
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Figure 5.1: Comparison of performance across different operator sets using CustomLoss.

more accurately account for data quality and focus on more reliable observations during
optimization.

For completeness, we also explore the different loss functions available in PySR. Besides
the loss function described in this section, we considered the Huber Loss Eq. (3.1), the L1
Epsilon-Insensitive Loss Eq. (3.2), and the LP Distance Loss Eq. (3.3). Among these, the
previously described loss function showed the best overall performance, demonstrating

the robustness of our analysis.

Comparison of Performance by Loss Function
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Figure 5.2: Comparison of the Mean Squared Error (MSE) distribution per cross-

validation fold for the four tested loss functions.

Figure 5.2 presents a comparative analysis of model performance using four distinct
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loss functions, evaluated by the Mean Squared Error (MSE) across cross-validation folds.
The proposed CustomLoss function, which uniquely leverages the full data covariance
matrix, also demonstrates markedly superior performance. It not only yields the lowest
median MSE but also exhibits the least variability, as indicated by its compact interquar-
tile range. This suggests that incorporating the data’s complete covariance structure
provides a more robust and accurate model fit compared to the standard loss functions
tested.

5.4.3 Model Selection

We adopt the best selection criterion implemented in PySR, following the discussion pre-
sented in Chapter 3. The final expressions selected through this procedure are presented
in Tables 5.4, 5.5, and 5.6.

Although these expressions exhibit good statistical performance, they do not inher-
ently guarantee physical meaning, as they are guided solely by data fitting and structural
simplicity. For this reason, it is sometimes necessary to impose physical constraints, such
as Dy = 0 at z = 0, to guide the algorithm toward learning representations consistent
with physical expectations.

To illustrate the effect of complexity penalties, we chose to fix a given dataset, for
instance, DESI-DR2 + DESY5, and varied «, which represents our complexity penalty.
Even with different values of o (0.001, 0.01, 0.1) and different models, the general form of

Table 5.3: Top 3 PySR results for different values of a.

o} Metric MSE  Complexity Equation

0.001 1.285 1.2780 7 30.08 2/1.317
1.287  1.2780 9 2(2(z — 8.04) + 29.99)
1.289  1.2790 10 2% +30.13 2/1.37°
0.01 1.348 1.2780 7 30.08 2/1.31*
1.358  1.2880 7 29.48 2/1.28°
1.366  1.2960 7 29.41 2/1.28*
01 1978 1.2780 7 30.08 2/1.31*
1.988  1.2880 7 29.48 2/1.28*
1.996  1.2960 7 29.41 2/1.28°

the top PySR equations remained the same (see Table 5.3). This demonstrates the robust-

ness of symbolic regression in identifying consistent functional forms, while « primarily
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affects the trade-off between metric and complexity.

5.5 Results

In what follows, we present the reconstructed results obtained using the method described
in the previous section. First, we show the results for the DESI DR2 dataset. Sub-
sequently, we combine the DESI-BAO data with the two supernova datasets described

earlier.

5.5.1 DESI-only

For completeness, we begin our analysis by reconstructing the quantity Dy /ry from the
DESI-BAO dataset. The best-fit equation obtained by PySR to describe these data is
given by

D
. — 98 4exp(—0.519z) , (5.11)
Td

which corresponds to the model selected using the “best” criterion described in Sec-
tion 5.4.3. Other candidate equations generated during the training, along with their

complexity and loss, are listed in Table 5.4. The results are displayed in the left panel of

0.5
304, — PySR rec — PYSR rec
\ s 1o BN 1o

20 | f 20
| 30 N /
%5 N e ACDM 'PL (Mean)
N +  DESI \ i

10

z z

Figure 5.3: The reconstruction results for Dy /ry DESI-only. The black line represents
the mean for the PySR reconstruction; the green bands indicate the CLs. The red dashed
line corresponds to the ACDM theoretical curve, while the blue dashed line represents the
CPL model with the wy — w, DESI-BAO+CMB results in 30 CL. KARIM et al. (2025).
Left: Dy /ry reconstruction with PySR. The black points correspond to the DESI-BAO
dataset, with respective uncertainties. Right: The w(z) derived using Eq. (5.4) and the
reconstructed Dy /ry, assuming 74 = 101 £ 2.3h~! Mpc, as reported by VERDE et al.
(2017), and €2, = 0.3.
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Table 5.4: DESI-only

Complexity | Loss | Equation
1 2519.06 | y = 2.8069465
2 120.73 | y = 1/276.74304
3 91.5 |y = 17.705526 — =
4 1.22 |y = (5.127707 — 2)?
5 0.30 |y = 28.42/ (1.68%)
7 025 |y=(3.77T—2)"" +6.24
8 024 |y=((z—3.18)" — —3.47) x 2.06
9 021 |y=270°—11.8 x z + 26.0
11 017 |y =4.19x (1 —0.787 x 2)° + (4.94 — 2)**
13 0.02 | y=(3.68—2)""+6.56——_202
15 0.016 | y = (3.68 — 2x)** +6.56 — —geo s
16 0.015 | y =219 x (1—0.272 x 2)** +6.56 + =200
17 0.013 | y = (3.68 — 2)** +6.56 — —

Figure 5.3, along with the 1o, 20, and 30 confidence intervals. These intervals are esti-
mated using the Monte Carlo method, assuming a Gaussian distribution centered on the
best-fit equation provided by PySR, with standard deviations given by the reconstruction

uncertainties.

As for the dark energy EoS, w(z), we can compute it by plugging the reconstructed
Dy (2)/rq given by Eq. (5.11) and its derivative into Eq. (5.4), as presented in the right
panel of Figure 5.3. The dashed red line represents the ACDM scenario, w(z) = —1, while
the blue curve corresponds to the CPL parameterization with the values wy = —0.424+0.21
and w, = —1.75 + 0.58 from the DESI-BAO results KARIM et al. (2025). The green-
shaded regions correspond to the reconstruction’s 1o to 30 CL (from darker to lighter
shade, respectively), also obtained using the Monte Carlo method. At 1o level, this
analysis shows good agreement with the ACDM prediction up to z ~ 0.66.

In our final analysis using DESI-only data, we examine the sensitivity of w(z) to
variations in the parameters €2, and r4, which enters in the calculation of v — Eq. (5.5).
Specifically, we explore €2, values of 0.25, 0.30, and 0.35, while testing 74 at 90.9 h~ Mpc,
101 = Mpc, and 111.1 A~ Mpc, based on values reported by VERDE et al. (2017) (see
also LEMOS et al. (2023) for model-independent estimates of r4 from angular BAO mea-
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surements).

5.5.2 DESI + Pantheon+

Our first analysis, which combines the DESI dataset with SNe data, focuses on the Pan-
theon+ dataset. We use the apparent magnitude, m, from the Pantheon+ compilation
to reconstruct the quantity Dys/ry fixing M = —19.253 RIESS et al. (2022). Then, we
compute the normalized comoving distance (Dj;) of the SNe assuming Eq. (5.7) and
rq = 138.28 £+ 3.1 Mpc, which corresponds to the r4 value given by VERDE et al. (2017)
combined with the Hy value reported in RIESS et al. (2022) — which is consistent with the
M value previously assumed. Finally, we compute the corresponding Dy, /r, values from
the SNe apparent magnitude measurements, so that they can be combined with the Dy, /ry
from the DESI-BAO measurements. This scenario is denoted as DESI + Pantheon+-.

It is important to note that the SNe data do not constrain Hy and M independently,
but the combination M =M — 5log Hy. In this sense, the values of M and H, must
satisfy this relation to be compatible for a specific SNe data set. Thus, Eq. (5.7) can be

rewritten in terms of M and H, to obtain:

10~M/5 /Hy
L——.
rd

Since an uncalibrated sound horizon scale is used (Ref. VERDE et al. (2017)), where

Duy (5.12)

rdOCHio , (5.13)
our SNe data expressed in terms of D, and the parameter v in Eq. (5.5) are independent
of the Hy value. Consequently, the reconstruction of the dark energy EoS in Eq. (5.6)
does not depend on the value of Hy and M.

The best equation derived by PySR for the D,;/r, reconstruction, in the first scenario,
is given by
Dr_;v[ = 33.3zexp(—0.274z) . (5.14)
The left panel of Figure 5.4 shows the reconstruction of Dy(z)/ry for the DESI +
Pantheon+ dataset. The reconstructed Dy, /r, values agree with the ACDM model within
lo for z < 1.7, but deviate from it at larger z, reaching the 30 region. A probable
reason for this deviation is the inclusion of Pantheon+ data points at z > 1, where larger
uncertainties and possible systematics are more prevalent. In contrast, DESI data alone
show a better agreement with the ACDM model in high-redshift regions.
The result of the w(z) reconstruction for the DESI + Pantheon+ is shown in the right

panel of Figure 5.4.
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Figure 5.4: The reconstruction results for D, /r; using DESI + Pantheon+ dataset. The
black line represents the mean for the PySR reconstruction; the green bands indicate
the confidence levels. The red dashed line corresponds to the ACDM theoretical curve.
Left: Dj;/ry reconstruction with PySR. The black points correspond to the dataset, with
respective uncertainties. Right: The w(z) derived using Eq. (5.6) and the reconstructed
Dyy/rq, assuming rg = 101 + 2.3k~ Mpc, as reported by VERDE et al. (2017), and
Q,, = 0.3. While the blue dashed region represents the CPL model with the DESI +
CMB + Pantheon+ results KARIM et al. (2025) in 30 CL.

Table 5.5: DESI + Pantheon--.

Complexity | Loss | Equation
1 1245 |y =1.24
2 116.74 | y = €
3 4.65 |y=271xz
5 2.69 |y = (2/0.034)"°"
6 2.39 | y=2x30.20x (0.18 x z —1)?
7 1.7 |y = (0.76° x 2)/0.03
9 1.68 | y=0.77" x (z x 29.96)%9
10 1.68 | y=2%+2x(29.8— 2z x 8.24)
13 1.68 | y=(2*—22x7.60+ 2 x 27.1)/0.907
14 1.68 | y=0.739°z x (z x (y/2 — 0.528) + 30.0)
17 1.68 | y=2zx30.0x 1/(0.196 x 0.465 + €0-266)% 4 2213
19 1.68 | y = (30.0 x 2)/y/1.95% + 2213
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5.5.3 DESI + DESY5

The procedure for reconstructing the ratio Dy, /ry follows the same methodology as in
the analysis presented in the section 5.5.2. However, instead of using the Pantheon+ SNe
dataset, we utilize the DESY5 dataset, whose absolute magnitude is consistent with a
Hubble constant calibration of Hy = 7T0km s~ Mpc~!.

The resulting data for DESI + DESY5, is used to derive a new relationship for Dy, /r,.
The best equation obtained from PySR for this dataset is

D
M — 30.1z exp(—0.2622). (5.15)
Tq
The reconstruction of Dy, /ry for DESI + DESY5 is shown in the left panel of Figure
5.5. The reconstruction agrees with ACDM within the 20 CL, as the dashed red line
indicates. Additionally, the DESI + DESY5 reconstruction of Dy/r; aligns more closely
with ACDM than the DESI + Pantheon+ case.
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Figure 5.5: The same as Figure 5.4, but using the DESI + DESY5, and a CPL model
with the DEST + CMB + DESY5 results KARIM et al. (2025).

The resulting w(z) for the scenario DESI + DESY5 is displayed in the right panel of
Figure 5.5, which is in agreement with ACDM within 20, as indicated by the dashed red

line.

The essential point is the structural equivalence of the expressions explained for
DESI+Pantheon and DESI+DESY5 in Tables 5.5 and 5.6, respectively, despite their
different appearances. In both cases, the reconstructed expressions follow the general
form

D

M 4z exp(b2). (5.16)
Tq
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For DESI+Pantheon, the best-fitting expression is

Dy 0.76% 2
— = = 33. —0.274 1
- 0.0 33.3 z exp(—0.274z), (5.17)
while for DESI4+DESY5 we obtain
Dy 301z
— = = 30.1 —0.262z2). 1
- 1307 30.1z exp(—0.262z) (5.18)

The small differences in the coefficients reflect the use of different SNIa datasets. For
this reason, the equations presented in Eqgs. (5.14) and (5.15) are not identical to those
reported in the corresponding tables.

For the DESI-only analysis, reported in Table 5.4, PySR reconstructs the quantity
Dy /rq as

l:—: = i‘g = 28.4 exp(—0.519z). (5.19)

This expression follows the more general form

D
I — 4 exp(bz). (5.20)
Td
As an instructive exercise, one may ask under which conditions the derivative of
Egs. (5.16) and (5.20) can represent the same quantity. Taking the derivative of Eq. (5.16)
with respect to z and equating it to Eq. (5.20),

d ( Dy b Dy
—|— ) =ae”(1+bz) = — 5.21
() —aeaa - 21, (521)
one immediately obtains the condition
bz = 0. (5.22)

Since b # 0, this equality can only be satisfied at z = 0, implying that the two expressions
cannot be simultaneously valid for z > 0.
This result is nevertheless expected, since D,; and Dy were reconstructed indepen-

dently. In particular, they are related through the geometric consistency relation already
introduced in Sec. 2.2 [see Egs. (2.26) and (2.25)],

Dy(2) = f "Du(x)d?,

or, equivalently,
dD M (Z )

dz

was not imposed during the reconstruction. As a consequence, the reconstructed

Dy (z) (5.23)
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expressions are not required to satisfy the condition bz = 0.

In a complementary analysis of DESI + SNIa, we performed a test to explore the de-
pendence of w(z) on the parameters 2, and 4 by varying their values in the calculation
of 7. Specifically, we consider €2, = 0.25, 0.30, and 0.35, as well as r; = 90.9 h~! Mpc,
101 A=t Mpec, and 111.1 A~ Mpc — chosen to lie below and above the fiducial values

adopted in this chapter, although still compatible with most of their measurements in

— 74=90.9h"" Mpc
— ACDM

— Q, =030 —— 715=101h 'Mpc
001 — acDM 001 — AcDM

05 —0.5 |

the literature.

0.5

rg  11LLL~Y Mpe
—— ACDM

-1.5

—2.0

Figure 5.6: Reconstruction (30) of w(z) for DESI 4+ Pantheon+ considering variations in
Q,, and r, for different scenarios. Left: w(z) reconstruction with fixed r4. Right: w(z)
reconstruction with fixed €2,,, for the same scenario.

The results are presented in Figures 5.6 and 5.7. In the upper panel of Figure 5.6, we
analyze the scenario of DESI | Pantheon, fixing rq = 101 A~ Mpc while varying different
values of €),,,. In the bottom panel of Figure 5.6, we fix ), = 0.30 and allow r4 to vary.
Figure 5.7 also contains two panels: the upper panel shows the reconstruction of w(z)
with 7,4 fixed for the DESI + DESY5 scenario, allowing (2, to vary. The bottom panel
presents w(z) with €2, fixed while varying r,.

In all panels, the colored regions indicate the 3o confidence intervals obtained from
MCM, and the black dashed line represents the theoretical ACDM curve (w = —1). These
results demonstrate the sensitivity of w(z) to the cosmological parameters in Eq. (5.4).
It is notable that mild deviations from the 30 (C.L.) occur when the smallest values of
Q,, and ry4 are assumed. These lower values represent more extreme choices compared to
the higher values, which are better supported by current data, indicating that our results

remain robust under reasonable variations in parameters.
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Figure 5.7: Same as Figure 5.6, but using DESI + DESY5.

Table 5.6: DESI + DESY5.

Complexity | Loss | Equation
1 796. |y ==z
2 499. | y = 8.65
3 225 |y=215xz
5 4.82 | y = (2 x 54.8)"7
6 482 | y=221x 2074
7 2.23 | y = (30.1 x z)/(1.31%)
8 210 | y=29.44% x z
9 2.05 | y=2zx (24 30.1/1.37%)
11 2.05 | y =2z x (2 +30.0/1.37*) — 0.0361
13 205 | y=2x(22+31.7)/v/1.88 — 2
14 2.04 | y = 0.0129 + = x ((22)0'923 4 30.5) /1.38°
18 2.04 |y =31.1 x z x v/202x2/\/1.85%
20 204 | y=2zx(2+307%)—0.0218/(= — 1.61)
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5.6 (Gaussian processes

As a complementary analysis, we repeat the reconstruction procedure described above
by replacing the reconstruction technique. Instead of using PySR, we adopt Gaussian
Processes, allowing for a direct comparison with a method that is more widely used in
cosmological analyses . In this approach, a different treatment of BAO data is adopted,
in which Dy /ry and Dy /rq are reconstructed jointly, and their covariance is taken into
account. In addition, the first and second derivatives of the reconstructed quantities,
together with their associated covariance matrices, are also obtained, with further details
described in Chapter 4.

As a first application, this reconstruction is performed using the DESI + Pantheon+
dataset. The results are presented in Fig. 5.8. The left panel shows the reconstruction
of Dys/r., where a clear reduction in the uncertainties is observed when compared to
the SR results described in Section 5.5.2. The right panel displays the reconstructed
equation-of-state parameter w(z). For comparison, the blue dashed curves represent the
CPL parametrization constrained by DESI + CMB -+ Pantheon+ data, shown at the 3o
confidence level KARIM et al. (2025).
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0 30
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Figure 5.8: The same as Figure 5.4, but using GP.

Following the previous analysis, we apply the reconstruction to the DESI+DESY5
dataset, with the results shown in Figure 5.9. As in the SR results discussed in Sub-
section 5.5.3, the left panel shows that the reconstruction of Dy;/r, is primarily driven
by the DESY5 measurements at low redshifts, leading to well-constrained uncertainties
in the region z < 1, while the DESI-DR2 data anchor the reconstruction at higher red-
shifts. The right panel shows the reconstructed equation-of-state parameter w(z), which
remains consistent with a cosmological constant within the uncertainties, with increasing

uncertainties toward higher redshifts. The reconstruction is in agreement with the CPL
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parametrization constrained by DESI + CMB + DESY5 data at the 30 confidence level
KARIM et al. (2025).
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Figure 5.9: The same as Figure 5.4, but using GP and DESI + DESY5.

The results obtained for w(z) from the GP reconstruction are consistent with the
findings of DINDA and MAARTENS (2024), who also reported no statistically significant
deviation from the cosmological constant when using GP-based methods. In both analy-
ses, the reconstructed equation of state remains compatible with w = —1 within the 20

confidence level over the redshift range probed by the data
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Figure 5.10: Reconstruction of w(z) using PySR and GP for two combined data sets.
The left panel shows the results for DESI + Pantheon+, whereas the right panel shows
the results for DESI + DESY5. The shaded regions indicate the 1o and 20 confidence
intervals.

A comparison between the GP and SR reconstructions (see Fig. 5.10) shows that the
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GP reconstruction is fully contained within the 20 confidence region of the PySR recon-
struction over the redshift range up to z ~ 1. In particular, for the DESI + DESY5, both
methods show good agreement around z < 0.6. This divergence reflects the fundamen-
tally different extrapolation behaviors of the two approaches in data-scarce regions. The
GP reconstruction becomes increasingly dominated by the kernel assumptions, leading to
smoother mean functions and rapidly expanding uncertainties.

At higher redshifts, where the observational data become increasingly sparse, the diver-
gence between the GP and SR mean reconstructions indicates that the inferred behavior
of w(z) is strongly method-dependent. In this regime, the widening confidence regions
of the GP and the model-dependent extrapolation of the SR preclude a robust statistical
preference for any specific dark energy behavior. In particular, the current data do not
allow us to distinguish between phantom-like (w < —1), quintessence-like (w > —1), or
thawing/freezing scenarios at high redshift.

Therefore, any apparent trend in the reconstructed mean of w(z) at large z should
be interpreted with caution, as it primarily reflects the extrapolation properties of the

reconstruction method rather than a data-driven physical signal.

5.7 Conclusion

Given its potential consequences for cosmology, DESI’s result showing a preference for a
time-dependent dark energy EoS has motivated several analyses using parametric and non-
parametric methods. In this chapter, we investigated this issue from a PySR reconstruction
of w(z). The reconstruction is first performed using the DESI Dy /ry; measurements
and then refined by combining DESI D,,/r; with SNe data. Our primary result shows
that asserting that they favor any particular cosmological model is premature. Such
a conclusion is due to the large uncertainties derived from these data, which limit the
precision needed to support a specific model definitively.

The EoS, w(z), shows significant sensitivity to the cosmological parameters entering
the v expression — Eq. (5.5). Variations in both 2, and r, lead to noticeable changes
in the reconstruction of w(z), highlighting the dependence of the equation of state on
these key cosmological parameters. However, within the explored range of €2,, and ry, the
reconstructed EoS remains consistent with ACDM, except for the lower values of €2, and
rq, which show mild deviations.

The w(z) for this scenario shows no statistically significant departure of ACDM within
30 confidence level; however, the large error bars prevent the exclusion of alternative
models.

Concerning the DESI + DESY5, the reconstructed D,;/rq values also agree with the
ACDM model within 1o. Since the DESY5 dataset only extends up to z = 1.12; the

following points in the reconstruction come from DESI-BAO data, which agree well with
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ACDM. This alignment likely caused the reconstruction to fit more closely to ACDM than
the previous scenario with Pantheon+ data. The w(z) reconstruction from the DESY5
dataset agrees with ACDM within 20.

Finally, our PySR reconstruction is consistent with the corresponding Gaussian Process
results, with the GP mean lying entirely within the 20 confidence region of the PySR
reconstruction over the redshift range up to z ~ 1. In turn, the GP-based reconstruction
is in agreement with previous model-agnostic analyses in the literature, such as the study
of DINDA and MAARTENS (2024). While differences in the detailed redshift evolution of
w(z) arise at higher redshifts due to the distinct extrapolation behaviors of the methods,

the overall conclusions remain robust across these independent approaches.



CHAPTER 6

Cosmological constraints on galaxy formation time

This chapter is based on the published article: SOUSA-NETO et al. (2026).

6.1 Introduction

In this chapter, we investigate the t; redshift dependence and characterize its behavior
throughout cosmic evolution. Here, we specifically focus on a particular class of galaxies,
namely, passively evolving galaxies, like early-type galaxies (ETG). These objects exhibit
little to no ongoing star formation, are dominated by older stellar populations that evolve
slowly, and possess well-characterized colors, spectra, and luminosities. Their age can be
calculated by modeling the stellar populations using either simple or composite stellar
population models. Although our calculations rely on observational data of ETGs, it is
important to acknowledge that the method employed is not entirely model-independent;
the formation time can only be inferred from galaxy ages by assuming a cosmological
model.

We organize this chapter as follows. In Section 6.2, we present our definition of the
formation time. Section 6.3 describes the methodology, including the data selection and
reconstruction techniques used to constrain ¢;(z). Our results are presented in Section 6.4.
In Section 6.5, we perform robustness tests of the formation time ¢;. Finally, Section 6.6

summarizes our main conclusions.

6.2 Galaxy formation time

In this thesis, we shall adopt the following definition for the galaxy formation time: ¢y
represents the cosmic time, measured from ¢t = 0 (corresponding to the beginning of the
Universe), at which a given fraction of a galaxy’s final stellar mass had formed. This is
clearly a simplification that does not introduce significant error in the estimates ty. As
is well known, the process of galaxy formation commences only after a sufficient cosmic

structure has emerged, and the universe has cooled adequately. The gravitational seeds
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of galaxy formation are large-scale dark matter halos (> 10%Mg) that typically begin
to collapse around 100-300 million years after the Big Bang, roughly corresponding to
redshifts z ~ 15 — 20.

If the age of a galaxy at a given redshift z is denoted by ?,, representing the time
elapsed since its stellar population was largely assembled (the galaxy’s current age), then
t, reflects the duration available for stellar evolution and other post-formation processes.

The formation time can thus be expressed as
ty =ty —tg (6.1)

where ¢, is the age of the Universe at redshift z. In the literature, related terms such as
‘formation epoch’, ‘delay factor’, or ‘incubation time’ may be used interchangeably with
tf, depending on the specific modeling or observational context.

It is crucial to recognize that the above equations establish a direct equivalence be-
tween t; and the formation redshift (zy). Consequently, for any given zy and a specified
cosmological model, one can easily calculate ¢;. This relationship is particularly important
because numerous studies report observational measurements and estimates primarily in

terms of formation redshift rather than formation time.

6.3 Methodology and Data

One of our primary goals is to demonstrate that it is possible to constrain the galaxy
formation time using current cosmological data sets. To achieve this, we aim to develop
a model-independent method to reconstruct galaxy ages and, consequently, Z.

We use GP and PySR to reconstruct galaxy ages. The GP method has been widely
employed in cosmology for various applications, including null tests of the FLRW met-
ric (SEIKEL et al., 2012; SHAFIELOO and CLARKSON, 2010), reconstruction of cosmo-
logical matter perturbations (GONZALEZ, 2017; GONZALEZ et al., 2016; GONZALEZ
et al., 2017), estimates of the Hubble constant BUSTI et al. (2014), among others. On
the other hand, symbolic regression has recently been applied to investigate a potential
dynamical behavior of dark energy, particularly in light of recent BAO data from the
DESI collaboration (SOUSA-NETO et al., 2025).

We follow two approaches to determine ;. The first one calculates ¢; as the difference
between the theoretical curve of the age of the Universe, obtained from Eq. (2.51), and
the galaxy age reconstruction via GP and PySR, where the theoretical curve is based on
the ACDM model for two different values of Hy reported by the PLANCK COLLABO-
RATION (2020) and SHOES RIESS et al. (2019) collaborations. The second approach
uses a reconstruction of the lookback-time redshift relation from SNe data combined with

galaxy ages.
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6.3.1 Gaussian Processes

We use the code GP in Python GaPP to derive our GP results SEIKEL et al. (2012).
As discussed in the Chapter 4, the distribution of functions provided by GP is suitable
for describing the observed data. At each redshift z, the GP reconstruction provides a
mean value and an associated uncertainty, assuming a Gaussian distribution. Correlations
between different points are encoded in a covariance function k(z, Z), which depends on a
small set of hyperparameters, namely the characteristic correlation length [ and the signal
variance o¢. These hyperparameters are optimized directly from the data by maximizing
the marginal likelihood within the GaPP framework. As a non-parametric approach, GP

does not assume a specific functional form for the reconstructed quantity.

Kernel log £

Squared Exponential | —23.1176

Matern 3/2 —24.1007
Matern 5/2 —23.4050
Matern 9/2 —23.1718

Table 6.1: Log-likelihood values for different Gaussian Process kernels.

The different choices of the covariance function may affect the final reconstruction. To
assess the impact of this choice on our results, we perform Gaussian Process reconstruc-
tions using the squared exponential and Matérn covariance functions with v = 3/2,5/2,
and 9/2 (see SEIKEL and CLARKSON (2013)). The corresponding log-likelihood values
for each kernel are reported in Table 6.1. We find that all kernels lead to very similar
reconstructions, with only marginal differences in the log-likelihood, indicating that the
results are robust against the specific choice of covariance function. Among the tested ker-
nels, the squared exponential presents one of the highest log-likelihood values and yields
a smooth reconstruction. Therefore, in what follows, we adopt the squared exponential
form SEIKEL et al. (2012),

k(z,2) = 03 exp (— (2 2_15)2) | (6.2)

6.3.2 High-performance Symbolic Regression

As discussed in the previous chapters, one of the key steps in symbolic regression is the
choice of the operator set used in the reconstruction. Since this aspect has already been

thoroughly addressed, we simply state here that we adopt a set of unary operators —
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{log, sqrt, exp, cube, square, inv} — and binary operators — {+, -, *, /,*} — as
implemented in the PySR library.

Another crucial component of SR is the definition of the loss function, which is a
key factor in optimizing the model’s performance by measuring the difference between

predicted and input values. We adopt the P-th power absolute distance loss, defined as
L=lr—yl”, (6.3)

where x represents the predicted value, y denotes the true value, and P is a positive
real number that controls the sensitivity of the loss to errors. The methodology used
with PySR follows the same procedure as in the previous chapter, where further details,

including the choice of the best-fit equation, can be found.

6.3.3 Age Data

In this chapter, we use age estimates of 32 old passive galaxies distributed over the red-
shift interval 0.11 < z < 1.84, as analyzed by SIMON et al. (2005). The total sample is
composed by three sub-samples: 10 field early-type galaxies (TREU et al., 1999, 2001,
2002), whose ages were obtained by using the SPEED models of JIMENEZ et al. (2004);
20 red galaxies from the publicly released Gemini Deep Deep Survey (GDDS) whose inte-
grated light is fully dominated by evolved stars (ABRAHAM et al., 2004; MCCARTHY
et al., 2004). Simon et al. re-analyzed the GDDS old sample by using a different stellar
population model and obtained ages within 0.1 Gyr of the GDDS collaboration estimates
and the two radio galaxies LBDS 53W091 and LBDS 53W069 (DUNLOP et al., 1996;
SPINRAD et al., 1997). The age data set used in this analysis is shown in Fig. 6.1.

lo SR

lo GP
10 ¥ Calaxies

ty (Gyr)

Figure 6.1: GP and SR reconstructions of the age-redshift relation from age estimates of
32 old passive galaxies (black points) SIMON et al. (2005). The contours show the recon-
struction at 1o level while the solid black line represents the mean of the reconstructions.
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6.3.4 Type la Supernova Data

We use the Pantheon+ catalog BROUT and ET AL. (2022) for the SNe observations,
which comprises 1550 SNe within the redshift range 0.001 < z < 2.26. From the definition
of the distance modulus relation, we obtain the luminosity distance by Eq. (2.30). We
assume two different values for this latter quantity: —19.42, corresponding to the H
value of the PLANCK COLLABORATION (2020) and —19.253, corresponding to the
measurements of Hy reported by the SHOES Collaboration (RIESS et al., 2019).

6.4 Results

From Eq. (6.1), tf can be estimated as the difference between the theoretical curve of the
age of the Universe and the ages of galaxies. Fig. 6.1 shows the GP and SR reconstruction
of the ages of 32 galaxies as a function of redshift. The blue contours indicate 1o confidence
level (C.L.) while the solid black line represents the mean of the reconstruction. The black
points correspond to the original data from SIMON et al. (2005) with their respective
uncertainties. The total age of Universe is obtained from Eq. (2.51) assuming a flat,
ACDM model with the following parameters: (i) Hy = 73.04 + 1.04 km s~ Mpc™! and
Q,, = 0.33, corresponding to the values from the SHOES Collaboration — see the upper
curve in left panel of Fig. 6.2; (ii) Hy = 67.4 £ 0.5 km s™! Mpc™! and Q,, = 0.315,
corresponding to Planck’s best-fit scenario — see the upper curve in the middle panel of
Fig. 6.2.

The right panel of Fig. 6.2 shows the evolution of ¢; with redshift. In that panel, the
upper light red curve corresponds to the Planck’s Hy and €2, values, while the lower blue
curve corresponds to the SHOES values for the same parameters. These curves represent
lo C.L. intervals for the formation time and show noticeable variations at lower redshifts
(2 £0.5).

When we replace the GP reconstruction method with the SR approach, we follow the

same procedure as before. The best-fitting equation for the galaxy age, t,, is
ty = 2312572 (6.4)

The full set of symbolic regression equations, along with their corresponding complexities
and losses, can be found in Table 6.2. The reconstruction results, as well as the obtained
ts curve, are shown in Fig. 6.3. Although the uncertainty estimates provided by PySR are
less precise than those obtained with the GP method, the overall reconstruction behavior
remains consistent. Evaluating Eq. (6.4) at z = 0 yields a galaxy age of ¢, = 10.87 Gyr,
which is larger than the value obtained with the GP reconstruction, ¢, = 10.03 Gyr. This

difference in ¢, at z = 0 directly impacts the inferred formation time, leading to smaller
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Figure 6.2: Upper left: The age-redshift relation assuming a flat, ACDM model and the
values of Hy and (2,,, provided by the SHOES collaboration. Upper right: The same as in
the previous panel for the values of Hy and €2, provided by the Planck collaboration. In
both panels, the dark blue region corresponds to the reconstructed age-redshift relation
shown in Fig. 6.1. Lower panel: Evolution of the galaxy formation time t¢(z) with
redshift obtained from the difference between ¢, and t, — Eq. (6.1). The red and blue
regions represent the reconstructed 1o intervals.

values of t; at z = 0 in the SR case compared to the GP case.

For completeness, we also perform the above analysis assuming a wow,CDM model
characterized by a CPL parameterization for the dark energy equation-of-state, w(z) =
wo + wez/(1 + 2), with wy = —0.838 + 0.055 and w, = —0.62*)75, corresponding to de
DESI+Pantheon+as reported by the DESI collaboration ABDUL KARIM et al. (2025).

Fig. 6.4 presents the cosmic age t,(z) with 1o uncertainties for the ACDM and CPL
dark-energy parametrizations. As shown in the upper panel, both models yield nearly
indistinguishable age—redshift relations. The lower panel displays the fractional difference
At(z)/tacpm(z). The small relative difference between the CPL and ACDM predictions
indicates that variations in the dark-energy parametrization have a negligible impact on

t.(z) when compared to changes in the underlying cosmological parameters.

Rather than the specific form of the dark-energy parametrization, the uncertainty
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Figure 6.3: Same as Fig. 6.2, but using PySR to reconstruct galaxy ages.

in the cosmic age t,(z) is primarily determined by the uncertainties of the underlying
cosmological parameters. We compute the partial derivatives of ¢, with respect to each
model parameter in the ACDM model, listed below, to assess their individual contributions

to the total uncertainty.

Oty B _5H0
tu(Z) N H() ’
5ty 1 [ 23-1
6Qy  2H, LZ z H(z)3 4z, (6:5)
5ty 1 JOO x?—1
= dx.

Here we have defined x = 1+ 2. The total uncertainty in the age-redshift relation can
be characterized by the individual contributions from each cosmological parameter and

written as

Oty 0H .
= {—O,CYM(SQM,(}’k()Qk} y (66)
Hy
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Complexity | Loss | Equation
1 1.85 |y =3.23
2 175 y = 61.27
3 1.02 | y=494—2
4 0.126 | y = 10.5 (1 — 0.3092)
5 0.0805 | y = 2.312:85-=
6 0.0805 | y = £0-835(2.85—2)
8 0.0782 | y = 2 +5.93 (1 — 0.4112)% x 1.79
10 0.0779 | y = 2.95 (%32 — 0.582z + 1)° + 1.71
11 0.0778 | y = 10.1 (1 — 0.3152)* + [0.915 — 2
12 0.0696 | y = (2% — 0.591) *10% 4 227
13 0.0692 | y = €*3172 + 0.755 4 %22
14 0.0689 | y = €2272 4 (3 — 0‘593)—0.1008/z
15 0.0671 | y = 0.795(=-0924)" 4 211 | 1 99
16 0.0623 | y = (217 — 2)° " + 14.4e~126V%
17 0.0611 | y = [10.2(1 — 0.4612)3]Z12 ©14.36-126vE
18 0.0605 | y = (218 — 2)*%" 4 14.3¢712V2
20 0.0600 | 5 = [103 (1 — 0.4502)*]")" 4 14.3¢ 1252

Table 6.2: Symbolic regression results for ¢,.

where

1 JOO 3 —1 P
ay = — z,
M 200 Ji4, v H(z)?

1 (* 22-1
o e —
T 200 )iy aH(2)?

N _JOO dx
o 1+z$H($)'

For clarity, we do not combine the parameter uncertainties in quadrature. Such a

dz. (6.7)

procedure would require a specific choice for the uncertainty in Hy and a proper treatment
of correlations among the cosmological parameters. Instead, we present the individual
contributions separately to highlight their relative importance. As a practical example, we
adopt PLANCK COLLABORATION (2020) (TT,TE,EE-+lowE+lensing) best—fit values
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Figure 6.4:  Cosmic age as a function of redshift for the CPL model and ACDM
(SHOES). Top panel: t,(z) with 1o uncertainties. Bottom panel: relative difference
At(z)/tacpm(2) in percentage.

for the cosmological parameters, assuming Hy = 67.36+0.54 kms™! Mpc™!, Q,; = 0.315+
0.007, Q% = 0.0007 + 0.0019".

The fractional contributions of the cosmological parameters to the uncertainty in the
cosmic age-redshift relation are displayed in Fig. 6.5. The uncertainty associated with
the Hubble constant dominates at all redshifts, yielding a constant fractional contribution
of 5%, while the contributions from Qj; and ; remain below the percent level over the
entire range.

From the analysis above, we have identified the relative importance of the cosmological
parameters in determining the uncertainty of the cosmic age t,(z). However, our primary
quantity of interest is the formation time ¢¢(z), defined in Eq. 6.1, which depends not
only on ¢, (%) but also on the galaxy age t,(z) reconstructed via GP.

When propagating the uncertainties to t7(z), we find that the total error budget
is dominated by the uncertainty associated with the Hubble constant. Adopting the
PLANCK COLLABORATION (2020) constraints on Hy, the contribution from t,(2)
exceeds that from the GP reconstruction of ¢,(z) over most of the explored redshift range.
This behavior reflects the strong sensitivity of the cosmic age to Hy, while the contribution
from the GP reconstruction becomes subdominant once a realistic Planck-level uncertainty
is assumed. Consequently, the uncertainty in ¢¢(z) is primarily driven by the error in Hy,

and only weakly dependent on the specific dark-energy parametrization adopted for ¢, (2).

there we adopt (TT,TE,EE-+lowE+lensing+BAO)
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Figure 6.5: Contributions to the uncertainty in the age of the Universe at redshift z from
the cosmological parameters Hy, w, 25, and (2.

The second approach uses measurements of the SN luminosity distance to reconstruct
the lookback time-redshift relation t;(z), which is defined as the difference between the
total age of the Universe, t,, and its age at a given redshift z, i.e.,t,. As we have seen in

the Eq. (2.52) the integral form, ¢ (z) can be expressed as

VA dz/
t — H_IJ ,
) = o | o )

which can be integrated by parts, yielding

R | Y [ [ ;gi,)] | .

Using the definition of luminosity distance given by Eq. (2.32), we obtain

tr(2)

_1 dr(2) n lfz di(2')dz' (6.9)

c(l+22 ¢, @+2)3"

An important feature of Eq. (6.9) is that it allows the lookback time to be expressed di-
rectly in terms of the luminosity distance, thereby eliminating its explicit dependence on a
specific cosmological model through H(z). This reformulation removes the need to assume
a particular expansion history when reconstructing ¢, (z) from observational data. Never-
theless, a residual dependence on Hj remains due to the calibration of Type Ia supernovae,
which is tied to the choice of the absolute magnitude. This property highlights the main
advantage of the new expression: it enables a largely model-independent determination

of the lookback time, with minimal assumptions about the underlying cosmology.

From Eq. (2.30), we perform a GP reconstruction of d(z) assuming Mp = —19.42
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and Mp = —19.253 , which correspond to the values of Hj reported by the Planck and
SHOES collaborations, respectively VON MARTTENS et al. (2025) — see left panel of
Fig. 6.6. Along with the values of €2, presented earlier, we also calculate the total age of
the Universe as top = 13.8 Gyr (Planck) and ¢y = 12.43 Gyr (SHOES) at 1o level. Using the
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Figure 6.6: Upper left: GP reconstruction of the luminosity distance as a function of
redshift using the SHOES and Planck values discussed in the text. Upper right: The
lookback-time redshift relation reconstructed from dy,(z) curves, as expressed by Eq. (6.9).
Lower panel: Evolution of the galaxy formation time ¢¢(z) with redshift obtained from
Eq. (6.10). In all panels, the blue and red regions represent the reconstructed 1o intervals
assuming SHOES and Planck parameter values, respectively.

definitions above, the formation time can be expressed in terms of the observed lookback
time as DANTAS et al. (2007a); PIRES et al. (2006); SANTOS et al. (2007)

tr=(to—tLr) —tyr, (6.10)

where %, is the age of the universe at z = 0 and ¢, g and ¢, r are the reconstructed
values of the lookback time and galaxy age, respectively. The right panel of Fig. 6.6
shows the result of this analysis, where the upper light red contour corresponds to the

Planck values (t, = 13.8 Gyr) and the lower blue contour corresponds to the SHOES
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values (top = 12.43 Gyr). Similarly to the results obtained using the first approach, we
also find that t; varies significantly at lower redshifts. It is worth emphasizing that
other independent determinations of the cosmic age, such as those obtained by VALCIN
et al. (2025), can be straightforwardly incorporated within this framework. Moreover,
the methodology is not restricted to luminosity-distance data and can be consistently
extended to other cosmological observables.

We also perform the same analysis by replacing the GP reconstruction of ¢; with the
SR method. Although not shown in Fig. 6.6, both methods agree with each other and
provide the same qualitative behavior for t;. However, the SR reconstruction produces
somewhat broader uncertainty bands, suggesting a more conservative estimate of the
propagated errors relative to the GP method.

Based on Eq. (6.10), we propagate the uncertainties of the cosmic age t¢, the look-
back time ¢, and the galaxy age t, to determine how each term contributes to the final
uncertainty of the formation time ¢;. In this analysis, we assume that the uncertainties

associated with ¢y, {1, and t, are statistically independent, such that

_ Var(ti(2))

fiz) = Var(t; (=)

i€ {ty, tr, ty} . (6.11)

Figure 6.7 shows the relative contributions of the cosmic age t;, the lookback time
tr, and the galaxy age ¢, to the total variance of the formation time t;. At low z,
the uncertainty budget is clearly dominated by the galaxy age term, indicating that the
reconstruction of ¢, is the main source of uncertainty in t;. At intermediate redshifts
(z ~ 1), the contributions from ¢, and ¢, become comparable, while at higher redshifts,
the uncertainty is increasingly dominated by the lookback time. For the second approach,
the uncertainty budget of the ¢; reconstruction exhibits a qualitatively similar behavior,
highlighting the critical role of galaxy age measurements in constraining formation times
at low redshift.

To better assess the consistency of the estimated values of ¢ty among the different ap-
proaches, we evaluate t; at three redshifts, namely z = 0, 0.5, and 1.5. The corresponding
values are reported in Table 6.3. We find that the results obtained with the GP-based im-
plementations are in good agreement at all redshifts. At z = 0, the PySR reconstruction
shows a mild but noticeable deviation with respect to the GP-based results, correspond-
ing to a discrepancy at the ~ 1-1.30, depending on the GP approach considered. This
behavior is not observed at higher redshifts, where all methods show full agreement. A
more extensive consistency analysis, based on a larger redshift sample and a quantitative
comparison, is presented in Section 6.5.

Finally, it should be mentioned that our results show significant differences (within
~ 30) in the formation time estimates obtained from SHOES and Planck values, which

is a direct consequence of the well-known tension in the measurements H, of both col-
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Figure 6.7: Relative contributions of the cosmic age ty, lookback time ¢;, and galaxy age
ty to the total variance of the formation time ¢ as a function of redshift.

laborations (see e.g. FREEDMAN (2025) for a recent discussion). In particular, the
larger (smaller) the value of the Hubble constant, the smaller (larger) the total age of the

universe and the estimated galaxy formation time.

Table 6.3: Values of ¢; at three redshifts obtained from the different methods discussed
in the text.

SR — Approach 1 GP — Approach 1 GP-Approach 2
z Planck SHOES Planck SHOES Planck SHOES

0.01]3.09+£027 1.74+£033|3.75+£053 249£0.52 | 3.85+0.53 2.50 % 0.56
0.5 |1.58+025 0.65+0.28|146+0.24 0.57+0.21 | 1.46+0.22 0.54 £0.25

1511244025 076+0.25|127+021 0.71+£0.17| 1.27£0.08 0.79 £0.10

6.5 Robustness tests of the formation time ¢;

To assess the robustness of our results against methodological choices, we perform a
series of consistency tests comparing different reconstruction approaches and techniques.
In particular, we analyze the differences in the reconstructed formation time ¢ obtained

using GP under two distinct approaches, as well as the comparison between GP and PySR
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reconstructions.

We randomly select ten redshift points and compare the corresponding estimates of the
formation time ¢y evaluated at the same redshift values for each approach. This extended
sample complements the three representative redshifts reported in Table 6.3. We note
that none of the redshift points used in Table 1 are included in this random selection.
Here, we recall that Approach 1 corresponds to the determination of ¢y from Eq. (6.1),
while Approach 2 is based on Eq. (6.10). For each selected redshift, we compute the

difference
Aty =19 9, (6.12)

where At; = 0 corresponds to perfect agreement between the compared estimates.
Figure 6.8 illustrates these consistency tests. The left panel shows the comparison
between GP reconstructions obtained using Approach 1 and Approach 2, while the right
panel compares GP and PySR reconstructions within Approach 1. In both cases, the
differences are consistent with zero within the uncertainties, reinforcing our result that
the inferred formation time ¢; is robust against both the choice of approach and the

reconstruction technique.

GP reconstructions: Approach 1 vs Approach 2 Difference between GP and SR reconstructions of #;

08
= 06
n

0.4

. T ey ]

Figure 6.8: Comparison of the reconstructed formation time ¢y obtained with different ap-
proaches and techniques. Left panel: difference between GP-based reconstructions using
Approach 1 and Approach 2. Right panel: difference between GP and PySR reconstruc-
tions for the Approach 1. Error bars represent the combined 1o uncertainties, and the
horizontal line denotes Aty = 0.

To further quantify the level of agreement between different reconstructions, we com-

pute a tension metric, defined as

trpar—t
T, — [tr.a1 —tr a0 (6.13)

i
/ 2 2
Tt a1 + Ttsaz

which measures the discrepancy between two estimates in units of their combined lo
uncertainty. Values of T;, < 1 indicate statistical consistency between the reconstructions.

Applying this metric to the selected redshift sample, we find that the level of agreement
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between the different reconstructions is very high. For the comparison between GP and
PySR within Approach 1, we obtain a maximum value Ttrj?ax = 0.77, with the largest
deviation occurring at the lowest redshift in the sample. Similarly, when comparing GP
reconstructions obtained using Approach 1 and Approach 2, we find ﬂ?a" = (0.28. In both
cases, all values remain well below unity, indicating strong statistical consistency between
the different approaches and reconstruction techniques.

All consistency tests are performed within the same cosmological scenario (Planck
or SHOES). Cross-comparisons between these scenarios are not considered as their well-
known tension leads to large discrepancies. For example, a GP-based comparison between
Planck and SHOES reconstructions obtained with different techniques yields ﬂrlﬂ‘a" ~ 3.7,

confirming their incompatibility.

6.6 Conclusion

In this chapter, we employed two approaches to investigate the evolution of ¢;(z) from age
estimates of 32 high-z galaxies and the Pantheon+ type Ia supernova data. To reconstruct
the redshift evolution of galaxy ages and the SN luminosity distance, we used the GP and
SR reconstruction techniques.

The first approach is based on Eq. (6.1), assuming a ACDM background, and allows
the determination of t¢(z) for different values of the Hubble constant reported by the
Planck and SHOES collaborations. We find that the inferred values of ¢;(z) obtained
with GP are in good agreement across redshifts and remain consistent with the PySR
reconstructions. Although a mild discrepancy is observed at very low redshift in the PySR
case, the overall redshift dependence of ¢¢(z) is compatible between the two reconstruction
techniques within the uncertainties.

Additionally, from a model-independent approach, we estimate t¢(z) from the recon-
struction of the lookback-time-redshift relation using supernova data, as described in
Eq. (6.10), fixing only the present age of the Universe. Despite relying on different as-
sumptions, the results obtained with this approach are consistent with those from the
first method and confirm that the formation time exhibits a marked redshift dependence,

particularly at low redshift (z < 0.5).
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Conclusions

In this thesis, we applied non-parametric reconstruction techniques to cosmological ob-
servables, with particular emphasis on SR as a supervised machine learning approach.
By allowing the data to determine the functional form of the reconstructed quantities,
this method provides a flexible and largely model-independent framework for cosmological
analysis. Our results show that SR is capable of recovering key cosmological observables
directly from observational data while maintaining physical interpretability.

Regarding the results presented in Chapter 5, we performed an SR reconstruction of
the dark energy EoS parameter w(z) using recent DESI measurements. The reconstruction
was first carried out using Dy /ry data and subsequently refined by combining Dy /ry
measurements with supernova datasets. This constitutes, to our knowledge, the first
application of symbolic regression to directly reconstruct w(z) from DESI data, adding
a new non-parametric tool to the current discussion on the possible time dependence of
dark energy.

Our analysis shows that, given the present uncertainties, it is premature to claim
evidence in favor of any specific dynamical dark energy model. The reconstructed w(z)
exhibits a strong sensitivity to the cosmological parameters entering the v expression, par-
ticularly €, and r4, and variations in these parameters lead to noticeable changes in the
inferred evolution of the equation of state. Nevertheless, within the explored parameter
ranges, the results remain statistically consistent with ACDM at the 30 confidence level.
The large uncertainties associated with the current DESI data prevent the exclusion of
alternative models and limit the statistical significance of possible deviations.

Furthermore, the SR reconstruction is consistent with GP results over the data-
dominated redshift range, and both approaches agree with previous model-independent
analyses in the literature. Although differences arise at higher redshifts due to distinct ex-
trapolation properties, the overall conclusions remain robust: current data do not provide
decisive evidence for departures from ACDM.

In Chapter 6, we investigated the cosmic formation time of galaxies using two inde-

pendent approaches and distinct reconstruction techniques. Both strategies consistently
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indicate an evolution in the inferred formation time with redshift.

A key result concerns the comparison between analyses performed adopting values of
the absolute magnitude M consistent with the Hy determinations from Planck and SHOES.
Since M and H, are intrinsically related through the supernova distance calibration,
choosing values of M corresponding to different H, determinations effectively modifies
the overall distance scale. This change naturally propagates into the estimation of the
lookback time and is consequently reflected in the reconstructed formation time ¢;(2).

When a specific cosmological model is assumed, the inferred formation time shows
only a mild sensitivity to the choice of model itself. Instead, the dominant source of
variation arises from the values of the cosmological parameters — particularly Hy. In
fact, the uncertainties in ¢;(z) are largely driven by the uncertainties associated with
these parameters.

By applying SR to different observables — including Dy /rq, Dys/re, Dy, and galaxy
ages — we showed that the method consistently recovers physically meaningful behaviors
across independent datasets. To the best of our knowledge, this systematic application of
SR to multiple cosmological observables represents a novel contribution, highlighting its
potential as a viable framework for cosmological data analysis.

A direct comparison with Gaussian Processes shows that SR is able to recover a
qualitatively similar redshift dependence of the reconstructed quantities within the data-
dominated regime. When uncertainties are propagated through Monte Carlo sampling,
the SR reconstructions typically exhibit broader confidence regions than those obtained
with GP, reflecting the intrinsically probabilistic nature of the latter. Nevertheless, the
overall functional behavior inferred by both techniques remains consistent within uncer-
tainties. This agreement in the reconstructed trends, despite differences in uncertainty
estimation, strengthens the robustness of the main conclusions.

An important outcome of this thesis concerns the derivation of secondary physical
quantities, such as the dark energy equation-of-state parameter w(z) and the galaxy
formation time ¢;(z). Although both SR and GP yield compatible behaviors within
uncertainties, differences emerge in poorly sampled redshift regions due to their distinct
extrapolation properties. This highlights a crucial point: apparent dynamical features in
reconstructed quantities may reflect limitations of the data rather than genuine physical
evolution. Careful interpretation is therefore essential, particularly in redshift intervals
where the observational coverage is sparse and the available information is limited.

Model selection remains an open and subtle issue. Different functional forms can
describe the current data with comparable statistical performance, raising the question
of which guiding principle should be adopted. In this thesis, we favored a balance be-
tween goodness-of-fit and model simplicity, following the spirit of Occam’s razor. Within
this perspective, when multiple models provide statistically equivalent descriptions of the

data, preference should be given to the simplest one. Nonetheless, the discussion on op-
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timal model selection criteria remains open and may evolve with future, higher-precision
datasets.

Finally, one of the main challenges identified throughout this thesis concerns the prop-
agation of uncertainties from reconstructed observables to derived quantities. This lim-
itation is not unique to SR but is common to most machine-learning-based approaches.
A rigorous treatment of parameter correlations and covariance structures is essential for
improving the reliability of non-parametric cosmological reconstructions in the era of pre-
cision cosmology.

A natural next step of this thesis is to improve the treatment of uncertainties in
the reconstructed quantities. Although SR provides uncertainty estimates, a more rig-
orous characterization of parameter correlations is necessary, particularly when deriving
secondary quantities such as w(z) and t;(z). A promising direction is to combine the
analytic functional forms obtained via Symbolic Regression with Bayesian sampling tech-
niques, such as Markov Chain Monte Carlo methods (e.g., emcee (FOREMAN-MACKEY
et al., 2013)). By sampling the parameter space of the reconstructed functions, it becomes
possible to estimate parameter correlations explicitly and construct the corresponding co-
variance matrices, leading to a more robust propagation of uncertainties.

Another relevant extension concerns the use of independent observational datasets to
obtain alternative estimates of the formation time. For instance, additional luminosity-
distance measurements from different supernova compilations or future surveys may be
employed. Through the relation given by Eq. (2.28), one can independently reconstruct
the lookback time and derive ¢; from a complementary observable. Such cross-validation
would provide an important consistency test of the reconstruction framework and help
assess possible systematic effects.

Finally, further developments in symbolic regression techniques may enhance both the
stability and interpretability of the reconstructions. Exploring alternative implementa-
tions, such as ESR (BARTLETT et al., 2022), may offer improved control over model
complexity and uncertainty quantification through the Minimum Description Length
(MDL) principle GRUNWALD (2007), which balances goodness-of-fit and model simplic-
ity. These methodological advances could consolidate symbolic regression as a competitive

and reliable tool for cosmological data analysis in the era of high-precision surveys.
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APPENDIX A

Analyses with DESI DR1

In what follows, we present the reconstructed results obtained using the method described
in Section 5.2, based on DESI DR1 data. These results are shown here for completeness
and comparison, as the main analysis in this work has been updated to use DESI DR2.

First, we combine DESI DR1 with Pantheon+, and subsequently with DESY5. The
best equation derived by PySR for the D, /rq reconstruction, in the first scenario, is given
by

Dr—f =29.8 x 0.760%z . (A.1)
Overall, the reconstruction using DRI is consistent with that obtained from DR2. No
significant changes are observed in the reconstructed trends, with both versions showing
good agreement with the ACDM model.

Related to the w(z) reconstruction for DESI DR1 + Pantheon+, no significant devia-
tions are observed when compared to the DR2-based reconstruction, indicating that the
transition from DR1 to DR2 did not introduce notable changes in the inferred behavior
of w(z).

The resulting data for DESI DR1 4+ DESY5 is used to derive a new relationship for
Dy /rq. The best equation obtained from PySR for this dataset is

D =29.8 x 0.784%z . (A.2)

Td
In this case, we observe good agreement with the ACDM model across most of the redshift
range for the D), /ry reconstruction. Notably, for z > 1.5, the reconstruction with DESI
DR1 + DESY5 remains closer to ACDM compared to the DESI DR2 results, which show
a mild deviation in that region (see Figure A.2, top). The reconstructed w(z) shows a
distinct evolution compared to the result from DESI DR2. At high redshifts, w(z) < —1,
increasing with time and crossing the phantom behaviours around z ~ 0.2, reaching
w(z) > —1 today (z = 0) (see Figure A.2, bottom).
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Figure A.1: The reconstruction results for Dy, /r; using DESI + Pantheon+ dataset. The
black line represents the mean for the PySR reconstruction; the green bands indicate
the confidence levels. The red dashed line corresponds to the ACDM theoretical curve.
Left: D), /ry reconstruction with PySR. The black points correspond to the dataset, with
respective uncertainties. Right: The w(z) derived using Eq. (5.6) and the reconstructed
Dyy/rg, assuming rg = 101 + 2.3h~" Mpc, as reported by VERDE et al. (2017), and
Q,, = 0.3. While the black dashed line represents the CPL model with the DESI (FS +
BAO) + CMB + Pantheon+ results (ADAME et al., 2024b).
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Figure A.2: The same as Figure A.1, but using the DESI + DESY5, and a CPL model
with the DEST (FS + BAO) + CMB + DESY5 results (ADAME et al., 2024b).



