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Maria Vitoria Lazarin

MAPPING THE 2D MATTER DISTRIBUTION IN THE LOCAL UNIVERSE USING
BLUE GALAXIES FROM SDSS DR12

RESUMO

As Oscilagoes Actusticas Barionicas (OABs), uma escala preferencial de aproximada-
mente 150 Mpc impressa na distribuicao de matéria em larga escala por ondas actisticas no
plasma primordial, constituem uma das réguas padrao mais robustas em cosmologia. Ao
contrario da abordagem angular mais usual, baseada na fungao de correlagao w(f), neste
trabalho as OABs sao medidas no espectro de poténcia angular Cy, no espago harmonico,
a partir de uma amostra de galédxias azuis com formacao estelar em baixo redshift, da
décima segunda liberacao de dados do Sloan Digital Sky Survey (SDSS). Com isso, busca-
se validar um pipeline de analise angular de OABs no espago harmoénico e aplica-lo a essa
amostra nao convencional. A metodologia adotada depende apenas fracamente do mod-
elo cosmologico: por situar-se no espago harmonico transversal, dispensa a conversao de
redshifts em distancias radiais, de modo que a informagao sobre a escala actstica decorre
exclusivamente da posi¢cao da caracteristica oscilatoria no espaco de multipolos. Para as
analises realizadas, a amostra foi dividida em dois intervalos de redshift: 0.15 < z < 0.25
(medida principal) e 0.05 < z < 0.15 (valida¢do do pipeline). O espectro de ambas as
amostras é estimado pelo formalismo pseudo-CYy, e a covariancia é construida a partir de
1000 catalogos lognormais gerados com o codigo GLASS, recalibrados iterativamente. O
parametro de deslocamento « ¢ determinado por dois métodos independentes: o perfil de
verossimilhanga e cadeias de Markov via Monte Carlo (MCMC). Para o intervalo prin-
cipal, obtém-se a = 1.0347012 e a = 0.9747)457, respectivamente, ambos consistentes,
dentro das incertezas, com o valor (o) = 1 esperado no modelo ACDM. A preferéncia pelo
modelo oscilatério ¢ marginal (Ax? = 1.38; 1.17 7), consistente com a acurdcia permitida
pelo volume e pela cobertura de céu do levantamento ( fgy ~ 0.18); no intervalo de baixo
redshift nao ha preferéncia significativa (Ax? < 0.1), como esperado na auséncia de sinal
detectével. A escala medida traduz-se na razao entre a distancia comoével transversal e o
horizonte sonoro, Dy, /rqy = 5.606 + 1.276 em z.q = 0.20, sem que seja possivel discrim-
inar entre as predi¢oes do Planck (2018) e do DESI (2025), e na escala angular acustica
Osao = 10.21° + 2.326°. Combinada com compilag¢oes angulares da literatura, conduz a
Qo = 0.26970012 e hry = 103.1115:55 Mpc. Embora a baixa significancia reflita a dificul-
dade intrinseca da medida nesse regime, os resultados sugerem a viabilidade das galaxias
azuis como tragadoras das OABs e validam o arcabouco de analise para aplicacao em

levantamentos futuros.
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Maria Vitoria Lazarin

MAPPING THE 2D MATTER DISTRIBUTION IN THE LOCAL UNIVERSE USING
BLUE GALAXIES FROM SDSS DR12

ABSTRACT

Baryon Acoustic Oscillations (BAO), a preferred scale of approximately 150 Mpc im-
printed on the large-scale matter distribution by acoustic waves in the primordial plasma,
constitute one of the most robust standard rulers in cosmology. In contrast to the more
common angular approach, based on the angular correlation function w(f), in this work
the BAO are measured through the angular power spectrum C, in harmonic space, using
a sample of star-forming blue galaxies at low redshift from the twelfth data release of
the Sloan Digital Sky Survey (SDSS). The aim is to validate a pipeline for the angular
analysis of BAO in harmonic space and to apply it to this unconventional sample. The
methodology is only weakly dependent on the assumed cosmological model: by working in
transverse harmonic space, it does not require the conversion of redshifts into radial dis-
tances, so that the information on the acoustic scale follows exclusively from the position
of the oscillatory feature in multipole space. For the analysis, the sample was divided into
two redshift bins: 0.15 < z < 0.25 (the main measurement) and 0.05 < z < 0.15 (pipeline
validation). The angular power spectrum of both samples is estimated with the pseudo-C}
formalism, and the covariance is built from 1000 lognormal catalogs generated with the
GLASS code and iteratively recalibrated. The shift parameter « is determined by two
independent methods: the profile likelihood and Markov Chain Monte Carlo (MCMC).
For the main bin, we obtain a = 1.034%) 125 and o = 0.97475337, respectively, both con-
sistent, within the uncertainties, with the value (o) = 1 expected in the ACDM model.
The preference for the oscillatory model is marginal (Ax? = 1.38; 1.17 o), consistent with
the accuracy allowed by the volume and sky coverage of the survey (fu, ~ 0.18); in the
low-redshift bin no significant preference is found (Ayx? < 0.1), as expected in the absence
of a detectable signal. The measured scale corresponds to a ratio between the transverse
comoving distance and the sound horizon of Dy;/ry = 5.606+1.276 at zeg = 0.20, without
being able to discriminate between the predictions of Planck (2018) and DESI (2025), and
to an acoustic angular scale Ogpo = 10.21° +2.326°. Combined with angular compilations
from the literature, it yields Q,,o = 0.26970015 and hry = 103.117095 Mpc. Although
the low significance reflects the intrinsic difficulty of the measurement in this regime, the
results suggest the viability of blue galaxies as BAO tracers and validate the analysis

framework for application to future surveys.
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Chapter 1
Introduction

In the first moments after the Big Bang, the Universe was a plasma of free electrons,
protons, and high-energy photons, under conditions so extreme that no stable atomic
nucleus could survive [1, 2|. Matter and radiation were coupled, forming a single fluid, and
the Universe was opaque: photons were incessantly scattered by free electrons, incapable
of travelling more than a tiny fraction of a metre before being deflected [3]. Gravity drew
this fluid into regions of small overdensity, seeded by quantum fluctuations during an
early epoch of rapid expansion known as inflation [4, 5, in which dark matter had already
begun to accumulate. But gravity did not act unopposed. As the fluid was compressed,
the radiation pressure of the trapped photons resisted, preventing further collapse. The
result was a competition between two forces playing out on a cosmic scale: gravitational
attraction pulling the fluid inward, and radiation pressure pushing it back out. The
outcome of this competition was not collapse, but sound: acoustic waves propagating
outward through the photon-baryon plasma at speeds at a substantial fraction of the
speed of light [6].

For approximately 380000 years, the Universe expanded and cooled as these acoustic
waves travelled outward from every primordial overdensity. Dark matter, which interacts
gravitationally but is insensitive to radiation pressure, remained behind, deepening the
potential wells at the original perturbation regions while the photon-baryon fluid oscillated
around them. Then, at a temperature of roughly 3000 K, the Universe cooled enough
for electrons and protons to combine into neutral hydrogen for the first time |7, 8]. The
photons, no longer scattered by free electrons, flowed freely through space, and with them
went the radiation pressure that had driven the acoustic wave. The baryons, however,
did not decouple instantaneously: for a brief period after recombination they remained
coupled to the photon field through residual Thomson scattering, and the oscillations per-
sisted until the photon density dropped enough for radiation pressure to become negligible.
This moment, known as the drag epoch, marks the freezing of the acoustic waves [9]. From
this point on, baryons evolved only under the action of gravity, and the sound horizon,

the maximum distance a wave could travel before freezing, became a fixed scale imprinted
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on the distribution of matter.

The consequence of this freezing is a preferred scale in the clustering of matter. At the
drag epoch, the baryonic matter sat in two preferred locations: at the original overdensity,
where dark matter had accumulated, and at the wavefront of the acoustic wave, having
been carried outward by radiation pressure. The distance between these two concentra-
tions is the comoving sound horizon at the drag epoch, approximately 150 Mpc [9], which
constitutes a cosmic standard ruler. As the Universe continued to expand and galaxies
formed preferentially at both locations, this imprinted an excess of galaxy pairs separated

by precisely this preferred distance, the Baryon Acoustic Oscillation (BAO) feature |9, 10].

The photons that decoupled at recombination did not simply disappear: they are
observed today as the Cosmic Microwave Background (CMB), first detected by Penzias
and Wilson in 1965 [11, 12] and mapped with increasing precision by the COBE [13],
WMAP |[14], and Planck [15] satellites. The temperature fluctuations imprinted on the
CMB are a direct snapshot of the acoustic pattern at recombination: the peaks and
troughs in the CMB power spectrum correspond to modes that were caught at maximum
compression or maximum rarefaction when the oscillations froze [6]. COBE established
that these fluctuations exist at the level of one part in 10° [13, 16], and Planck mapped
them with sufficient precision to constrain cosmological parameters to sub-percent accu-
racy [15]. The relative heights of the acoustic peaks encode fundamental quantities such
as the ratio of baryonic to dark matter [6], since the depth of the dark-matter potential

wells modulates the balance between successive compressions and rarefactions.

The excess of pairs at the sound-horizon scale manifests in the galaxy distribution as
a bump in the two-point correlation function, or equivalently as a series of oscillations
in the power spectrum |2, 17]. Because the physical size of this scale is determined by
well-understood early-Universe physics, measuring its apparent angular or radial extent
in a galaxy survey directly constrains the comoving distance to the observed galaxies and,
through it, the expansion history of the Universe. This is why the BAO feature is often
described as one of the cleanest probes in cosmology: it relies on a single preferred scale
set before the epoch of galaxy formation, and its measurement requires no assumption

about the intrinsic properties of galaxies beyond their spatial distribution.

These properties made the BAO feature a primary target for large galaxy surveys, and
in 2005 the signal was detected for the first time in the galaxy distribution, simultaneously
in the two-point correlation function of luminous red galaxies from the Sloan Digital Sky
Survey [18] and in the power spectrum of the 2dF Galaxy Redshift Survey [19]. These
detections confirmed a key prediction of the standard cosmological model and opened
a new chapter in precision cosmology. In the two decades since, the BAO feature has
been measured across a wide range of redshifts and tracer populations, including galaxies,
quasars, and the Lyman-a forest, by surveys such as BOSS [20], eBOSS [21], and most
recently DESI [22]. Combined with CMB temperature fluctuations and Type Ia super-



novae distances, these measurements have been crucial in establishing the concordance
ACDM model and in constraining departures from it, including dynamical dark energy

and modifications of general relativity [23-30].

Despite this progress, most BAO analyses rely on three-dimensional clustering statis-
tics, using spectroscopic redshifts to reconstruct the full spatial distribution of galaxies.
A complementary route uses only the projected positions of galaxies on the sky, through
two-point statistics measured in tomographic redshift shells. Such projected analyses
can be carried out either in configuration space, through the angular correlation function
w(0), or in harmonic space, through the angular power spectrum Cy; the latter is adopted
in this work. Because the quantity it constrains (the angular position of the BAO fea-
ture) is a direct observable rather than a derived distance, this approach depends only
weakly on a fiducial cosmology, avoiding the redshift-to-distance conversion required in

three-dimensional analyses.

Furthermore, traditionally, BAO analyses have favored luminous red galaxies as trac-
ers, owing to their high luminosity and strong clustering signal. Restricting the analysis
to a single population, however, leaves cosmological information unexplored. Blue, star-
forming galaxies are the most abundant population at low redshifts and, by virtue of their
smaller linear bias, trace the underlying dark-matter distribution more closely than their
red counterparts. Measuring the BAO feature in blue galaxy samples, therefore, not only
tests whether the acoustic scale can be recovered from a tracer population with distinct
astrophysical properties and systematics, but also contributes to extracting the maximum
cosmological information from existing survey data. Combining this with a purely angular
analysis yields a methodology that is weakly dependent on a cosmological model and has

seen comparatively few applications at BAO scales.

Within this context, this dissertation presents an angular BAO analysis using a sample
of spectroscopic data from star-forming blue galaxies extracted from the twelfth data
release of the SDSS. The central goal is to validate a complete analysis pipeline, from
covariance estimation and angular power spectrum measurement through template fitting
and cosmological inference, in a realistic setting with a non-standard tracer population,

and to assess the viability of blue galaxies as BAO tracers at low redshift.

This dissertation is organized as follows. Chapter 2 reviews the theoretical foundations
of standard cosmology and structure formation, from the Friedmann-Lemaitre-Robertson-
Walker framework and linear perturbation theory to the origin of acoustic oscillations
and the matter power spectrum. Chapter 3 presents the statistical tools used to char-
acterize the galaxy distribution: the two-point correlation function, the angular power
spectrum, and the pseudo-Cj estimator. Chapter 4 describes the observational data and
the construction of the blue galaxy sample from the Sloan Digital Sky Survey. Chapter 5
details the methodology: sample characterization, angular power spectrum measurement,

mock catalog generation, covariance estimation, and model fitting for parameter infer-
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ence. Chapter 6 presents the main results, including the measured angular power spectra
and the BAO model fits. Finally, Chapter 7 summarizes the conclusions and outlines
perspectives for future work, with supplementary material and robustness tests provided

in the appendices.



Chapter 2

Standard Cosmology and Structure

Formation

In the standard cosmological model, the dynamics of the Universe is well described by the
theory of General Relativity (GR) [31], formulated by Albert Einstein at the beginning of
the 20th century. On sufficiently large scales, the Universe shows good concordance with
the hypotheses of spatial homogeneity and isotropy |2, 32]. These two hypotheses, known
as the Cosmological Principle, help to simplify Einstein equations to suitably describe the
expansion history of the Universe. The initial conditions of the Universe evolution are
provided by the inflationary paradigm, which generates the primordial density fluctuations
that later seed the formation of cosmic structures through the gravitational growth of
perturbations [4, 5, 33, 34]. Together, these three ingredients, namely the theory of
General Relativity, the Cosmological Principle and the inflationary paradigm, establish
the theoretical framework underlying the Universe dynamics and the origin and evolution

of its large-scale structure.

This chapter presents the theoretical framework necessary for understanding the basis
of modern cosmology, which serves as the foundation for the analysis developed in this
master’s dissertation. It is organized as follows. In Section 2.1, a brief review of the main
aspects of General Relativity relevant to cosmology is presented. Section 2.2 introduces
the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, while Section 2.3 derives the
Friedmann equations from Einstein’s field equations and discusses the dynamical evolution
of the homogeneous and isotropic background spacetime. Distance measurements in an
expanding Universe are then discussed in Section 2.4. Finally, Section 2.5 provides a brief
introduction to linear perturbation theory, which forms the basis for the study of large-
scale structure formation and baryon acoustic oscillations developed in the subsequent

chapters.
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2.1 General Relativity and Cosmology

General Relativity provides the theoretical framework for describing gravity as a geometric
property of spacetime. In this theory, the presence of matter and energy determines the
curvature of spacetime, which, in turn, governs the motion of particles and light [32, 35,
36]. The formulation of GR is based on two fundamental principles: the equivalence
principle and the general covariance principle.

The equivalence principle states that, locally, the effects of gravity are indistin-
guishable from those of acceleration. More precisely, in a sufficiently small region of
spacetime, it is always possible to choose a reference frame in which the laws of physics
reduce to those of special relativity [35]. This implies that freely falling particles follow
inertial trajectories, which are generalized in curved spacetime as geodesics [306].

The second fundamental principle is the principle of general covariance, which
states that the laws of physics must assume the same form in all coordinate systems. This
requirement implies that physical equations must be expressed in a tensorial form [37],
ensuring invariance under arbitrary coordinate transformations. As a consequence, the
spacetime is described by the metric tensor g,,, which defines the invariant line ele-
ment [38§]

ds® = g, da"dz”, (2.1)

where ds? is the spacetime interval between two infinitesimally separated events, with dx*
and dx” the infinitesimal coordinate shifts in spacetime.

The metric tensor g,, and its inverse g"”, defined such that g"“g,, = ", are used to
lower and raise tensor indices, for example V,, = g, V" and V# = ¢"V,,, and thereby relate
the covariant and contravariant components of any tensor. The indices u,v = 0,1,2,3
label the spacetime coordinates, conventionally written as a# = (¢, z,y, z) [35, 38|, where
t is the time coordinate and (x,y, z) are the spatial coordinates. The sign of the interval
determines the causal structure of spacetime. Events connected by trajectories with ds? <
0 are timelike separated, while those with ds? > 0 are spacelike separated [35, 36]. The

boundary between these regions is defined by null trajectories satisfying

ds? =0, (2.2)

which corresponds to the propagation of massless particles, such as photons |35, 36]. These
null line elements define the light cone associated with each spacetime event, separating
causally connected regions from those that cannot be linked by signals traveling at or
below the speed of light.

The field equations can be derived from the variational principle, in which the dy-

namics of the gravitational field arise from an action S. The requirement that S be a
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generally covariant scalar constructed from the metric g,, and its curvature, as required
by the equivalence and general covariance principles, highlights the Einstein-Hilbert ac-

tion [35],

S - fd”:c\/jg (R—2A), (2.3)

as the simplest choice, where g is the determinant of the metric tensor, R is the Ricci
scalar, A is the cosmological constant, and n is the number of spacetime dimensions. Its
variation with respect to the metric, through the least action principle, 0.5 = 0, yields
the Einstein field equations, which relate the geometry of spacetime to its matter-energy

content,

Einstein's space

(mmn' netric ‘
81G
G + Mg = o Tuﬂ
o stress-
cosmological \ott?ltw]lt]t :B;'\‘i?
constant - ’ (2 4)
where G, is the Einstein tensor, defined as
1
G/U/ = Rul/ — §gMVR‘ (25)

Here, Ry, is the Ricci tensor, obtained by contracting the Riemann curvature tensor,

RMV = RA,U)\V’ (26)
and it can be expressed explicitly in terms of the Christoffel symbols Fﬁ,, as
Ry = O\, — 0,00, + 13,00, — T, (2.7)
with
A 1 Ao )
M, = 59 (OuYow + OvGap — Calu) (2.8)

determining how vectors are parallel transported in curved spacetime [35]. The Ricci

scalar R is obtained by contracting the Ricci tensor with the metric,

R =g¢""R,,, (2.9)

and provides a scalar measure of spacetime curvature.
On the right-hand side of Einstein’s equations, the stress-energy tensor 7}, encodes
the distribution and flow of momentum and energy, as well as the pressure of the fluid

and the shear stress [35, 36, 39] (Figure 2.1); its form depends on the physical system
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under consideration.

energy density  energy flux

shear stress
TlO Tll T12 T13

Tsg 151 T3p 33

momentum

flux

Figure 2.1: Components of the stress-energy tensor 7}, and their physical interpretation. The
time-time component Ty, gives the energy density; the time-space components Tp; the energy
flux and the space-time components T;y the momentum density (equal for a symmetric tensor).
The space-space components Tj; gives the momentum flux, whose diagonal terms (771, Th2, T33)
represent the pressure and whose off-diagonal terms the shear (or anisotropic) stresses. Source:
Prepared by the author (2026).

From a large-scale perspective, galaxies can be treated as effective constituents of a
continuous medium that fills the Universe. Although galaxies possess internal structure
and cluster into groups and clusters on small scales, these features can be neglected when
describing the Universe on sufficiently large scales [39]. Within this approximation, the

matter content is modeled as a perfect fluid, whose stress-energy tensor is

p
T, = (p + g> Upy + P G (2.10)

where p is the mass-energy density measured in the local rest frame, p the isotropic
pressure, and u* the fluid four-velocity, representing the average motion of the matter
distribution [37? |. Raising the indices with the metric, Eq. 2.10 can equivalently be

written in contravariant form as

™ = (p + %) ufu” + p gt (2.11)

In both expressions, the energy density and pressure are written as a sum over individual

components,

o) = Dot pl) = Ymlo), (2.12)

with the index 7 running over the different constituents of the Universe. In the following
sections, these concepts will be applied within a cosmological context in order to describe

the large-scale geometry and dynamical evolution of the Universe.
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2.2 The Friedmann-Lemaitre-Robertson- Walker

Framework

In this section, we introduce the geometric framework that forms the basis of modern
cosmology. We first discuss the metric tensor and its role in describing distances and time
intervals in curved spacetime. We then present the symmetry assumptions of homogeneity
and isotropy. Next, we examine the possible spatial geometries associated with different
curvature regimes. Finally, by combining these geometrical and symmetry considerations,
we present the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which describes

an expanding homogeneous and isotropic Universe.

2.2.1 The Metric Tensor

As we saw in Section 2.1, the metric tensor (Eq. 2.1) is the fundamental geometric object
that characterizes the structure of spacetime, from which the infinitesimal interval between
neighbouring events is obtained [2]. To develop intuition, it is helpful to first consider a
three-dimensional Euclidean space (Figure 2.2), where the spatial line element takes the

familiar form

dl* = dx® + dy® + dz* = 6, da'da?, (2.13)

where §;; is the Kronecker delta, with ¢, j = 1,2,3. Because the cosmological setting is
naturally described in terms of radial distances and angular positions on the sky, it is
convenient to work in spherical coordinates. The line element in such a system follows
from the transformation of the metric under a general change of coordinates z* — ¢*(z*).

As a rank-2 tensor, it transforms according to [35]

ox' Ox’
o = ——0ij, 2.14
where a, 3 label the new coordinate system and g;; = ¢;; for Cartesian coordinates.

To carry out this transformation explicitly for spherical coordinates ¢* = (7,0, ¢), it is

convenient to introduce the Jacobian matrix

, ox'
J'o==—, 2.15
« aqa ( )
so that Eq. 2.14 can be written compactly as
gag = gij Jiang. (216)

For the transformation from Cartesian coordinates (z,y,z) to spherical coordinates

(r,0, ), the Jacobian reads
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sinflcos¢p rcosfcos¢ —rsinfsing
J'o=|sinfsing rcosfsing rsinfcos¢ |, (2.17)

cos 0 —rsind 0

where the columns of J correspond to the coordinate basis vectors associated with (r, 6, ¢).

Computing the diagonal components (o = /) gives

Grr = sin? 0 cos® ¢ + sin® fsin® ¢ + cos? 0 = 1,
goo = 12 cos® O(cos® ¢ + sin? @) + r*sin? 0 = r?,

Gop = r°sin? O(sin® ¢ + cos® ¢) = r?sin’ 0,

while the off-diagonal components (« # ) vanish. The spatial metric in spherical coor-

dinates therefore takes the form

g(yﬁ = 0 7‘2 0 3

and the corresponding line element is

di? = dr* + r* d9* + r*sin® 0 d¢?, (2.18)

with the angular part conveniently expressed through the solid-angle element,

dQ? = df* + sin® 0 do°. (2.19)
y4 Z
(xy2) L (10,9)
?
i ya
/ %
———y Ty
% o
,,,,,,, e [y
Yy
X X

Figure 2.2: Euclidian (left) and spherical (right) coordinate systems. Source: Prepared by the
author (2026).

Having derived the spatial line element, this result is now extended to a description of

spacetime itself, where spatial and temporal intervals are treated within a unified frame-
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work. In special relativity, the spacetime is the empty, static, flat Minkowski space |2, 37],

whose line element is

ds® = —c*dt* + d* =y, dztdz”. (2.20)

where dt is the differential of the time coordinate and c is the speed of light. The tensor
N 1s the Minkowski metric, given by diag(—c?,1,1,1) in Cartesian coordinates.
However, observations of extragalactic objects indicate that the separation between
distant sources changes with time [40, 41]. This implies that spatial distances are not
static, but evolve along the cosmic history, suggesting that the spacetime geometry must
be dynamical. This requires generalizing the spatial line element obtained above (Eq. 2.18)
to include an evolving rescaling of spatial distances. Thus, a time-dependent scaling factor
a(t) is introduced into the spatial part of the metric (Eq. 2.18), together with the temporal

component, such that the line element can be written as

ds® = —c2dt* + a®(t)dl* . (2.21)

The form of this rescaling, however, is not arbitrary, indeed, it is strongly constrained by

symmetry considerations.

2.2.2 Symmetry assumptions: Homogeneity and Isotropy

The large-scale distribution of matter observed in the Universe suggests that, when aver-
aged over sufficiently large distances and angles on the sky, no spatial position or direction
is preferred [42-56]. This assumption, known as the Cosmological Principle, constitutes
the fundamental symmetry hypothesis underlying modern cosmology. By construction,
homogeneity and isotropy relate to the distribution of matter at a fixed instant and,
therefore, are properties of the spatial sections of geometry [35].

In General Relativity, these symmetries are characterized through the isometries of the
metric tensor. An isometry is a transformation that preserves the spacetime interval and
therefore leaves the metric invariant [36]. Spatial homogeneity requires that every point
on a spatial hypersurface be geometrically equivalent [39]. More precisely, given any two
points p, q € X;, where Y; denotes a hypersurface of constant cosmic time ¢, there exists
an isometry that maps p into ¢ 35, 36]. This condition ensures that spatial geometry
does not allow for preferred locations.

Spatial isotropy requires that the Universe appear identical in every spatial direc-
tion [35, 36, 39]. Let u® denote the four-velocity field of these observers, defining a local
rest frame at each spacetime point. Any vector orthogonal to u® therefore lies entirely
within the spatial hypersurface associated with that observer [36]. More precisely, consider

two unit spatial vectors s{ and s§ satisfying
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ugst = 0, Sy = 0, (2.22)

so that both vectors belong to the spatial subspace orthogonal to u® [36]. Isotropy implies
that there exists an isometry of the spacetime metric that leaves the spacetime point p and
the four-velocity u® fixed while rotating s§ into s§ [36]. Consequently, it is not possible
to define preferred spatial directions. Figure 2.3 shows a representation of both isotropy

and homogeneity concepts.

Figure 2.3: Schematic representation of the symmetry assumptions underlying the cosmological
principle. Left: spatial homogeneity. Right: spatial isotropy. Source: [36].

More generally, cosmological spacetimes can be classified according to their symme-
try properties, ranging from completely non-homogeneous solutions, such as Lemaitre-
Tolman-Bondi (LTB) models [57-59], to spatially homogeneous but anisotropic geome-
tries, such as the Bianchi class [60]. In this context, the homogeneity and isotropy hy-
potheses select a particularly restricted subclass of solutions in which the spatial hyper-

surfaces are maximally symmetric, corresponding to the FLRW geometry [2, 35, 36].

2.2.3 Spatial Geometry and Three-Dimensional Curvature

In the last two sections, the temporal dependence of the metric was determined, and
the scaling factor a(t) was introduced to account for the universe expansion. But what
geometries could a homogeneous and isotropic spacetime admit? The symmetry hypothe-
ses discussed in the last section restrict spatial sections to maximally symmetric spaces.
These spaces can be represented as three-dimensional hypersurfaces embedded in R* [36],
satisfying a constraint determined by the curvature. A two-dimensional representation of

the three possible geometries can be seen in Figure 2.4.
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Flat space: in the case of zero curvature, the spatial geometry reduces to Fuclidean

space. The spatial line element is given by Eq. 2.18.

Positive curvature: this geometry corresponds to spatial hypersurfaces described by

spherical geometry [2, 35],

? +y? + 2+ w? = Ry,

where Ry denotes the radius of curvature of the spatial sections, and

w =4/ R%Z —1r2, dw = ————_dy
\/ R —r?
Using
dl* = do* + dy? + dz* + dw?,

we obtain

d 2

d? = = 1202, (2.23)
R

Negative curvature: corresponds to spatial hypersurfaces described by hyperbolic ge-
ometry |2, 35],
22 +y° + 22 —w? = —Rg,

with

w = /12 + R3, dw = ———dr.
v SR

In this case, the line element is

dl* = do* + dy? + dz* — dw?,
which leads to

dr?

2
1 r
Rg

+ r2dQ2. (2.24)

These three cases (flat, positive, and negative curvatures) can be written in a unified form

by introducing the normalized curvature parameter k, defined as [2]
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Figure 2.4: Two-dimensional spaces with constant curvature: flat (Euclidean), positively curved
(spherical), and negatively curved (hyperbolic geometries), respectively. The figure illustrates
how closed paths behave differently in each geometry, with geodesic squares not returning to the
same coordinates in curved spaces. Adapted from [61].

+1, positive curvature,
k=<0, zero curvature, (2.25)

—1, negative curvature.

The spatial line element can then be written compactly as

dr?

kr?
Rj

d0* = +r2d02. (2.26)

This compact formulation takes into account all three possible constant curvature geome-

tries for space hypersurfaces in a homogeneous and isotropic frame.

2.2.4 Derivation of the FLRW Metric

Given the homogeneity and isotropy symmetry hypotheses, we can now obtain the most
general cosmological metric. Substituting the result from Eq. 2.26 into the general
spacetime line element in Eq. 2.21, we obtain the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric [2, 35],

d 2
ds* = —c*dt* + a*(t) % +7r2d0? | . (2.27)
1—kg
0
This metric was first obtained by Alexander A. Friedmann in 1922 [62, 63|, with Georges
H. J. E. Lemaitre independently deriving similar solutions and providing their physical
interpretation in terms of an expanding Universe, in 1927" [64]. Later (1935-1937), it
was derived from the assumptions of spatial homogeneity and isotropy by Howard P.

Robertson and Arthur G. Walker [65-67].

In these coordinates, the metric tensor takes the form

IThe original paper was translated to english only in 1931.
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—c? 0 0 0
2
t

a (2) I 0
v = 1—kr?/Rj (2.28)

0 0 a®(t)r? 0

0 0 0 a®(t)r?sin® 0
We can also rewrite Eq. 2.27 as a function of the comoving distance x [2],
dy? = L = dy = o dr (2.29)
YT i R T N AR '

Integrating this expression, we obtain the relation between the radial coordinate r and the
comoving coordinate x (described later in Section 2.4). The result depends on the value
of the curvature parameter k. For a universe with Euclidean geometry (flat curvature:
k = 0), the relation is

dy=dr = x=r, (2.30)

while for a universe with spherical geometry (positive curvature: k = +1),

x = Ry arcsin (R;o) , r = Rysin (%0) , (2.31)
and for a universe with hyperbolic geometry (negative curvature: k = —1),
Ry arcsinh | — Rysinh [ 2 (2.32)
= Ryarcsinh | — r = Rgsinh | = ] . .
X 0 R() 9 0 R()

These three cases can be written in a unified form as [2]

r= Sk(X)>
where
Ry sin (%) itk =41,
Sk(x) = { x, if k=0, (2.33)
Ry sinh (%) Cifk=—1.

Substituting these relations into the spatial line element, the metric can be expressed in

terms of the comoving coordinate,

ds* = —dt® + a*(t) [dx® + Sp(x) dQ?] . (2.34)

Here, x remains fixed for comoving observers, while the physical distance between them

scales with the scale factor a(t). By convention, the present-day value of the scale factor
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is chosen to be unity, i.e.,
a(ty) =1. (2.35)

Therefore, the FLRW metric provides the geometric basis for describing an expanding
Universe and serves as a starting point for the dynamical analysis developed in the fol-

lowing section.

2.3 Background Cosmological Dynamics

The previous section established the geometrical framework of cosmology through the

FLRW metric. We now proceed to determine the dynamical evolution of the Universe.

2.3.1 Friedmann Equations

The dynamical equations governing the expansion of the Universe follow from solving
Einstein’s field equations 2.4 for the FLRW metric. The procedure is simple, but can
be lengthy: starting from the metric, one computes the Christoffel symbols (Eq. 2.8),
contracts them into the Ricci tensor (Eq. 2.7) and the Ricci scalar, and finally assem-
bles the Einstein tensor (Eq. 2.5). Due to homogeneity and isotropy, only the diagonal
components survive.

To close the system, the geometric side is equated to the matter content, described
by the perfect-fluid stress-energy tensor (Eq. 2.10). The complete development of the
equations can be found in the Appendix A.1. Substituting both sides into Eq. 2.4, the

time-time component (= v = 0) yields

22 k2
3(a_+ ¢ )—A02=87er,

a?  a’R?

which can be rearranged into the form

(2.36)

a 3

a\®> &G k* A&
<_) - p_a2R(2J+ 3
This relation is known as the first Friedmann equation, and it determines how the ex-
pansion rate depends on the energy density, spatial curvature, and cosmological constant.
The spatial components of Einstein’s equations, while distinct, give the same evolution

equation, which together with the first Friedmann equation leads to

a A7 G 3p Ac?
a_ °P\ | A 2.
" 3 <p+02)+ R (2.37)

known as the second Friedmann equation, or acceleration equation. This expression
shows explicitly how both the energy density and the pressure contribute to the accelera-

tion (or deceleration) of the expansion. Under the assumption that the Universe is filled



2.3. BACKGROUND COSMOLOGICAL DYNAMICS 17

with a perfect fluid, as introduced in Section 2.1, the evolution is governed entirely by
the energy density p and pressure p of its components. Together, both Friedmann equa-
tions fully determine the background evolution of the Universe once the matter content
is specified.

Specifying the matter content, in turn, requires knowing how the energy density evolves
as the Universe expands. This relation is provided by the continuity equation, which
follows most directly from the conservation of energy and momentum, expressed by the

vanishing covariant divergence of the stress-energy tensor [35, 38|,

vV, T = 0. (2.38)

Evaluating its time component (v = 0) with the FLRW connection coefficients gives the

continuity equation (the full derivation is also presented in Appendix A.1),

p+3e (p + %) =0, (2.39)
a c
which describes how energy density evolves with the expansion of the universe. This same
relation can also be obtained by differentiating the first Friedmann equation (Eq. 2.36)
with respect to time and combining it with the acceleration equation (Eq. 2.37).
Furthermore, it is convenient to express the total energy density as a sum of fluid

components (Eq. 2.12), each parameterized using an equation of state of the form [3, 35|

p=wpc, (2.40)

where w is a constant. In this case, the continuity equation can be integrated to give

P 314w
; 3(1+w). (2.41)

Integrating both sides yields

p = poa” 07, (2.42)

showing explicitly how different components dilute with expansion [2]. For example, non-
relativistic matter (w = 0) scales as a2, while radiation (w = 1/3) scales as a=* [35]. For
a cosmological constant (w = —1), the energy density remains constant, py = const [2].
These different scaling behaviors determine the relative evolution of each component of
the universe and lead to distinct epochs of dominance. The resulting evolution of energy
density is shown in Figure 2.5.

These results provide the basis for understanding the dynamical evolution of the Uni-
verse and will be used in the following sections to determine the temporal dependence of

the scale factor in different cosmological regimes.
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Figure 2.5: Evolution of the normalized energy density components of the Universe as a function
of scale factor, showing radiation domination at early times, followed by a matter-dominated
epoch, and the recent transition to dark-energy domination. Source: Prepared by the author

(2026).

2.3.2 Hubble Expansion and Density Parameters

It is often convenient to express the Friedmann equation in terms of dimensionless quan-
tities that characterize the relative contribution of each component to the total energy
density. A central role is played by the Hubble parameter, defined as |2, 3, 35|
a(t)
H(t) = —=, 2.43
0= (243

which measures the relative expansion rate of the Universe at a given time. Its present-day

value,

Ho = H(ty), (2.44)

is known as the Hubble constant. Associated with the expansion rate is a characteristic
length scale, the Hubble radius [2],

Ry(t) (2.45)

H(t)’
the distance light travels in a Hubble time H !, which sets the scale over which physical

processes can be causally connected at a given epoch.

In terms of H(t), the first Friedmann equation can be written as

8rG kc? Ac?
HA) = =5=pl) = Cove + 5

(2.46)
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A particularly important quantity is the critical density [35], defined as the energy

density required for the universe to be spatially flat,

pe(t) 35?-

Using this definition, one can introduce the dimensionless density parameters [35],

(2.47)

Oi(t) = ZE?) (2.48)

which quantify the fractional contribution of each component to the total energy density

p. Similarly, one defines the curvature and cosmological constant contributions as |2, 35]

kc? Ac?
“arare W= s

Q(t) = (2.49)

Dividing Eq. 2.46 by H?(t), and substituting the above definitions, one obtains the con-

straint equation

U (£) + (1) + Qult) + Q) = L. (2.50)

where €2, and €),. are the matter and radiation density parameters, defined using Eq. 2.48.
Evaluating Eq. 2.46 at the present time tq (with a(ty) = 1) defines the critical density
today,

_ 3Hy
Pep = 8tG’

so we can define the present-day density parameter of each component, analogously to

(2.51)

Eq. 2.48, as its density relative to this critical density,

Qo = 220, (2.52)
Pec,0

with p; 0 = pi(ty) the present-day density of component i, and the analogous curvature

and cosmological-constant parameters

kc? Ac?

Qo =——5—= Qro = —.
k,0 CL%HOQ7 A0 3Hg

Now, considering how different components evolve with the scale factor (Eq. 2.42), the
Eq. 2.46 can be rewritten as
&G C(swy R AC

o= T3 Pio @

+—.
- a? 3

Dividing it by HZ, and using Eqgs. 2.51 and 2.52, we finally obtain
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H? _ . _

Fg = Z Qoa B(1+wi) Qpoa 2 + Quo. (2.53)
i

Accounting for radiation, matter, spatial curvature and the cosmological constant, this

expression reduces to

H2

? = Qr,o a_4 + Qm70 a_3 + Qk,O &_2 + QA70. (254)
0

This form of the Friedmann equation explicitly shows how the expansion rate depends on

the relative contributions of radiation, matter, curvature, and dark energy. Each compo-

nent exhibits a distinct scaling with the scale factor, as shown in Figure 2.6, reflecting its

underlying equation of state.

today

1.0

0.8

— Q, (20~ O(10°" ]

06 (0 ~ 00107 .

S — (o = 0.315) |

< — Oy (o = 0.685) |

0.4 |
0.2
0.0

1077 1076 107° 104 1073 1072 107! 10°
Scale factor a

Figure 2.6: Evolution of the fractional density parameters §2;(a) as a function of scale factor,
showing the relative contributions of radiation, matter, and dark energy to the total energy
budget of the Universe over cosmic time. The dots mark the present-day (a = 1) values of each
component. A flat universe (o = 0) is assumed. Source: Prepared by the author (2026).

Cosmological models: A cosmological model is specified by a set of theoretical as-
sumptions about the geometry, content, and initial conditions of the Universe, along with
a minimal set of free parameters that, once fixed, determine the entire history of the
background expansion and the statistics of linear perturbations. The standard frame-
work adopted throughout modern cosmology is the so-called ACDM model |39, 68-70].
It assumes General Relativity as the theory of gravity, a spatially flat FLRW metric, and
an energy content consisting of photons, three families of light neutrinos, baryons, cold
dark matter (CDM), and a cosmological constant A playing the role of dark energy (with
equation of state w = —1) [2, 71].
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In addition to specifying the background dynamics, the model requires a description
of the origin and statistical properties of the primordial perturbations that give rise to
the cosmic structures. These initial fluctuations are naturally explained within the in-
flationary scenario, which corresponds to a phase of accelerated expansion in the very
early Universe [5, 33, 34]. Inflation was originally proposed to solve the horizon, flat-
ness, and monopole problems of the standard hot Big Bang, but its central importance
in modern cosmology lies in providing a causal mechanism for the origin of cosmic struc-
ture. Quantum fluctuations of the inflaton field are stretched beyond the Hubble horizon
during inflation and subsequently frozen as classical curvature perturbations, which later
evolve under gravitational instability into the observed distribution of matter and galax-
ies [4, 72|. Within this context, these perturbations are assumed to be adiabatic, nearly
scale-invariant and Gaussian, consistent with observations of the cosmic microwave back-

ground and large-scale structure [73-80].

Under these assumptions, the model is fully specified by six free parameters: the
physical baryon and cold dark matter densities (h?Q, and h?Q,., where Q, + Q. = Q,,.),
the angular scale of the sound horizon at the last scattering (6.), the reionization optical
depth (7), and the amplitude and tilt of the primordial scalar power spectrum (A and
ns) |15, 81, 82].

The numerical values of the cosmological parameters depend on the combination of
data sets used to constrain them. The most precise measurements currently come from
the Cosmic Microwave Background (CMB) temperature fluctuations measured by the
Planck satellite, which provide high-precision constraints from the temperature (7T, E-
mode polarisation, temperature-polarization cross-correlation (T'E, EE) power spectra,
the low-multipole polarization likelihood (lowFE), and the reconstruction of the CMB
lensing potential. These can also be combined with external probes such as BAO from
galaxy surveys, which tighten the constraints by breaking degeneracies that persist in
CMB-only analyses [15].

In this work we adopt as fiducial cosmology the standard ACDM model with parame-
ters from the Planck 2018 baseline combination (TT,TE,EE+lowE+lensing) [15]. Under
this choice, the present-day density parameters are €),, = 0.3153 + 0.0073 and 2, =
0.6847 £ 0.0073 [15], and the Hubble constant is Hy = (67.36 £ 0.54) km s~ Mpc~* [15].
The radiation density at the present epoch is negligible, Q, ~ O(107°), and the spa-
tial curvature is consistent with zero, Q; = 0.001 + 0.002 [15], supporting the flatness
assumption adopted in the baseline model.

The ACDM model can be extended in several ways. One is through the introduction
of a dynamic component of dark energy characterized by a time-dependent equation of
state w(a), often parameterized as w(a) = wo+w,(1 —a) [83, 84]. Such behavior arises in
scalar field models such as quintessence or phantom dark energy [85, 86]. A conceptually

different approach is to modify the theory of gravity itself. The most studied example is
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gravity f(R), in which the Einstein-Hilbert action is generalized by replacing the Ricci
scalar R with a more general function [87, 88]. Current observations remain consistent
with w = —1 and with general relativity on cosmological scales, leading to the adoption

of the standard ACDM model as the fiducial cosmology in the analysis that follows.

Hubble tension: The present-day value of Hj is a key observable in cosmology. Current
measurements, however, show a significant discrepancy, namely the Hubble tension [89],
depending on the method employed. Local determinations based on the distance ladder,
such as those from Type Ia supernovae calibrated with Cepheid variables, yield values
around [90]

Hy ~ 73.04 + 1.04km s~ 'Mpc ™!, (2.55)

while estimates inferred from early-Universe observations, particularly from the cosmic

microwave background assuming the ACDM model, give lower values in the order [15]

Hy ~ 67.36 + 0.54km s~ "Mpc ™. (2.56)

These two classes of measurements are summarized in Figure 2.7. This discrepancy,
with 40 to 50 disagreement depending on the datasets considered [91], has important
implications for cosmology, as it may indicate either unresolved systematics or physics

beyond the standard ACDM model.

2.3.3 Evolution of the Scale Factor

Having derived the Friedmann equations, we now investigate the time evolution of the
scale factor for different dominant components of the cosmic energy density. In particular,
the cosmological constant can be interpreted as an effective fluid associated with vacuum

energy [2|, with energy density defined through

(2.57)

For simplicity, we restrict our analysis to a spatially flat universe (k = 0), for which

the first Friedmann equation reduces to

(2) _ &G _a_ &G (2.58)

a 3 a 3
Matter-dominated Universe.
For non-relativistic matter, the energy density scales as p,, = ppmoa>. Substituting into

Eq. 2.58 gives
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CMB with Planck

Balkenhol et al. (2021), Planck 2018+SPT+ACT : 67.49 + 0.53
Pogoslan et al. (2020), eBOSS+Planck Q,H%: 69.6 +1.8
Aghanim et al. (2020), Planck 2018: 67.27 + 0.60

Aghanim et al. (2020), Planck 2018+CMB lensing: 67.36 + 0.54
Ade et al. (2016), Planck 2015, Hy = 67.27 £ 0.66

CMB W|thc|ut Planck
Dutcher et al. (2021),

o
= Ho
[km s~ Mpc~!]

Zhang Huang (2019), WMAP9+BAQ: 6!
iinahow SLal. (2013), WHAPS: 70. 0+55
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D'Amico et al. (2020), BOSS DR12+BBN: 68.5 + 2.2
Colas et al. (2020), BOSS DR12+BBN: 68.7 + 1.5
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Surface Brightness Fluctuations
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Birrer et al. (2018), HOLICOW 2018: 72.5%
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Figure 2.7: Whisker plot showing 68% confidence level constraints on the Hubble constant Hy
obtained through different direct and indirect measurements over the years. The cyan vertical
band corresponds to the SHOES measurement, while the light pink band indicates the value
inferred from the Planck 2018 data within the ACDM model. Source: [91].

81G _
= Pm,0 @ 1/2-

Separating variables and integrating, and normalizing so that a = 1 at a reference time

to, one obtains
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at) = (i)w. (2.59)

Radiation-dominated Universe.

For radiation, the energy density scales as p, = p.oa™?, so that

a 81G
o= /_3 proat. (2.60)

Proceeding as before, with the same normalization a(ty) = 1, one obtains

a(t) = (t)m. (2.61)

to

Cosmological constant-dominated Universe.

For a cosmological constant, the energy density remains constant in time, py = const.

a 187G
— = A — 2.62
a 3 PA, ( )

which is constant. Integrating directly, and again fixing a(ty) = 1, we obtain

Eq. 2.58 then becomes

a(t) = exp [ %p/\ (t — to)] : (2.63)

These solutions illustrate how the expansion history of the Universe depends on its dom-

inant energy component.

2.4 Distances in Cosmology

In an expanding Universe, the notion of distance depends both on the geometry of space-
time and on the observational method employed. This section will present the coordinate
systems and time variables commonly used in cosmology and will define distance measures

directly related to observable quantities.

2.4.1 Cosmological Coordinates and Time

The FLRW metric is naturally formulated in terms of comoving coordinates (Eq. 2.29) [2,
3], in which observers following the cosmic expansion remain in fixed spatial coordinates.
The corresponding physical, or proper distance r [3], at a given cosmic time ¢ is obtained

by scaling the comoving separation with the scale factor (Figure 2.8),



2.4. DISTANCES IN COSMOLOGY 25

r =a(t)x. (2.64)

r=a(t])x

time

Figure 2.8: Representation of comoving versus proper distances in an expanding Universe. While
the comoving separation between two objects remains constant, the proper distance increases
with the scale factor due to cosmic expansion. Source: Prepared by the author (2026).

Differentiating this expression with respect to cosmic time, one obtains

. a
r=a(t)x =—r.
a

This relation leads directly to the Hubble—Lemaitre law [40, 92] ,

v=H®r, (2.65)

defining the Hubble flow, i.e., the large-scale motion of galaxies driven by the expansion
of the Universe, for which comoving observers recede from each other with velocities v = r

proportional to their separation (Figure 2.9). Evaluated at the present time, this becomes

v =Hr, (2.66)

which provides the observational foundation for the expanding Universe.

Locally, galaxies do not follow the Hubble flow exactly. Their motion can be decom-

posed as

v =H()r + Vpe, (2.67)

where v, represents peculiar velocities [2|, induced by local inhomogeneities in the
matter distribution.
We can also estimate the age of the Universe, defined as the elapsed time between

a = 0 and the present epoch (a = ag = 1), through the relation [2]
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Figure 2.9: Historical Hubble diagram from Hubble (1929), illustrating the first empirical relation
between the recessional velocity and distance for extragalactic nebulae. Adapted from: [40].

Y da
t= L aH(a)' (2.68)

Evaluated today, one obtains obtain ¢, = 13.8 £+ 0.023 Gyr [15].

Furthermore, it is often useful to introduce the conformal time 7 [17], defined
through

dnp= ——. (2.69)

In terms of 1, the FLRW metric can be written as

ds® = a*(n) [—=Pdn* + dx* + Si(x) dQ]. (2.70)

Since null geodesics satisfy ds? = 0, this implies

cdn = dy, (2.71)

so that the conformal time directly measures the comoving distance traveled by light.

Finally, it is important to highlight that, although physical coordinates and comoving
systems provide a convenient theoretical description, they are not directly observable.
Instead, cosmological observations rely on quantities such as redshift, flux, and angular
positions on the celestial sphere, which must be related to the geometry of the underlying

spacetime through the distance measurements introduced in the following subsections.
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2.4.2 Cosmological Redshift

One of the most fundamental observables in cosmology is the redshift z, defined as the

fractional difference between the observed and emitted wavelengths of light,

/\obs - )\emit (272)

)

z
/\emit

and measured directly from the displacement of spectral features. In an expanding Uni-
verse, the wavelength of a freely propagating photon is stretched in proportion to the scale
factor. Although formally analogous to the Doppler shift produced by relative motion,
this cosmological redshift originates from the dynamical evolution of spacetime itself [35].

To derive the relation between redshift and the scale factor, consider a photon propa-
gating along a radial null geodesic in the FLRW spacetime. As we saw on Section 2.1, light
travels on null trajectories, so the spacetime interval satisfies Eq. 2.2. Furthermore, for
radial propagation, the angular coordinates remain constant along the trajectory, imply-
ing df? = 0. Under these conditions, the FLRW metric in comoving coordinates, Eq. 2.34,

reduces to

0= —cdt* + a*(t) dy?,

which implies

dX=+cdt

o 0}
Choosing the negative sign for a photon propagating toward the observer and integrating

along the trajectory from emission to observation yields

o cdt
X = fte a0 (2.73)

Now, consider two successive wave crests emitted at times ¢, and t, + 0t,, and received
at to and ty + 0tg. Because the source and observer are comoving, the comoving distance

x between them is the same for both crests, so
J*t() dt J'to+5to dt
t. a(t) - tosot, )
To relate the emission and observation intervals, we can rewrite the above equation as
Jte—i-ﬁe dt . Jto dt B ft() dt . Jto-i-&o dt
te a(t) totat. a(t) totot. A(t) to a(t)’
te+0te dt to+dto dt
fte a(t) fto a(t)



28 CHAPTER 2. STANDARD COSMOLOGY AND STRUCTURE FORMATION

For sufficiently small intervals, the last two integrals can be approximated using the mean

value theorem, so that

Jto—i_étoﬂw 5t0 Jte+5t6£~ 5te
w o) alto)’ . oalt) alte)

Substituting, and considering a(tg) = 1, one obtains

ot
a(te)
Identifying the time intervals with the periods of the wave, dt oc A, it follows that

oty =

Ao 1
— = 2.74
)\e a(te) Y ( )
and therefore
1
1+2z=——. (2.75)

a(te)

This result shows that cosmological redshift arises from the stretching of photon wave-
lengths due to the expansion of the three dimensional space: as the scaling factor increases,
all physical length scales, including wavelengths, are stretched proportionally. Redshift,
therefore, provides a direct observational probe of the expansion history of the Universe.

The relation between redshift and scale factor further allows the comoving distance
to be rewritten directly as a function of redshift. Starting from the comoving distance
to the source obtained in Eq. 2.73, all that remains is to convert the integration variable
from cosmic time to redshift. Differentiating the redshift—scale-factor relation gives da =
—dz/(1 + z)?, while the definition of the Hubble parameter (Eq. 2.43) yields Eq. 2.68.
Substituting both into the comoving distance integral and using Eq. 2.75, with emission

at redshift z and observation at z = 0, gives,

where reversing the integration limits absorbs the minus sign. This yields the comoving

distance as an explicit function of redshift, where the Hubble parameter H(z) is obtained
from the Friedmann equation, together with the redshift scaling of each energy density

component,

H(Z) = HO\/QT,O(]- + Z)4 + meo(]. + Z)3 + Qk70(1 + 2)2 + QA70. (277)

In practice, redshifts are measured using different observational techniques: spec-
troscopy and photometry. Spectroscopic redshifts (zspec) are obtained by identifying the

displacement of spectral lines, such as emission or absorption, relative to their known
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wavelengths in the rest frame. This method provides highly accurate redshift measure-
ments, but requires substantially longer exposure times and observational resources [93],
since only a single spectrum can be taken at a time.

In contrast, photometric redshifts (z,n.¢) are estimated from broadband photometric
observations, comparing the observed colors of galaxies with spectral models or through
machine learning techniques [94, 95]. Although significantly less precise than spectroscopic
measurements, photometric redshifts can be obtained for much larger samples of galaxies,

making them essential for modern wide-field cosmological surveys.

2.4.3 Luminosity Distance

One important way of measuring cosmological distances is through standard candles,
i.e., astrophysical objects whose intrinsic luminosity is known, such as Type la supernovae
and Cepheid variables [2; 3, 32]. The relationship between the measured flux of these
objects and the distance to them is called the luminosity distance.

Consider a source located at comoving coordinate (x, 6, ¢) emitting light at cosmic
time t., which is observed today at ty. As the photons propagate through the Universe,
they spread over a spherical surface whose area depends on the spatial curvature. For a
flat universe (k = 0), this area is simply given by the Euclidean relation A = 47x?. More

generally, in a FLRW spacetime, of any geometry, the area becomes |2, 3|

A =47 SE(x), (2.78)

where Si(x) is defined in Eq. 2.33. In positively curved spaces (k = +1), the photons
are distributed over a smaller area than in the flat case, while in negatively curved spaces
(k = —1) they spread over a larger area [3].

Besides this geometric effect, the expansion of the Universe also modifies the observed
flux through cosmological redshift. As the Universe expands, the wavelength of each

photon is stretched according to [3|

Ao = (14 2)A, (2.79)
implying that the observed photon energy decreases as [17]

142

Ey (2.80)

In addition, the arrival rate of photons is reduced by another factor of (1 + z) due to time
dilation [3]|. Together, these effects reduce the observed flux by a factor (1 + z)72.

If the source has intrinsic luminosity L and observed flux F', the luminosity distance

dy, is defined through [2, 3|
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L

. (2.81)
drd?

Combining the geometric and redshift contributions, the luminosity distance in an FLRW

universe is given by

Using Eq. 2.76, the luminosity distance can be expressed explicitly in terms of the redshift
and the expansion history H(z),

di(z) = (1+ 2) Sk (cf %) | (2.83)

0

which, for a spatially flat universe (k = 0, Sp(x) = x), reduces to

dr(z) =(1+z)c Oz % (2.84)

The dependence of the luminosity distance on the cosmological parameters is illus-
trated in Figure 2.10, which shows dj(z) for different values of the matter density pa-
rameter €),,. In the spatially flat ACDM model adopted here, the density parameters are
not independent, but satisfy Eq. 2.50, so that varying €2, simultaneously fixes €2, since
the contribution from radiation can be neglected. In this way, the matter density governs
the shape of the distance-redshift relation, through its impact on the expansion history
H(z). The Hubble constant Hy, in turn, sets only the overall normalization of dr(z),

while spatial curvature, when present, would enter additionally through the geometric
factor Sk(x)-

2.4.4 Angular Diameter Distance

Another important way of measuring cosmological distances is through standard rulers,
i.e., objects or physical scales whose proper size is known a priori [2, 3|]. The most im-
portant example in modern cosmology is the BAO scale, a characteristic comoving length
imprinted in the large-scale distribution of matter, whose physical origin is discussed in
detail in the next section. Since this scale is set by early-Universe physics and is therefore
known independently, comparing its observed angular extent with its physical size pro-
vides a direct geometric probe of the expansion history, which makes the angular diameter
distance the central distance measure for the analysis developed in this work.

Suppose an object of proper length ¢ is oriented perpendicular to the line of sight
(Figure 2.11). If it subtends a small angle 00 « 1rad, its distance can be estimated

through the small-angle approximation |2, 3],
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Figure 2.10: Luminosity distance dr(z) as a function of redshift for different values of
the matter density parameter €, illustrating its influence on the distance-redshift relation.
The fiducial model corresponds to the matter density parameter inferred from Planck [15]
(TT, TE,EE+lowE+lensing). Source: Prepared by the author (2026).

L
56’

where d 4 is the angular diameter distance. This expression holds in a static Euclidean

dA = (285)

geometry, in which distances do not evolve with time. In an expanding Universe, however,
the relation between the physical size of an object and its observed angular size is modified
by both the dynamics and the geometry of spacetime, and therefore requires a treatment
based on the FLRW metric.

Consider a source located at comoving radial coordinate y, observed at redshift z.
The angular part of the FLRW line element (Eq. 2.34) shows that two points separated

by an angle 6 at that coordinate are separated by a comoving distance [2]

dur = Sk(X), (2.86)

known as the transverse comoving distance, where Si(x) is defined in Eq. 2.33. The
corresponding physical transverse size at the time of emission is obtained by scaling with

the scale factor at that epoch,

_ Sk(X)
1+z2

0 = a(te) Sk(x) 00 60, (2.87)

Substituting this into the definition (Eq. 2.85) yields the angular diameter distance in an
FLRW universe,
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Figure 2.11: Illustration of the angular diameter distance ds. An object of physical size £
subtends an angle §6 at the observer. The angular diameter distance relates the intrinsic size of
a source to its observed angular extent and is one of the fundamental distance measures used in
observational cosmology. Source: Prepared by the author (2026).

d _Sk(X)_ dr
A = = .
1+ 2 1+ 2

As we did with the luminosity distance, we can consider the relation between the scale

(2.88)

factor and the redshift and rewrite d4 directly in terms of z and the expansion history
H{(z),

da(2) = ; iz S, (c : ;(ZZ ,)> | (2.89)

which, for the spatially flat universe adopted here, reduces to

o 2 d
14z )y H(Z)

da(z) (2.90)

The angular diameter distance therefore depends both on the expansion history, through
H(z), and on the spatial geometry of the Universe, through S;. A similar analysis to that
of the distance-luminosity dependence on the matter density parameter can be performed
for d 4, a relationship illustrated in the Figure 2.12a.

The luminosity distance and the angular diameter distance are related quantities in
observational cosmology. Although defined from different observables, both depend on
the same underlying spacetime geometry. Combining Eqs. 2.88 and 2.82 yields

dp = (1+ 2)*dy, (2.91)

known as the distance-duality relation, or Etherington relation [96-98|, which holds in
any metric theory of gravity in which photons travel on null geodesics and the photon
number is conserved. This relation plays an important role in observational cosmology,

connecting independent cosmological probes within the same geometric framework.



2.5. LINEAR PERTURBATION THEORY 33

Also, a distinctive feature of angular diameter distance, unlike luminosity distance, is
that it does not increase monotonically with redshift. At low redshifts, the increase in
comoving distance is the dominant effect, and d4(z) grows as objects recede. At higher
redshifts, however, the factor (1 + z)™' becomes dominant, and the angular diameter
distance begins to decrease. As a result, da(z) reaches a maximum around z ~ 1.7 [99]
for the fiducial cosmology adopted in this work. Beyond this point, objects of fixed
physical size subtend increasingly larger angles in the sky, even when located at greater

distances. This behavior is shown in Figure 2.12b.
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Figure 2.12: Left: angular diameter distance as a function of redshift for different values of the
cosmological density parameters. The markers indicate the redshift at which the angular diameter
distance reaches its maximum. The fiducial model corresponds to the matter density parameter
inferred from Planck [15] (TT,TE,EE+lowE+lensing). Right: illustration of the relationship
between the comoving distance y, angular diameter distance d4, and luminosity distance dy.
Source: Prepared by the author (2026).

2.5 Linear Perturbation Theory

In previous sections, the large-scale evolution of the Universe was described by the ho-
mogeneous and isotropic FLRW metric, whose expansion is governed by the scale factor
a(t) and the Friedmann equations. At smaller scales, however, the Universe is not ho-
mogeneous: matter is arranged into galaxies, clusters, filaments, and voids, forming the
complex structure known as the cosmic web. These structures are understood to have
grown from small primordial perturbations under the action of gravity 4], and while the
fluctuations remain small, their evolution can be followed using linear perturbation the-
ory [100], in which each quantity is split into a homogeneous background plus a small
perturbation and only linear terms are retained.

This framework describes the early, linear growth of perturbations and the acoustic

oscillations that arise in the photon-baryon plasma, which we develop in the remainder of
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this section: we reformulate the fluid equations in comoving coordinates, linearize them
around the homogeneous background, and follow the growth of perturbations through the
matter era, before turning to the photon-baryon plasma, whose radiation pressure drives

the acoustic oscillations and imprints the sound horizon at recombination.

2.5.1 Fluid Equations in an Expanding Universe

As seen in Section 2.1, the matter content of the Universe can be approximated as a
continuous fluid. In the Newtonian regime, valid on scales well below the Hubble radius
(Eq. 2.45) and for non-relativistic matter, the dynamics of a perfect fluid in a static
spacetime are governed by the continuity, Euler, and Poisson equations. The continuity

equation expresses conservation of mass [2, 101],

op = L
s V-(p?)=0 (2.92)

where p = p(t, ) is the matter density and ¥ = ¥/(t, 7°) is the velocity field, with 7= (r, 8, ¢)
denoting the physical spatial coordinates. The conservation of momentum is governed by

the Euler equation [2],

9_» = — —
p(% + (V- V)U) =—-Vp—pVo, (2.93)

where p = p(t,7) is the pressure and ® = ®O(¢,7) is the gravitational potential. The
potential is defined through the Poisson equation [2, 101],

V2® = 47Gp. (2.94)

In cosmology, however, the background geometry evolves with the expansion, making
it convenient to reformulate these equations in comoving coordinates. The first step is
to relate physical and comoving velocities: differentiating the comoving-physical distance
relation given by Eq. 2.29 with respect to cosmic time gives the total velocity as a Hubble-
flow term plus a peculiar velocity (Eq. 2.67). The subtlety is that, while ¢; at fixed 7" and
at fixed 7 coincide in a static space, they differ in an expanding one, since a point at fixed
comoving coordinate is physically moving |2]. The spatial and temporal derivatives must
therefore be transformed accordingly.

Using the relation ¥ = 7/a between comoving and physical coordinates, the spatial
gradient transforms as [2, 102, 103]

Vi=-V, (2.95)

Q|

where from now on V = 6)2 denotes the gradient with respect to comoving coordinates.

Similarly, the time derivative at fixed physical position differs from that at fixed comoving
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position, since a comoving point moves with the expansion,

of\  (of -
(). (&), e (299

where f is any function of space and time and the second term accounts for the motion
of a point at fixed comoving coordinates. Applying these rules, together with the velocity

decomposition (Eq. 2.67), to the physical fluid Eqgs. 2.92 and 2.94, yields their comoving

counterparts®,

op 1o
ZF 3H “V - (pUec) = 0, 2.97
(at)i“L pt+ =V (plhe) (2.97)
3 Goee =|. 1Vp 1o

[(L) L U .v]v= __@__vcp, (2.98)
at) a a p a

V2® = 47G a®p. (2.99)

With the fluid equations now written in comoving form, we are ready to examine the

growth of small perturbations around the homogeneous background.

2.5.2 Evolution of Perturbations

The background solution is recovered by setting ¥, = 0 in the comoving continuity and
Euler equations. The structures we observe in the Universe, however, arise from small
deviations from this scenario. To track their evolution, each quantity is decomposed into

its background value and a small perturbation. 2], that is:

p=p(l+9), p=p+0p, O =0+ 5P, (2.100)

p = p(t), and & = ®(¢) are the homogeneous background values, and § =
d(t, X), 0p = op(t, X)), and 6@ = 0D (¢, \) are the perturbations. The density contrast |2,
103]

where g = p(t),

pL_rr (2.101)
p p

quantifies the fractional deviation of the local density from its mean value. By construc-

J

tion, 6 = 0 corresponds to the mean density, 6 > 0 to an overdense region, and < 0 to
an underdense region.
Although the fluid equations are nonlinear, the primordial fluctuations were initially

very small, which means that, while |§| « 1, any term quadratic in the perturbations

2The derivation of the Equations 2.97, 2.98 and 2.99, as well as the transformations in the spatial and
temporal derivatives, are developed in Appendix A.2.
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-

(such as 0 Upee O (Upec - V)Upee) is negligible beside the linear ones. When substituting
the decomposition from Eq. 2.100 into the comoving fluid equations (Egs. 2.97, 2.98
and 2.99), the zeroth-order terms reproduce the background and cancel, while discarding

the quadratic terms leaves the linearized continuity, Euler, and Poisson equations |2, 103],

. 1
0 ===V T, (2.102)

- . 1l = 1o
Upec + HUpec = —a—pV op — EV 0D, (2.103)
V26d = 47G a’po. (2.104)

which can be combined into a single second-order equation for ¢. Differentiating the
continuity equation (Eq. 2.102) in time and taking the divergence of the FEuler equation
(Eq. 2.103), then using the barotropic relation for the pressure perturbation, which defines
the sound speed ¢, [2, 102],

op » Sp=cdp, (2.105)

:ap

with dp = pd, together with the linearized Poisson equation (Eq. 2.104), yields the equa-
tion governing the evolution of the perturbations [2, 102, 103],

.. . 2
5+ 2H6 — <%v2 + 47TG,5> 5= 0. (2.106)

The first term in parentheses, (¢?/a?)V?9, is the pressure term, which tends to smooth
out the perturbation and drive oscillatory behaviour, while the gravity term 47Gp ¢ drives
growth through gravitational instability. The second term on the left, 2H B , is the Hubble
drag, a friction through which the expansion suppresses growth [102].

Since Eq. 2.106 is linear with spatially constant coefficients, distinct wavelengths evolve

independently. Expanding 0(¥, ) in plane waves,

5(xX,t) = J%ei’?%(é, t). (2.107)

Spatial gradients acting on each plane-wave mode become vV > z'lg, so V? — —k? with
k = |k| [101], while time derivatives act only on 8(k,¢). Each mode then obeys [2, 102]

21.2
. 2k

S(k,t) + 2H(k,t) + <? — 47TG,3> 5(k,t) = 0. (2.108)

It is convenient to rewrite Eq. 2.108 as a damped-oscillator equation [101, 102],

Op + 2Hb), = —w? 0y, (2.109)
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where §;, = 5(1_5, t), and the gravity term has been absorbed, together with the pressure
term, into a frequency
Ak?

2
_ Cy

written here in factored form by introducing the comoving Jeans wavenumber |2, 32],

—
- VATCGD (2.111)

Cs
the scale at which pressure support exactly balances gravity. The corresponding proper
Jeans length is [101, 103]
2ma T

)\E_:s T~
TR Gp

(2.112)
which is the distance a sound wave travels in a gravitational free-fall time tg ~
(Gp)~Y2 [102]. Neglecting the Universe expansion, Eq. 2.109 reduces to o = —w?dy,
whose behavior depends on whether pressure or gravity dominates®.

With the expansion restored, this picture is preserved qualitatively, but the Hubble
drag attenuates both the pressure- and gravity-domination regimes |2, 102]: acoustic
waves with wavelength below \; are slowly damped, while unstable modes above A still
grow, though as a power law rather than exponentially. Equivalently, collapse occurs only

for regions exceeding the Jeans mass [101],

A (A7)’ ,
M, = g (é) P~ (2.113)

Alongside the Jeans length, the growth of perturbations is governed by a second char-
acteristic scale: the Hubble horizon, the surface beyond which points recede faster than
light, whose physical radius is the Hubble radius Ry (Eq. 2.45). A perturbation of comov-
ing wavenumber k has physical wavelength A = 2wa/k. A mode is called sub-horizon
when its wavelength fits within the horizon, A < Ry, equivalently k > aH /¢, and super-
horizon when A\ > Ry, equivalently k¥ < aH /c. In comoving coordinates the wavelength
A of a given mode is fixed, while the comoving Hubble radius ¢/(aH) grows throughout the
radiation- and matter-dominated eras. Any fluctuation that lies inside the Hubble radius
today must therefore have been outside it at sufficiently early times, crossing the horizon at
the moment when the growing Hubble radius first matched its comoving wavelength. The
Newtonian fluid treatment developed above applies only to sub-horizon, non-relativistic

perturbations, whereas super-horizon scales require the general-relativistic description [2].

3For A < \j (w? > 0), pressure dominates and d,oceT™? oscillates as a propagating acoustic wave. For

A > Ay (w? < 0), self-gravity dominates and d,ocet“!* becomes a non-propagating mode with growing
and decaying branches [101, 102]; the growing branch is the Jeans instability, which seeds gravitational
collapse.
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2.5.3 Growth of Structures

For cold dark matter the sound speed is negligible, ¢, = 0, so the pressure term in Eq. 2.108
drops out and the growth of perturbations is governed by [2, 103]

0+ 2H — 47Gpé = 0. (2.114)

The behaviour of its solutions depends on which component dominates the background

expansion, so we can solve it in each era in turn.

Radiation era. The expansion is radiation-driven, aoct!/? and H = 1/2t. Radiation
does not cluster on sub-horizon scales and matter is subdominant, so the gravitational
source is negligible against the Hubble drag, 47Gp « H?, and Eq. 2.114 reduces to

0+ 2H6 =0+ -0~0. (2.115)

~ | =

N

The power-law § oc t? gives the indicial equation p* = 0, a double root, whose two solutions

are the constant and logarithmic modes [103, 104],
o(t) = A+ AsInt. (2.116)

Cold dark matter perturbations therefore grow at most logarithmically, essentially frozen.

This stagnation is the Mészaros effect [105], which suppresses small-scale power.

Matter era. The expansion is matter-dominated, a oc t3 and H = 2/3t, so the source

term becomes 47Gp = 2H? and Eq. 2.114 takes the equidimensional (Euler) form [2]

=0, (2.117)

whose solution is in the form [104]

5(t) = Bit* + Byt ™1, (2.118)

where B; and B, are constants. Since the decaying mode quickly becomes negligible, the
late-time evolution is set by the growing mode: in the matter era the density contrast

grows with the scale factor, § oc @ oc t¥3 [103].

Dark-energy era. Once dark energy dominates, the expansion is nearly exponential,

Hat

aoce’r with H = Hy constant. Matter is again negligible beside the vacuum energy, so

the source term drops and [104]

0+ 2H\0 =0, (2.119)
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with solution [3, 104]

5(t) = C) + Cye 20, (2.120)

The decaying exponential dies away and ¢ tends to a constant: structure growth freezes

once dark energy dominates.

In general, any solution of Eq. 2.114 can be written as

5(k,t) = 6. (K)D.(t) + 6_(k)D_(t), (2.121)

-,

where . (k) are the Fourier modes of the initial density field and the k-independent
functions D, (t) and D_(t) are the growing and decaying modes, describing the linear
evolution [2]. Specifically, the growth factor is called the linear growth function, and

1t 1s written as

d(a)
D = D =1 2.122
o) = 5 Dala) (2:122)
For the case where dark energy is a cosmological constant (w = —1) and assuming spatial

flatness (Qf = 0, so that €2, + Q = 1), one can show that the growing solution is

H(CL) @ da/
b . 2.123
+(a)or L [Qn/a + Qpa? + (1 — Q,, — Qp) ]2 ( )

The growth described above applies to a pressureless fluid. The physics underlying the
BAO feature comes instead from the baryons, which before recombination form a tightly

coupled plasma with the photons.

2.5.4 The Photon-Baryon Plasma and Acoustic Oscillations

Before recombination (z 2 1100) radiation and matter behaved as a single fluid, tightly
coupled by Thomson scattering between photons and free electrons and Coulomb scatter-
ing between protons and electrons. Its adiabatic sound speed follows from the definition
presented in Eq. 2.105, evaluated on the combined system. The pressure is supplied
by the radiation, p = %pvc2 [32], baryons being pressureless, while the total density is
p = p + pp. Since both are functions of the scale factor, with p, oca™ and p,ca™?, so

that dp,/da = —4p,/a and dp,/da = —3pp/a,

2 — ap _ dp/da
 0dp dp/da

1

30 0
1 Pb
Py

4py
4py + 3pp

2 2
_ % - % (2.124)

which gives
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2
2 ¢ 3pp
- R=1"2 2.125
“T30+R) 10, (2.125)

with R the baryon-to-photon momentum ratio. When radiation is dominating (R « 1),
the sound speed is relativistic,

Cs & £~ 058 c, (2.126)

V3

so the Jeans length (Eq. 2.112) is of order the Hubble radius, and essentially all sub-horizon
baryon perturbations oscillate rather than grow [2]. In this regime the gravitational term
in Eq. 2.108 becomes negligible, reducing the evolution equation to

27.2
o cck® -

o(k,t) + 2H(k,t) + == 8(k,t) ~ 0. (2.127)

a2
Consistently, the gravity term in the frequency (Eq. 2.110) drops out and w reduces to
the ordinary sound-wave relation, w ~ c¢sk/a. Since the Hubble drag in Eq. 2.127 varies
slowly over an oscillation period, the equation admits approximate oscillatory solutions,

5(];:, t)oc exp[+i ¢(t)] |2], whose phase is the time integral of this frequency
t tcs(t/)
o(t) = f w(t") dt’ ~ k’f ——=dt' = kry(t), (2.128)
0 o a(t’)

where the comoving wavenumber k = |]2| has been factored out of the integral. The

remaining integral defines the comoving sound horizon,

ro(t) = L Ca((f)) At = 7y(z) = :O ;1((2; d, (2.129)

the maximum comoving distance an acoustic wave can travel by time ¢. Each Fourier mode
therefore oscillates as a function of the single dimensionless combination & r;. During these
oscillations, baryons and photons alternately undergo compression (when the overdensity
is maximal) and rarefaction (when the density is minimal) 6], corresponding to the peaks
and troughs of the acoustic wave. After decoupling, the phase reached by each mode is
effectively frozen. This freezing imprints a spherical shell of enhanced baryon density at
a radius ry around every initial overdensity. These concentric shells, reflecting the last
phase of compression or rarefaction, constitute the physical origin of the BAO feature in
the matter distribution.

Because r; is fixed by pre-recombination physics and is insensitive to the late-time
expansion, it acts as a standard ruler whose comoving length, calibrated by the CMB,
is known a priori [18, 106]. The scale relevant for galaxy surveys is the sound horizon at the
drag epoch z4, rq = r5(24), when the baryons are released from the photon drag. Being a
comoving length, r, relates directly to the transverse comoving distance dj;(z), introduced

in Egs. 2.86 and 2.88: oriented transverse to the line of sight the ruler subtends an angle
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06 = ry/dp(2), while along the line of sight it spans a redshift interval 6z = r4 H(2)/c. The
transverse and radial BAO signals therefore constrain dy;(z) and H(z), respectively [106].
In practice the acoustic scale is measured relative to a template computed in a fiducial
cosmology, and the resulting rescaling of the peak position is quantified by the dilation
parameters [20, 107]
dy(z)/ra [H () ra]sa dy(2)/ra

I N HOr Y G rdm (2.130)

with dy(z) = [d3,(2)cz/H (z)]l/ ® the volume-averaged distance used in the isotropic

o] =

case [18]. Since 1y is set by early-Universe physics, these ratios isolate the geometric
information, making the transverse comoving distance dy(z) the central observable of

the BAO analysis developed in the following chapters.

2.5.5 Matter Power Spectrum

The previous sections tracked the evolution of individual Fourier modes: the growing
mode D (t) for the pressureless dark matter, and the acoustic oscillations of the baryon—
photon fluid, each obeying Eq. 2.108 independently. What we compare with observations,
however, is not a single mode but the statistical distribution of the density field. By

construction, the density contrast (Eq. 2.101) has zero mean [3],

b(7,t)) =0, (2.131)

so the first non-trivial statistic is its two-point function. Working with the Fourier modes

of Eq. 2.107, homogeneity and isotropy of the background imply [2]

5k, 8) 8% (K, 1)) = (2m)? 6p(k — k') P(k, 1), (2.132)

which defines the power spectrum P(k,t), the Fourier transform of the real-space two-
point correlation function &(r) [2, 101] (which we will discuss in detail in Chapter 3).

A density field whose Fourier components have uncorrelated phases is called a Gaus-
sian field [3]. When such a field is in addition homogeneous and isotropic, its entire
statistical content is captured by the power spectrum alone. This case is of particular
interest in cosmology since most inflationary scenarios predict that the density fluctua-
tions generated during inflation form precisely such a homogeneous and isotropic Gaussian
field |3, 102]. Inflation further predicts that the corresponding primordial power spectrum

is well described by a power law |2, 102],

Pk, t;) = A k", (2.133)

with amplitude A, and spectral index n,. The scale-invariant Harrison-Zel’dovich value



42 CHAPTER 2. STANDARD COSMOLOGY AND STRUCTURE FORMATION

ns = 1 108, 109], one of the six free parameters for the ACDM model described in
Section 2.3.2, gives equal power per logarithmic interval in k. Recent CMB observations
have measured this value as ns = 0.9649 + 0.0042 [15].

As primordial fluctuations evolve through radiation- and matter-dominated eras, the
spectrum given in Eq. 2.133 is reshaped into the characteristic form of the matter power
spectrum in later times. The origin of this distortion is the scale-dependent growth dis-
cussed in Section 2.5.3: modes that entered the horizon during radiation domination had
their growth interrupted by the Mészaros effect, while those that entered during matter
domination grew unimpeded. Consequently, the spectrum retains its primordial slope on
large scales, while on small scales the suppression accentuates it to P(k)oc k"==* [2]. The
two regimes meet in a transition defined by the comoving horizon scale in the matter-
radiation equality, keq ~ 0.015h Mpc™" [2].

Within linear theory, this form is fixed, so the only effect of cosmic evolution is to
rescale the overall amplitude of the spectrum, which grows monotonically as the struc-
ture develops. The power spectrum of matter is therefore conventionally specified at the
current epoch, z = 0, its value at any other redshift differing only by this amplitude.
The acoustic physics of Section 2.5.4 is similarly imprinted on P(k, z) as a fixed feature:
the moving sound horizon r, defines the location of baryonic acoustic oscillations, a scale
established by pre-recombination physics that remains constant in comoving coordinates
and is therefore preserved under subsequent linear growth.

Figure 2.13 illustrates the evolution of the linear matter power spectrum with red-
shift, showing the decrease in amplitude as structure growth progresses. The comparison
between the full and no-wiggle spectra highlights the baryon acoustic oscillation features,
which are more clearly visible in the ratio shown in Figure 2.14. These oscillations corre-
spond to the imprint of primordial sound waves and provide a key cosmological standard

ruler.

Galaxy bias: Galaxies do not exactly replicate the distribution of matter in the uni-
verse. They form within halos of dark matter, which are located at the peaks of the
density field and are therefore more tightly packed than matter as a whole. On large

scales, this relationship is captured by a single bias parameter b(z),

dy = bo, P,(k,z) = b*(2) P(k, 2), (2.134)

so the observed galaxy power spectrum is a rescaled version of the underlying matter
spectrum. The bias depends on the tracer population and redshift, and becomes scale

dependent once nonlinear effects set in [2, 101].
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Figure 2.13: Linear matter power spectrum, P(k, z), for a fiducial ACDM cosmology at different
redshifts. Solid lines show the full spectrum, including baryon acoustic oscillations, while dashed
lines correspond to the Eisenstein-Hu no-wiggle approximation. The amplitude decreases with
increasing redshift due to linear structure growth, whereas the BAO scale remains fixed in co-
moving coordinates. Source: Prepared by the author (2026).
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Figure 2.14: Ratio between the linear matter power spectrum including baryon acoustic oscilla-
tions and the corresponding Eisenstein-Hu no-wiggle spectrum, Pgao(k)/Puw(k), at z = 0. The
oscillatory pattern highlights the imprint of acoustic waves propagating in the tightly coupled
photon-baryon plasma before recombination. Source: Prepared by the author (2026).
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Chapter 3

Statistics Of The Galaxy Distribution

The linear theory developed in Section 2.5 describes the evolution of individual Fourier
modes of the density field. What is actually compared with observations, however, is not
a single mode but the matter distribution traced by any type of galaxies. This chapter
establishes the statistical framework within which that comparison is carried out. To
this end, the matter distribution is treated as a random field and its discrete tracers
as a point source, with the homogeneous Poisson process adopted to describe complete
spatial randomness. The two-point correlation function £(r) is then defined as a measure
of the excess clustering of the tracers, and its projection onto the sky yields the angular
correlation function w(#). We then turn to the Fourier-space description, introducing
the power spectrum P(k) and its angular counterpart, the angular power spectrum C.
Finally, we describe the pseudo-C, estimator, which recovers C, from the partial-sky

observations characteristic of a real survey, such as the one analyzed in this work.

3.1 Random Fields and Point Processes

The large-scale distribution of matter in the Universe exhibits a complex structure, com-
posed by galaxies, clusters, filaments, and voids. Instead of individually characterizing
each of these components, modern cosmology adopts a statistical description, in which
the distribution of matter is treated as the realization of a random process [110, 111].
The interest, therefore, does not lie in the exact positions of individual galaxies, but in
the statistical properties of the underlying field of which they are a part.

To make this statistical description precise, the distribution of matter is considered a
realization of a random field, that is, a realization that assigns a random variable to each
point x € R? [110]. For the matter density field, this variable is the local density, and the
observed Universe is just one realization of this field. The relevant statistical quantities
are therefore ensemble averages, denoted by (- ), taken over the hypothetical set of all
possible realizations of the process [17].

Two simplifying assumptions underlie the construction of random fields in cosmology.

45
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The first is statistical homogeneity and isotropy: the statistical properties of the field are
invariant under translations and rotations, depending only on relative separations and
not on absolute position or direction [110], since these fields are defined for a specific
background geometry and share its symmetry properties. The second is ergodicity: since
we observe a single Universe, we do not have access to an ensemble of independent realiza-
tions over which to average [110, 112, 113]. Tt is therefore assumed that ensemble averages
can be replaced by spatial averages calculated over a sufficiently large volumes [110].
The statistical properties of a random field are encoded in the hierarchy of its mo-
ments. For the density contrast d(x) defined in Eq. 2.101, the first moment is its mean
value, (0(x)), while the second moment describes the correlation between the field at two

different positions, (0(x1) d(x2)). More generally, the N-point moment is defined as

(0(x1) 0(%2) - - - d(xw))-

The knowledge of the complete hierarchy constitutes, in principle, a full statistical descrip-
tion of the field [110]. For the density contrast, the first moment vanishes by construction
(Eq. 2.131), so the lowest-order non-trivial statistic is the second moment, which defines

the two-point correlation function (2PCF) [107],

§(x1,%x2) = (6(x1) 0(x2))- (3.1)

Under the homogeneity and isotropy established above, this quantity depends only on the

scalar separation r = |x; — X3/, so that [107, 110]

§(r) = (0(x) 6(x + 1)), (3.2)

For a Gaussian random field, as predicted by inflation (Section 2.5), all connected moments
of order higher than two vanish identically, so the complete statistical information reduces
to &(r) alone [111].

The density contrast is, however, a continuous field that is not observed directly.
Galaxy surveys provide only a discrete set of positions of galaxies, clusters, or quasars
that trace the underlying luminous matter [110]. Such observations are more naturally
described as a spatial point process, that is, a random distribution of discrete points in
space [110, 113]. The simplest example is the homogeneous Poisson process, in which
objects are distributed independently and uniformly throughout space with a constant
mean number density 72, the average number of objects per unit volume, . = (N)/V.

The probability of finding an object within a volume element 6V is then

0P =ndV, (3.3)

and, for a random distribution, the presence of objects in disjoint volumes is statistically
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independent. The joint probability of finding one object in §V; and another in 0V5,
separated by r, is therefore the product of the individual probabilities,

§PEeison _ 732 5V 5V (3.4)

In the Universe, however, gravitational instability causes galaxies to cluster, making it
more likely to find pairs at close separations in some regions (and less clustered in other)
than this Poisson result predicts. The shift from that baseline is what the two-point

correlation function quantifies.

3.2 Two-Point Correlation Function

The 2PCF function defined in Eq. 3.2 has an equivalent operational interpretation in terms
of pair probabilities. Generalizing the Poisson result in Eq. 3.4 to include correlations,
the joint probability of finding one object in 6V; and another in V5, separated by r,
is [101, 111]

0Pip = 7 [1 +&(r)] 6V V4, (3.5)

so that £(r) = 0 recovers the uncorrelated Poisson case (Eq. 3.4). Equivalently, given that

an object is found in dV7, the conditional probability of finding a second in dV5 is

SP(2]1) = @ [1 + £(r)] V4. (3.6)

The sign of £(r) distinguishes three physical regimes,

> (0, clustering (excess of close pairs),
£(r){ =0, Poisson distribution (no correlation), (3.7)
< 0, anticorrelation (deficit of pairs).

On intermediate scales, the observed galaxy correlation function is well approximated

by a power law [68, 114],

(= (2) (39)

To
where 7 is the correlation length, which depends on the galaxy sample in analysis, and
v~ 1.8 [110, 114] is a typical value for the slope of the correlation function.
In practice, {(r) is estimated by comparing pair counts in the observed catalogue
with those from a synthetic random catalogue, a realization of the homogeneous Pois-

son process with the same survey geometry and mean number density 7 as the data.

One defines DD(r), DR(r), and RR(r) as the numbers of data-data, data-random, and
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random-random pairs, respectively, falling in a bin centered at r, each normalized by the
total number of pairs of its kind. Several estimators combining these counts have been
proposed in the literature [112, 115-118]. The most widely adopted is the Landy-Szalay
estimator [118],

DD(r) —2DR(r) + RR(r)
RR(r) ’

§(r) = (3.9)
which was constructed to minimize the variance of the measurement. In a systematic
comparison against cosmological simulations, Kerscher et al. [119] found the Landy-Szalay
estimator to have the smallest deviation from the true correlation function, with a bias
negligible compared to its variance. These properties make it particularly well suited to

surveys with irregular footprints and masked regions.

When radial distances are unavailable or imprecise, or when one studies the projected
distribution on the celestial sphere, the angular analogue of £(r) is the two-point angular
correlation function (2PACF) w(6). In this case, the joint probability of finding two
objects in solid-angle elements 0€2; and ), separated by an angle 6 is [111]

In practice, w(#) is estimated from angular pair counts using the same estimators intro-
duced above, with separations measured as angles rather than comoving distances. The
2PACF has been employed in astronomy and cosmology to investigate the large-scale dis-
tribution of matter, probe the statistical isotropy and homogeneity of the Universe, detect
the BAO feature, and constrain cosmological models (see, e.g., [47, 120-124, 124-134]).

One of the most important features that can be detected in the 2PCF &(r) is the BAO
signal, which appears as a localized excess of galaxy pairs at a characteristic comoving
separation of approximately 100 A~! Mpc [15, 18] (Figure 3.1). This scale corresponds to
the acoustic waves signature imprinted in the primordial baryon-photon plasma prior to
recombination, as discussed in Section 2.5. Because this scale is set by well-understood
early-Universe physics, the BAO feature acts as a standard ruler: measuring its apparent
size as a function of redshift constrains the expansion history and, with it, the properties

of dark energy [18].

Finally, the two-point function is not the only statistic available for the analysis
of density fields. Higher-order statistics, such as the three-point correlation function
C(r12,723,731) [120] and its Fourier counterpart, the bispectrum [111], carry additional
information about structure growth and primordial non-Gaussianity. These are, how-
ever, beyond the scope of the present analysis, which is based throughout on two-point

statistics.
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Figure 3.1: Two-point correlation function for a sample of luminous red galaxies from Sloan
Digital Sky Survey (SDSS) as a function of comoving separation r, measured in units of A~ Mpc.
Credits: [18].

3.3 Power Spectrum

The 2PCF, from Eq. 3.2, characterizes the clustering of matter in configuration space. A
complementary description is provided in Fourier space by the power spectrum P(k)
(defined in Eq. 2.132), which is the most natural object for theoretical predictions, since
linear perturbation theory treats each Fourier mode independently. The two quantities

form a Fourier-transform pair [17, 112],

1
(27)°

£r) = Jd% P(k)e™r, (3.11)

P(k) = fdg’r E(r) e, (3.12)

so they carry complementary statistical information, differing only in representation. Un-
der statistical isotropy, these equations reduce to one-dimensional integrals involving the
spherical Bessel function jo(kr) = sin(kr)/(kr) [111],

£(r) = 2—; L " kK2 P(R) Sm]:fr), (3.13)
P(k) — 4r f: dr 2 (r) % (3.14)

Formally, the power spectrum is defined through the two-point function of the Fourier
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modes of the density contrast. Statistical homogeneity implies that modes of different
wavevectors are uncorrelated, while isotropy restricts the variance to depend only on the
magnitude k = |k| [2, 17|, as stated in Eq. 2.132. The power spectrum therefore quantifies
the variance of density fluctuations contributed by modes of wavenumber k: the larger
P(k), the stronger the clustering at the corresponding scale k.

As well as discussed for the 2PCF, the formalism above presupposes knowledge of
the complete three-dimensional position of each tracer, which we do not necessarily have.
In these cases, the relevant observable is instead the projected density contrast on the
sphere. For a direction (6, ¢) on the sky, Eq. 3.16 is defined as

5(0,9) = M

where n(6, ¢) is the observed angular number density of objects. Because the full sphere

— (3.15)

admits a complete orthogonal basis of spherical harmonics Y, (6, ¢), the projected field

is expanded as [111]

0 l
6(97 Qb) = Z Z Ay, YEm(ea ¢)> (316)
(=0 m=—¢
with expansion coefficients
o = fdﬂ 5(0,0) Y7 (6, ). (3.17)

The multipole ¢ plays on the sphere the role of the wavenumber & in a three-dimensional
space: low ¢ corresponds to large angular scales and high ¢ to small angular scales, with
the geometric correspondence 6 = 180°/¢.

Assuming statistical isotropy of the data observed on the sphere implies that harmonic
coeflicients at different multipoles are uncorrelated and that their variance is independent
of m [17, 135],

(m @ = Ci 10 S (3.18)

which defines the angular power spectrum (), the spherical-harmonic analogue of
P(k). For each multipole ¢ there are 2¢ + 1 independent modes m, and since these are
the only realizations of that angular scale available within the single observable Universe,

the fractional uncertainty of any estimator of C is bounded below by [17]

AC, [ 2
SN 1
Cy 204+ 1’ (3.19)

an irreducible uncertainty known as cosmic variance, which is most significant at low
l.

Theoretically, Cy is related to the three-dimensional power spectrum P(k) through a
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line-of-sight projection. For a galaxy sample with normalized redshift distribution ¢(z)
and linear bias b(z), Cy is given by [136-138]

- %fdk k2 P(k) W2(k), (3.20)

where the projection kernel,

Wi(k) = [ d2 b2) D) olz) lin ()], (3.21)

encodes how three-dimensional fluctuations of wavenumber k are mapped onto the angu-
lar scale ¢, with j, the spherical Bessel function of order ¢, x(z) the comoving distance
to redshift z, and D(z) the linear growth factor. The full computation is numerically
demanding due to the rapidly oscillatory nature of j, [139, 140, which motivates the
Limber approximation [141]. It approximates the spherical Bessel function by a Dirac
delta centred at @ = £ + 1/2, that is j,(kr) — /7/(20 + 1) 6p(£ + 1/2 — kr) [140], estab-
lishing the correspondence k ~ (¢ + 1/2)/x(z),

Oy ~ J g ) [qs(z)b(z)p(z)]?P(w), (3.22)

0 cx?*(2) x(2)

where the prefactor H(z)/c arises from converting the integration variable via Eq. 2.76.
The approximation is accurate on small angular scales (large ¢) and for broad radial
selection functions, but it degrades on large angular scales and for narrow redshift bins,
where the full computation involving the Bessel integral (Eq. 3.20) is required [140].

The single preferred scale imprinted by BAO manifests itself differently in configura-
tion and Fourier space. A localized bump in the two-point correlation function at the
acoustic scale (ry) corresponds to a series of oscillatory features in the power spectrum,
superimposed on its smooth broadband shape [106]. The wavelength of these oscillations
is inversely proportional to the sound horizon and the apparent size of the BAO feature
depends on the geometry of the Universe.

As discussed in Section 2.5.5, the observed acoustic scale is measured relative to a
template computed in a fiducial cosmology and is commonly parameterized through the
shift parameters (ay), (o)), and (o) defined in Eq. 2.130. These quantities measure the
shift of the BAO feature with respect to its fiducial position and are directly related
to cosmological distance measurements. Consequently, measuring the position of the
acoustic peak in the 2PCF, or equivalently the phase of the oscillatory pattern in the
power spectrum (at several redshift bins), provides a direct probe of the expansion history
of the Universe.

Figure 3.2 illustrates this correspondence between the acoustic peak in the angular
two-point correlation function and the oscillatory feature in the angular power spectrum.

Both quantities are normalized by their corresponding smooth, non-oscillatory reference
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spectra in order to isolate the BAO signal from the broadband clustering shape. In the
analyses developed throughout this dissertation, the cosmological information is extracted

from the shift in the position of these features, which are quantified through the parameter
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Figure 3.2: Isolated BAO feature measured in configuration space through the angular correlation
function [w(#)] (left) and in harmonic space through the angular power spectrum (Cy)(right), for
different tomographic redshift bins from the Dark Energy Survey. Measurements are shown with
error bars, while the solid curves represent the best-fit BAO model. As the redshift increases,
the BAO feature shifts toward smaller angular separations in [w(f)] and correspondingly toward
larger multipoles in (Cy), reflecting the approximately constant comoving size of the sound hori-
zon projected onto progressively larger cosmological distances. Source: [23].

It is worth emphasizing, however, that the spherical harmonics form a complete or-
thogonal basis only over the full sphere. In realistic surveys, data is not available on
the full sky, and regions within the footprint are further removed due to bright stars,
observational problems, or Galactic contamination. The overdensity field is therefore ob-
served only through a mask, and once the projection is no longer onto a full sphere the
orthogonality of the spherical harmonics is broken: different multipoles become coupled,
and a direct harmonic transform of the observed field yields a spectrum in which power
from neighbouring scales is mixed [136]. Recovering an unbiased estimate of C, from
partial-sky data therefore requires a dedicated estimator, the pseudo-C, method, whose

formalism we describe next.

3.3.1 Pseudo-(C} estimation

The pseudo-Cy method estimates the true C, from a partial-sky field by modelling the

masking effect analytically and correcting for it [135]. Considering two overdensity fields
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associated with samples in the redshift bins ¢ and 7, the true, full-sky angular power

spectrum is defined through the covariance of their harmonic coefficients [142],

(@ W) = CF S400 St (3.23)

which for a single sample (i = j) reduces to the auto-power spectrum C; of Eq. 3.18. This
is the quantity we wish to recover. The incomplete coverage is described by a mask, or
weight map, W (6, ¢), which vanishes (or down-weights) wherever the field is not observed,

so that what we actually access is the masked overdensity field,

S (0,0) =W (0,0)5(0,0). (3.24)

On the full sky, statistical isotropy implies that C’;j is the same for all 2¢ + 1 modes

at fixed ¢, so the spectrum can be estimated by averaging over the available m [135, 142],

~ij 1 : i j
l

m=—

In general, the two samples do not need to share the same coverage area, therefore each
field has its own weight map. In practice, we only have the masked coefficients, so natural
generalization replaces the full-sky coefficients with the masked ones, defining the pseudo-
C estimator [135, 142],

~ij 1 ‘ oV §j W
CZJ = 2£+1 2 af,m, a‘?fn ) (326)

m=—

where az’n‘l/ and aé;zv are the harmonic coefficients of fields ¢ and j masked by V' and W,
respectively. The tilde indicates that this is not the quantity we want: the mask couples

different multipoles, making C’éﬂ a biased, distorted version of Céj .

Taking the expectation value of Eq. 3.26 and using statistical isotropy, the average

pseudo-spectrum is related to the true spectrum by a single linear operation,

<C~’é3> = 2 My Célj, (3.27)
Z/

where (-) denotes the ensemble expectation value and My is the mode-coupling matrix,
whose off-diagonal terms quantify the leakage of power between scales caused by the
missing sky [135]. Since it depends only on the mask geometry, it can be computed in
advance, without knowledge of the data in study. For a scalar field, such as the galaxy
overdensity, it is given in terms of the mask cross-power spectrum and the Wigner 3-5
symbols [135, 136],
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) N
My = 2 4+ ! ;(26” L ayw (g f) 2) , (3.28)
where CW is the cross-power spectrum of the masks. In the full-sky limit the mask
becomes trivial, My reduces to the identity, and the pseudo-spectrum coincides with the
true one.

Because masking destroys information, My, generally cannot be inverted directly. The
standard solution is to bin the coupled pseudo-C}, denoted é’;ﬂ , into bandpowers B;j,

each defined by a set of multipoles and normalized weights wg [135],

e o i
B =) wiCy. (3.29)

leq
where ¢ indexes the bandpower. Assuming the true spectrum is approximately constant
within each bandpower, one constructs the binned mode-coupling matrix M, which is

now invertible, yielding an unbiased estimate of the decoupled bandpowers [135],

BY = Z (M), BY. (3.30)
q
Since the true spectrum is not exactly constant, any theoretical prediction must pass
through the same chain of operations before being compared with the data [135].
Finally, for an auto-spectrum of a single sample (i = j, v = w) the expectation value

receives a contribution from both signal and noise [135, 142],

(Cpy = Z M (Cp + No), (3.31)

where N, is the shot-noise contribution. For a galaxy survey the noise is dominated by

Poisson sampling of discrete objects [111], so the shot-noise spectrum is white,

1
n

Ny ==, (3.32)

with 7 the mean angular number density of the sample. This bias is subtracted from the
calculated (Cy) to obtain an unbiased estimate [135]. For cross-spectra between indepen-
dent samples, however, the noise is uncorrelated and thus averages to zero, so this bias
does not arise.

Taken together, the developments of this chapter provide the theoretical framework
on which our work rests: the two-point statistics of the galaxy distribution, their rep-
resentation in configuration and harmonic space, the imprint of the BAO as a standard
ruler, and the procedures required to estimate the angular power spectrum from realistic,
partial-sky observations. With these tools in place, we now present the data set used in

our analyses, before describing in Chapter 5 how the estimator developed here is applied



3.3. POWER SPECTRUM

in practice to extract the cosmological signal.
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Chapter 4
Observational data

Modern observational cosmology relies on large astronomical surveys capable of mapping
the distribution of objects across significant portions of the sky, providing the statistical
power necessary for precise studies of the large-scale structure of the Universe. Stage
IV surveys, such as the Legacy Survey of Space and Time (LSST) [143], the Dark En-
ergy Spectroscopic Instrument (DESI) [144, 145], Euclid [146], and the Roman Space
Telescope [147], represent the current generation of large cosmological surveys designed
to achieve extremely high-precision measurements of cosmic expansion, large-scale struc-
ture and weak gravitational lensing. These are expected to increase both the area of
the observed sky and the number of cosmic objects detected, producing datasets with
unprecedented statistical precision. In this context, earlier surveys, such as the Sloan
Digital Sky Survey (SDSS), played a fundamental role in the development and validation
of the analytical techniques currently employed for studying the large-scale structure of
the universe.

Within this context, the general features of SDSS and the data release used in this
work are presented in Section 4.1. In Section 4.2, we describe the selection criteria adopted

for the sample of blue galaxies used for the analysis.

4.1 The Sloan Digital Sky Survey

The Sloan Digital Sky Survey (SDSS) is one of the largest astronomical surveys ever
conducted, combining wide-field imaging and spectroscopy to map the distribution of
astronomical objects over a significant fraction of the sky. The survey is carried out
with a dedicated 2.5 m modified Ritchey—Chrétien wide-field telescope at Apache Point
Observatory in New Mexico [93, 148]. The telescope was designed with a focal ratio of
f/5, producing a flat 3° field of view with a plate scale of 16.51 arcsec/mm [148]. Imaging
observations are obtained using a large mosaic CCD camera operating in drift-scan (time-
delay-and-integrate) mode, in which the camera continuously scans the sky along great

circles rather than taking discrete exposures. As a result, each point on the sky is observed

o7
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sequentially through five photometric filters [93].

The SDSS photometric system, referred to as ugriz, was specifically designed for the
survey and covers the wavelength range from the near-ultraviolet to the near-infrared
through five essentially non-overlapping passbands. The u, g, r, i, and z filters peak
at approximately 3500 A, 4800 A, 6250 A, 7700 A, and 9100 A, respectively [148]. In ad-
dition to the main telescope, SDSS also employs auxiliary instruments for photometric
calibration and atmospheric monitoring, including the 0.5 m Photometric Telescope (PT),

a seeing monitor, and a 10 ym cloud scanner [93].

Spectroscopic observations are carried out using a pair of multi-fibre spectrographs
fed by fibres manually plugged into aluminium plates drilled for each observed field. The
spectrographs cover the optical wavelength range with a spectral resolution of \/AX ~
1800 [148]. These measurements provide precise redshifts for galaxies, quasars, and stars,

enabling three-dimensional mapping of the large-scale structure of the Universe.

Survey operations officially began in 2000 after the telescope received first light in
1998. Over two decades, the SDSS evolved through several observational phases. SDSS-
I, operating until 2005, focused primarily on the Legacy Survey, consisting of wide-field
imaging and spectroscopy of galaxies and quasars [93]. SDSS-II, conducted between 2005
and 2008, completed the Legacy Survey and expanded the scientific program to include
repeated imaging observations for supernova searches and spectroscopic studies of the
Milky Way stellar population [149]. SDSS-III, operating from 2008 to 2014, introduced
several new surveys, including the Baryon Oscillation Spectroscopic Survey (BOSS), which
significantly increased the spectroscopic galaxy sample used for cosmological analyses [149,
150].

Throughout its observational phases, SDSS released its data publicly through a se-
quence of Data Releases (DRs). The twelfth release, DR12, which will be used for the
present work, contains the complete dataset from SDSS-III and includes imaging and
spectroscopy covering more than 14,000 square degrees of the sky, primarily in the North-
ern Galactic Cap together with several disconnected regions in the south (see Figure 4.1).
The DR12 catalog contains approximately 4.7 x 10® objects, including about 1.37 x 10°

spectroscopically confirmed galaxies [149].

The combination of large sky coverage, homogeneous photometry, and extensive spec-
troscopic observations made SDSS one of the most influential surveys in modern obser-
vational cosmology. Its galaxy samples enabled high-precision studies of the large-scale
structure of the Universe, including measurements of galaxy clustering, BAO and cosmo-
logical parameters analyses. In particular, SDSS data played a central role in the first
robust detections of the BAO feature in the galaxy distribution [18].
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Figure 4.1: Distribution of SDSS objects in shown as a function of right ascension (in hours) and
comoving distance (out to ~ 858 Mpc). The filaments, clusters, and voids trace the large-scale
structure of the cosmic web. Source: Adapted from [? |.

4.2 Blue Galaxies Sample

The galaxy population exhibits a well-defined bimodality in color, revealed when the color
distribution, quantified by indices such as (u—r) and (g—r), is represented as a histogram
or in a color-magnitude diagram: two well-defined peaks appear, separated by a sparsely
populated transition region known as the Green Valley, and this pattern is consistently
observed in large photometric surveys, including the SDSS [1517 |. Figure 4.2 shows the
bimodal color distribution of the SDSS DR12 galaxy sample from which the data used
for our analyses were selected.

The two peaks correspond to two physically distinct populations. The peak at lower
color values defines the blue cloud: galaxies with relatively young stellar populations,
high star formation rates, and predominantly late-type morphologies such as spirals and
irregulars [1527 |. At higher color values lies the red sequence, populated by galaxies
with older stars, low star formation activity, and predominantly early-type morphologies,
such as elliptical and lenticular galaxies [102, 1537 | 154]. The Green Valley between
them is interpreted as a transition region occupied by galaxies evolving from active to
quiescent star formation regimes [155, 156]. Although this connection between color and

morphology provides a useful framework, it is not absolute. Dust extinction can redden
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Figure 4.2: Distribution of the SDSS DR12 galaxies in the (u— g) versus (r — ) color-color plane
after the application of K-corrections, as well as Galactic and intrinsic extinction corrections.
The figure shows the full galaxy sample prior to the color-based classification into blue and red
populations. The bimodal distribution reflects the well-known separation between star-forming

blue galaxies and more passive red galaxies, providing the basis for the color selection adopted
in this work. Source: Adapted from [44].

an intrinsically blue late-type galaxy, and a recent stellar explosion can temporarily bluen
an otherwise quiescent early-type galaxy [102|. Furthermore, clustering analyses confirm
that the two populations are not merely distinct in colors, but occupy statistically different
large-scale environments, with blue galaxies residing preferentially in lower-density regions
and exhibiting weaker spatial correlations than their red counterparts [148, 157, 158|.

Among the available color indices, the u — r color is particularly well suited for sepa-
rating these populations, being sensitive to the contrast between the ultraviolet emission
from young stars and the redder continuum of evolved populations [151].

In the present work the separation of the blue galaxies is refined through the joint

color selection

0.0<g—r<0.6, 0.0 <u—1r<2.0, (4.1)

applied to rest-frame colors that account for Galactic extinction, the k-correction, and in-
trinsic dust reddening. This color-color calibration was carried out in Avila et al. 2019 [45]
and is summarized here for completeness.

First, the magnitudes were converted to the rest frame through the K-correction, which
removes the effect of the redshifting of the galaxy spectral energy distribution (SED)
and enables a consistent comparison of galaxy luminosities and colors across different
redshifts [159]. The K-correction was computed using the Python implementation of the

calculator developed by Chilingarian et al. [160, 161].
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The photometry was also corrected for Galactic extinction, which arises from the
absorption and scattering of light by interstellar dust in the Milky Way. This foreground
attenuation was estimated from the reddening maps of Schlegel et al. [162], which provide

the dust column along each line of sight.

In addition to foreground extinction, blue star-forming galaxies are also affected by
internal dust attenuation. Since ongoing star formation occurs within dusty molecular
clouds, a significant fraction of the emitted radiation is absorbed and scattered before
escaping the galaxy [? |. As a consequence, galaxies appear systematically redder and
fainter than they would in the absence of dust. To recover the intrinsic colors of the
galaxies in the sample, the SDSS wu, g, and r magnitudes were corrected for internal

extinction using the observed H, and Hg emission-line fluxes [44, 163].

The color excess E(B—V') was estimated from the Balmer decrement following Calzetti
et al. [164],

E(B—V) = 0935 In <H2L8§5) X 0.44. (4.2)

The resulting colour excess was then converted into extinction in each SDSS photometric

band according to

Ay = k(\) E(B - V), (4.3)

where k()) is the attenuation curve proposed by Calzetti et al. [165],

1500 0.198  0.011
117 (2156 + —o — 22 4 220 ) 4178 012 < A < 0.63, ym,
X2 T
k(A) = 1.040 (44)
117 ( ~1.857 + T) +1.78, 0.63 < A < 2.20, ym.

After applying the K-correction and extinction correction, one obtains the intrinsic mag-

nitudes and colors for all galaxies in the sample.

In addition to the photometric selection, a set of geometrical cuts was applied to re-
move regions with low completeness and to define a homogeneous survey footprint suitable
for clustering analyses, considering only the Northern Galactic Hemisphere (NGH). The

excluded regions are defined by

RA > 250° and Dec > 50°, (4.5)
100° < RA < 300°, Dec > —3°, (4.6)
RA > 260° and Dec < 20°, (4.7)
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where RA and Dec denote the right ascension and declination, respectively. The resulting
footprint and redshift distribution of the sample, before and after the application of the
geometrical selection criteria, are shown in Figures 4.3 and 4.4. The final catalog contains
255 456 galaxies distributed over an area of approximately 7 383.3 deg?, corresponding to a
sky fraction of fuy = 0.179. Because the sample spans the redshift interval 0.0 < z < 0.3,
the comoving volume is, approximately, V ~ 4.35 x 108 h=3 Mpc>.

- . TFull dataset
. Cut

RA (deg)

Figure 4.3: Mollweide projection of the blue-galaxy sample in right ascension (RA) and dec-
lination (DEC). The blue points show the full catalog, whereas the purple points indicate the
galaxies retained after the geometrical selection. The adopted cuts remove the SGH, isolated
structures and regions with irregular angular coverage, producing a more homogeneous survey
mask for the estimation of the angular power spectrum and subsequent BAO analysis.
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Figure 4.4: Histogram of galaxy redshifts for the full blue-galaxy catalog (blue) and for the final
sample after the application of the geometrical cuts (purple).

The choice of a sample of blue, star-forming galaxies in the local Universe is intentional

and aims to fill a specific gap in BAO studies. Most BAO measurements target luminous
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red galaxies for two reasons: they are highly biased tracers of the underlying matter field,
which increases the clustering amplitude and therefore the signal-to-noise ratio of the
acoustic feature, and they are typically observed at intermediate to high redshifts where
large moving volumes are available [18, 166-168]. In contrast, the BAO signal in the very
local Universe remains poorly explored, both because the accessible volume is smaller and
because the lower bias of typical local tracers weakens the signal [169-172].

In this context, blue galaxies are a less common choice because their weaker clustering
makes the acoustic feature more difficult to detect. Measuring BAO with such a cosmic
tracer is therefore valuable as an independent and complementary probe, since it tests
the validity of the BAO phenomenon as a standard ruler analyzing a sample with a differ-
ent bias and environment tracer. Furthermore, existing measurements with blue galaxies
have been performed almost exclusively in configuration space, using the correlation func-
tion [171, 1737 |. The present work, instead, analyzes the blue galaxies in the Fourier
space, through the angular power spectrum described in Section 3.3.

The use of angular statistics constitutes the second methodological motivation. The
three-dimensional correlation function and the power spectrum require the conversion
of measured redshifts into comoving distances, a step that presupposes a fiducial cos-
mological model and can impose model-dependent biases on the inferred clustering. The
angular power spectrum Cy (and its counterpart in the configuration space w(f)), instead,
requires only angular positions and redshifts, without any assumed distance-redshift rela-
tionship [23, 136, 138, 174]. The recovered acoustic scale, therefore, depends only weakly
on the assumed cosmology, which makes the angular approach a robust and weakly model-
dependent route to the BAO scale. Applying it to a local sample of blue galaxies combines
a relatively unexplored tracer and redshift regime with a method that minimizes cosmo-
logical assumptions.

A third, complementary motivation comes from the existing body of work within our
own group on this same sample of blue galaxies. Previous studies had already character-
ized the angular correlation function w(f) for this tracer [171, 172, establishing its basic
clustering properties in configuration space. Rather than repeating that measurement,
the present work extends the characterization of the sample to harmonic space, through
the angular power spectrum, providing a complementary estimator built on the same

underlying dataset.
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Chapter 5

Methodology

As discussed in previous chapters, the angular power spectrum Cj is one of the most
useful statistics used to characterize the large-scale distribution of matter and to extract
cosmological information from galaxy surveys. In the context of this work, the goal is to
use the angular clustering of the selected blue galaxy sample to identify the BAO fea-
ture and measure its characteristic scale. Achieving this, however, is a non-trivial task:
the survey covers only a fraction of the sky, the galaxy distribution is a discrete realiza-
tion of the underlying density field, and the statistical uncertainties must be accurately
quantified. The observed power spectrum must therefore be complemented with realistic
covariance estimates and theoretical modeling in order to constrain the acoustic scale and
its associated uncertainty. This chapter presents the complete analysis pipeline adopted
to accomplish this task.

Section 5.1 characterizes the sample, defining the redshift bins, the angular mask, and
the redshift distributions used throughout. Section 5.2 presents the estimation of the
angular power spectrum in the presence of incomplete sky coverage. Section 5.3 describes
the generation of the mock catalogs employed for uncertainty estimation and pipeline
validation, and Section 5.4 the construction of the covariance matrix. Finally, Section 5.5
describes the template fit to the measured spectrum, the extraction of the acoustic scale,

and the resulting cosmological inference.

5.1 Sample Characterization

Following the photometric and geometric selection described in Section 4.2, the resulting

catalog is divided into two redshift bins of equal width Az = 0.1,

2 €[0.05,0.15], 2 € [0.15,0.25], (5.1)

which are analyzed independently throughout this work. The higher-redshift bin (0.15 <

z < 0.25) constitutes the main analysis sample, as it provides the largest effective volume
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and therefore the highest statistical sensitivity to the BAO feature. The lower-redshift
bin (0.05 < z < 0.15) is treated as an internal consistency and robustness check of the
pipeline, allowing us to test the stability of the methodology in a regime with reduced
comoving volume and weaker signal-to-noise.

The choice of bin width reflects a compromise between two competing requirements.
A robust detection of the BAO feature requires a sufficiently high number density of
galaxies per shell, which favors wider bins. At the same time, the transverse BAO signal
is extracted from angular clustering, and the imprint of the acoustic scale is progres-
sively washed out as the width of the shell increases; to preserve sensitivity, thin bins are
therefore generally preferred [174]. The adopted width Az = 0.1 was found to provide
a balanced compromise between galaxy and comoving volume, optimizing the signal-to-
noise ratio of the angular power spectrum in each bin.

For each bin we computed the comoving volume subtended by the corresponding
spherical shell, restricted to the surveyed sky fraction, and the mean comoving number
density of galaxies n. These quantities are summarized in Table 5.1. The lower-redshift
bin contains more galaxies but probes a smaller comoving volume, whereas the higher-
redshift bin spans a larger volume with fewer objects, so the mean number density drops
by more than an order of magnitude between the two bins. The number density also sets
the shot-noise level (Eq. 3.32), whose contribution is not subtracted from the measured

spectra but is instead absorbed at the fitting stage, as described in Section 5.2.

Redshift bin =~ Nz  Volume [Mpc?| 7 [Mpce™]
[0.05,0.15] 167822 189 x 10°  8.86 x 10 *
[0.15,0.25] 29 124 6.48 x 108 4.49 x 107°

Table 5.1: Summary of the two redshift bins used in this analysis, including the number of
galaxies, comoving volume, and mean number density.

The angular selection function of the sample is encoded in a binary HEALPIX mask,
in which every pixel containing at least one galaxy is assigned the value unity and all
remaining pixels are set to zero. The footprint is initially defined at a resolution of
Ngge = 64. At finer resolutions, many pixels are left empty within the surveyed region
because no galaxies fall on them, producing a mask with holes that would erroneously
remove observed area. A pixel scale of Ngq. = 64 is sufficiently coarse that essentially
every pixel inside the footprint is occupied, so that the mask faithfully traces the survey
coverage rather than the discrete sampling of the tracers.

For the generation of the mock catalogs and the subsequent covariance estimation
and statistical analysis, the mask is upgraded to Ngg. = 512 by means of the ud_grade
routine of healpy. Although power spectrum analysis is limited to low multipoles, values
for which, formally, a coarser resolution would suffice, finer pixelization is retained to

precisely define the survey boundary and small-scale masked regions when generating
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simulated catalogs, avoiding spurious blocky edges that a coarser grid would introduce.
This operation preserves the surveyed area and sky fraction exactly, subdividing each
coarse pixel into finer ones without modifying the underlying geometry. The properties of

both masks are summarized in Table 5.2 and the resulting footprint is shown in Figure 5.1.

Nsidge  fsy  Valid pixels Comment
64 0.179 8797 Base mask (geometry definition)
512 0.179 563 008 Upgraded-resolution mask

Table 5.2: Summary of the HEALPIX angular masks used in this analysis. The high-resolution
mask is obtained by upgrading the low-resolution map with ud_grade, preserving the survey
footprint while increasing the angular resolution.

[ — |

0 1

Figure 5.1: Binary HEALPIX survey mask in Mollweide projection. The colored region (w = 1)
marks the surveyed footprint after the geometric selection; the white region denotes unobserved
sky (w = 0).

For the present sample at low effective redshift (z.;f ~ 0.1 and z.sf = 0.2), the BAO
feature is expected to appear at low multipoles, corresponding to large angular scales,
since the angular diameter distance is small. Therefore, the base resolution Ngq, = 64
is sufficient to resolve Cy over the multipole range of interest, while the upgraded mask
provides the finer sampling required to generate the mock maps without reintroducing
the holes described above.

Finally, the redshift distribution of the galaxy sample enters the analysis through two
related, but distinct, quantities. The first is the redshift distribution within each bin,
n(z), which describes the normalized number of galaxies as a function of redshift in that
bin. In this work, n(z) is constructed separately for each redshift interval using histogram
distributions of the galaxy redshifts. For a given bin [zmin, Zmax|, the distribution is
obtained by dividing the redshift range into fine intervals and computing the corresponding

galaxy counts per unit redshift.
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Another quantity required for the analysis is the angular number density dN/dz,
expressed in galaxies per arcmin™? per redshift interval. In contrast to n(z), which is
constructed separately for each redshift bin, dN/dz is computed from the full sample over
the entire range 0.0 < z < 0.3, since the mock catalogs are generated across this whole
interval before any redshift cut is applied. The effective survey area is obtained directly
from the binary mask: with N,,s occupied pixels at resolution Ngq4e, each subtending a
solid angle Qi = 41253 deg?/ Nypix, the surveyed area is 2 = Nops (pix, corresponding to
a sky fraction fay = Nobs/Npix and to € = 47 fg, in steradians. Counting the n; galaxies

in each redshift interval of width Az, the angular number density is

dZZ' B AZQ’

with € expressed in arcmin®. This quantity sets the expected number of galaxies per shell

(5.2)

and is used directly to populate the mock catalogs (Section 5.3). The normalized redshift
distributions n(z) for the two bins, together with the angular number density dN/dz of

the full sample, are shown in Figures 5.2 and 5.3, respectively.

30
B 0.05 < 2 <0.15

- B 015 <2<0.25

20
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z

Figure 5.2: Normalized redshift distribution n(z) for the two redshift bins, 0.05 < z < 0.15 and

0.15 < z < 0.25, used in the angular clustering analysis. Each distribution is a histogram of the
galaxy redshifts normalized to unit integral.

5.2 Measuring the Angular Power Spectrum

Combining the previous results, the complete procedure to estimate the angular power

spectrum of the galaxy overdensity map from partial-sky data is as follows:
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Figure 5.3: Angular number density dN/dz of the full sample over 0.0 < z < 0.3, in gal arcmin 2

per redshift interval, used to populate the mock catalogs.

1. Construct the field. Build the masked overdensity map from the galaxy counts
(Eq. 3.24) and compute its harmonic coefficients aj,, (Eq. 3.17).

2. Compute the coupled pseudo-spectrum. Estimate the pseudo-C, from the
masked harmonic coefficients (Eq. 3.26).

3. Build the mode-coupling matrix. From the mask power spectrum, compute

My (Eq. 3.28), which describes how the mask mixes the multipoles.

4. Bin into bandpowers. Average the coupled spectrum into bandpowers using the
chosen weights (Eq. 3.29).

5. Decouple. Invert the binned mode-coupling matrix M,, and apply it to the binned
spectrum to obtain the final unbiased bandpowers (Eq. 3.30).

All these operations are implemented in the public software package NAMASTER'
[135], which provides a unified framework for estimating angular power spectra from
partial-sky data. The code is written in C with a Python interface (pymaster) and
is organized around two main objects: a field object, which stores the mask and the
observed overdensity map, and a workspace object, which computes and stores the mode-
coupling matrix. We use NAMASTER to estimate all the angular power spectra presented
in Chapter 6.

https://github.com/LSSTDESC/NaMaster
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Starting from the HEALPIX count map, we build the fluctuation field of Eq. 3.15
within the surveyed footprint, which is the quantity for which the pseudo-C} formalism of
Section 3.3.1 is defined. The overdensity maps of the two samples, shown in Figure 5.4,

are pixelized at Ngq. = 512 to match the upgraded survey mask.

(a) 0.05 < z < 0.15. (b) 0.15 < 2 < 0.25.

Figure 5.4: Galaxy overdensity field §(n1) in Mollweide projection, constructed at Ngge = 512
within the survey footprint, for the two redshift bins.

The effect of the mask on the recovered spectrum is encoded in the mode-coupling
matrix My, computed from the power spectrum of the mask alone. Figure 5.5 shows
its structure over the low-multipole range relevant to this work. The matrix is strongly
diagonal-dominant, so most of the power at a given multipole is preserved at that mul-
tipole, while the power of the off-diagonal terms, which represent the leakage of power
between neighboring multipoles induced by the incomplete sky coverage, fall off rapidly
away from the diagonal. This locality of the coupling justifies the binning into band-
powers: since the mask mixes only nearby multipoles, the true spectrum can be taken
as approximately constant within each band, making the binned mode-coupling matrix
My invertible and the decoupled bandpowers unbiased.

For the first bin, with ze = 0.1, the coupled pseudo-spectrum is binned into band-
powers of width A¢ = 4. The relatively narrow binning is motivated by the low redshift
of this sample: since the acoustic feature is expected at correspondingly low multipoles, a
finer binning avoids averaging the signal over a range of ¢ too broad, thereby diluting the
signal. For the second bin, with z.¢ = 0.2, a width of A¢ = 8 is adopted, since it gave the
most stable and best-constrained acoustic scale among the binning widths tested. The
sensitivity of the results to the binning choice for both bins was assessed by repeating
the full pipeline for bandpower widths A¢ = 4,6,8,10,12,16 and 20, and the recovered
acoustic scale for the main bin is compared in Appendix B.

Finally, the shot-noise contribution arising from the discrete sampling of galaxies is
not subtracted from the measured spectrum. Instead, it is modeled at the fitting stage
as an additive term in the template used to extract the acoustic scale, and is therefore

marginalized over together with the broadband shape of the spectrum.
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Figure 5.5: Mode-coupling matrix Myp induced by the survey mask, over 0 < ¢ < 200. The strong
diagonal indicates that power is mostly preserved at each multipole, while the off-diagonal terms
quantify the leakage between neighboring multipoles caused by the partial-sky coverage.

5.3 Simulated Galaxy Catalogues: GLASS

Mock galaxy catalogs play a fundamental role in modern cosmological analyses. They
are widely used to validate data analysis pipelines, estimate covariance matrices, quantify
statistical uncertainties, and test the robustness of parameter-inference methods. Since
observational data provide only a single realization of the Universe, simulations are essen-
tial for characterizing the expected statistical fluctuations of cosmological observables.

Cosmological simulations can generally be divided into two broad categories: physical
and statistical simulations. Physical simulations, such as N-body and hydrodynamic
simulations, model the evolution of matter by directly solving the gravitational and fluid
equations governing the formation of cosmic structures [175-177|. These simulations
provide highly realistic descriptions of the matter distribution and its non-linear evolution,
but they are computationally expensive, particularly for large cosmological volumes.

An alternative is provided by statistical simulations, in which realizations of cosmolog-
ical observables are generated directly from their statistical properties rather than from
the full dynamical evolution of matter. These methods are far more computationally
efficient and are therefore widely used to generate large ensembles of mock catalogs for
covariance estimation and simulation-based inference [178-180).

In this work we employ the public code GLASS? (Generator for Large Scale Structure),
designed to produce realizations of the large-scale matter distribution that reproduce a
prescribed angular power spectrum while remaining computationally inexpensive [180)].

The simulated sky is constructed by discretizing the observer’s past light cone into a

Zhttps://glass.readthedocs.io/stable/



72 CHAPTER 5. METHODOLOGY

series of concentric spherical shells, each defined by a redshift interval. The matter density
contrast within each shell is projected onto the celestial sphere through an appropriate
radial window function, and the resulting field is discretized on a HEALPIX grid of chosen
resolution Ngqe (Figure 5.6). The statistical properties of the projected field are deter-
mined by the theoretical angular power spectra, computed from a fiducial cosmological

model and used as input for the simulation.

matter density contrast

Figure 5.6: Matter density field generated with GLASS. The distribution is discretized into
ten redshift shells spanning 0 < z < 1.0, each of width Az = 0.1. The left panel illustrates
the nested shell structure, the center panel shows a hemisphere of the innermost shell at full
resolution (Ngge = 8192), and the right panel a 5° x 5° zoom highlighting the small-scale features.
Source: [180].

To generate the density fields, GLASS first produces correlated Gaussian random fields
whose angular power spectra match the theoretical prediction. These are subsequently
transformed into lognormal fields, introducing a realistic level of non-Gaussianity while
preserving the desired two-point statistics [180]. Building on this framework, we generate
mock catalogs designed to reproduce both the cosmological signal and the observational
characteristics of our sample. The simulation is specified by two ingredients, the fiducial
cosmological model and the observational configuration of the survey, both summarized
in Table 5.3. The fiducial model is a flat ACDM cosmology whose matter power spectrum
is computed with cAMB [181].

Table 5.3: Survey configuration and cosmological parameters used to generate the mock cata-

logues. A linear window function is used, with A = 0.6736. All cosmological parameters are taken
from the Planck 2018 results [15], using the TT,TE,EE+lowE-+lensing likelihood combination.

Survey configuration | Cosmological parameters
Zgria = [0.0-0.3] Q.h? = 0.1200
Nne =3 Qph? = 0.02237
b=1.0 ns = 0.9649
Nige = 512 In(10'9A,) = 3.044
lax = 1024 Ym, = 0.06 eV

Following the procedure described above, the light cone between z = 0 and z = 0.3 is
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sliced into concentric spherical shells, each described by a top-hat radial window function,
with the shell spacing set to Az = 100 Mpc in comoving distance. For every pair of shells
the theoretical angular power spectrum is evaluated from the matter power spectrum
and discretized onto the HEALPIX grid at Ngqe = 512, retaining cross-correlations only
between the n. = 3 nearest shells. Each shell is then realized as a lognormal field and
populated with galaxies according to a constant linear galaxy bias b = 1, applied through
the relation 6, = bJ,, (Eq. 2.134). The monopole of the overdensity field is removed
before galaxy positions are drawn (Eq. 2.131), ensuring that the mean density within the
surveyed footprint is consistent with the input dN/dz.

To assess the sensitivity of the results to the treatment of non-linear evolution, two
independent ensembles of N,, = 1000 catalogues were generated, differing only in the

input matter power spectrum:

e Linear ensemble: the angular power spectra are computed from the linear matter
power spectrum (NonLinear =NonLinear_none in CAMB). This prescription pre-
serves the full amplitude of the BAO and is the most directly connected to the
linear perturbation theory of Section 2.5. It is well suited to the present sample,
since blue galaxies are weakly biased tracers (b ~ 1) that preferentially inhabit low-

density environments where non-linear clustering is suppressed [172, 1827 —184].

e Non-linear ensemble: the angular power spectra are computed with
NonLinear = NonLinear_both, which applies the HALOFIT prescription [185] to both
the matter transfer function and the lensing potential. This introduces realistic non-
linear mode coupling and BAO damping into the input spectra, producing mock cat-
alogs whose two-point statistics more closely resemble those of the observed universe

at the multipoles relevant to this work.

All remaining simulation parameters, such as the shell spacing, cosmological parame-
ters, bias model, survey mask, angular number density dN/dz, HEALPIX resolution, and
random-seed structure, are identical between the two ensembles, ensuring that any differ-
ence in the recovered angular power spectra or in the covariance matrix can be attributed
solely to the non-linear corrections in the input power spectrum. To make the mocks re-
produce the observational sample as closely as possible, the simulations also incorporate
the survey mask and the measured angular number density dN/dz (Section 5.1). The
mask is supplied so that galaxies are placed only within the observed footprint, while
dN /dz fixes the expected number of galaxies in each shell. Figure 5.7 shows the distribu-
tion of the total number of galaxies across the non-linear ensemble. The mean is consistent
with the count of the observed sample, confirming that the partitioning of dN /dz over the
shells and the masked sampling reproduce the expected sample size. An equivalent result

is obtained for the linear mock ensemble, whose galaxy-count distribution is statistically

indistinguishable from that of the non-linear mocks.
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The non-linear mock ensemble is adopted for the final analysis, as it provides a more
realistic description of the statistical properties of the galaxy field relevant for covariance
estimation. While the BAO feature is modeled using a linear template (discussed in
details in Section 5.5), the covariance matrix must capture the full sample variance of
the observed density field, which is sensitive to non-linear evolution even at the relatively
low redshifts and large angular scales considered in this work. In this regime, non-linear
effects primarily modify the broadband amplitude and mode coupling of the angular
power spectrum, while leaving the position of the acoustic feature largely unchanged.
The inclusion of HALOFIT corrections in the mock generation therefore ensures a more
consistent description of the variance of the measured bandpowers and of the damping of
power on quasi-linear scales, without affecting the modeling of the BAO shift parameter
itself.
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Figure 5.7: Distribution of the total number of galaxies per mock, generated using a non-linear
power spectrum, across the N, = 1000 realizations. The ensemble mean is consistent with the
observed sample, validating the redshift partitioning and masked sampling of the mocks.

5.4 Covariance Matrix and Uncertainty Estimation

The angular power spectrum is measured from a finite number of galaxies observed over a
limited region of the sky, so the recovered bandpowers are subject to statistical fluctuations
and are correlated across multipoles (as seen in Section 3.3.1). Characterizing both the
uncertainty of each bandpower and the correlations between them requires the covariance
matrix of the estimator, which enters the analysis through the likelihood used to fit the
acoustic scale.

The covariance is estimated from the ensemble of the N,, = 1000 mock catalogs



5.4. COVARIANCE MATRIX AND UNCERTAINTY ESTIMATION 75

described in Section 5.3. The full measurement pipeline is applied to each mock, and the

covariance is taken as their sample covariance,

Nim . — . s
Cov[APS]Y, = le_ 1 k; (@~ (ci»-ai), (5.3)

where i and j label the redshift bins, ¢ and ¢ the bandpowers, k = 1,...,N,, indexes
the mocks, and UZ is the mean spectrum over the ensemble. Since every mock shares the
same survey mask, the off-diagonal terms of Eq. 5.3 also carry the correlations between
multipoles induced by the partial sky coverage. The diagonal elements give the variance
of each bandpower, and their square root o, = v/Covy, defines the 1o uncertainty.
Because the covariance is estimated from a finite number of mocks, its inverse is a

biased estimator of the true precision matrix. This bias is corrected by the Hartlap
factor [186—-188],

e Ny —mp—2
O = 2 G

where n; is the number of bandpowers in the fit window. For the first redshift bin,

(5.4)

0.05 < z < 0.15, using Al = 4 and n, = 48 bins, the Hartlap correction (multiplicative
factor) was 0.951. For the second bin, 0.15 < z < 0.25, using A¢ = 8 and n, = 24
bins, it was 0.975. In both cases the correction is small given the large number of mock
realizations used, but it is nonetheless applied for statistical consistency.

The amplitude of the covariance and its correlation structure can be separated through

the correlation matrix,

ij
Covyy,

.. ?
£/ Covy, Covil,

which is normalized to unity on the diagonal and measures the degree of correlation

Corrl), = (5.5)

between pairs of bandpowers.
As a validation, the mock-based uncertainties can also be compared with the analytic

Gaussian prediction for the covariance of the angular power spectrum [136],

2 iy O 25 (5.6)
fay MR+ \ T T w ) T ‘

where 9;;, 0,0 are Kronecker deltas. This expression is diagonal in ¢ and accounts for both

Cov[APS]Y, =

cosmic variance and shot noise, while the factor 1/fg, encodes the loss of independent
modes due to the incomplete sky coverage. Eq. 5.6 was also used for the best-fit parameters
(discussed in details in Section 5.5) for each of the mock realizations (Appendix B).

The mock-based covariance is computed from simulated catalogs whose input cosmol-

ogy and galaxy bias are fixed to fiducial values. If the true amplitude of the angular
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power spectrum differs from the fiducial one, the covariance will be inaccurate: an un-
derestimated amplitude leads to error bars that are too small, giving excessive statistical
weight to the data in the likelihood, while an overestimated amplitude inflates the uncer-
tainties and dilutes the constraining power. Since the effective galaxy bias bor enters the
angular power spectrum as Cj o b%;, even a modest mismatch between the assumed and
true bias produces a significant rescaling of the variance. In particular, the mock catalogs
are generated with b = 1, while the best-fit effective bias recovered from the data may
differ from this value, making the raw mock covariance inconsistent with the amplitude
of the observed spectrum. To ensure self-consistency between the error model and the
best-fit parameters, we adopt an iterative calibration procedure inspired by the approach
of Van Uitert et al. [189], which is described in detail in the following subsection.

5.4.1 Iterative calibration of the covariance matrix

As discussed in Chan et al. [190], when the sample properties differ from those assumed in
the mock catalogs, the Gaussian covariance scales as C? (Eq. 5.6), and the mock covariance
can be rescaled accordingly. We implement this correction through the following iterative

procedure:

1. Initial fit: the BAO template of Eq. 5.9 is fitted to the data using the mock-based
covariance (corrected by the Hartlap factor of Eq. 5.4), yielding initial best-fit values

for the shift parameter o and the nuisance parameters (By,a, Ag). The effective
galaxy bias is inferred as beg = /| BZ|.

2. Covariance rescaling: the best-fit model €% is compared with the mean of

the mock spectra 5;1 OCk, and a per-multipole rescaling factor is computed as

2

Cmodel

Ty = _Zmock ) (5 : 7)
Cy

which rescales the covariance amplitude, based on the ratio between the best-fit
model angular power spectrum and the mean of the mock ensemble. The covariance

matrix is then updated by rescaling its elements as

Covli™ = \Jrere Covino™, (5.8)
where Cov(™°%¥) ig always the original, unmodified mock covariance. This rescaling

adjusts the diagonal elements (the variances) to reflect the amplitude of the best-
fit model rather than that of the fiducial mocks, while preserving the correlation
structure encoded in the off-diagonal terms. The factor enters as /7,71y because

the covariance scales as the square of the power spectrum amplitude.
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3. Re-fit: the template fit is repeated with the updated covariance matrix, yielding

new best-fit parameters and a new estimate of beg.

4. Convergence: steps 2 and 3 are iterated until the recovered parameters stabilise.
In practice, three iterations are performed: after the second iteration, the shift pa-
rameter o and the effective bias beg change by less than their statistical uncertainties,

indicating convergence.

If the parameter values adopted in the covariance model are too far from the best-fit
region, the inferred model becomes inconsistent with the error model used in the likelihood
function. Iterative rescaling corrects this discrepancy without requiring the regeneration
of the entire set of simulation catalogs at each step, which would be computationally
expensive. The converged covariance matrix is adopted for all subsequent analyses, in-
cluding the profile-likelihood estimation of o, the MCMC sampling, and the robustness
tests presented in Appendix B.

5.5 Template Fitting and Parameter Inference

With the galaxy sample fully characterized and validated through mock catalogs, and
with the covariance matrix estimated, we are now in a position to perform the statistical
inference of the BAO feature. Cosmological information is contained in the position of
the acoustic feature in the harmonic space, and the shift parameter « (introduced in
Section 2.5) quantifies its displacement relative to the fiducial cosmology. The complete
inference proceeds by fitting a parametrized model to the data to extract the BAO shift
parameter, which is then converted into the distance ratio Dy;/ry and the angular scale
Opao at the effective redshift of each bin. Finally, a compilation of fga0(z) measurements,
including our own, is used to constrain the cosmological parameters (€2, 0, h7q).

The starting point is a theoretical angular power spectrum, denoted C*™P, computed
from the matter power spectrum of the fiducial cosmology adopted (Table 5.4) and eval-
uated with the Core Cosmology Library [191], using the redshift distribution n(z) of the
bin as the radial selection function. The parametrization used to fit the data is based
on Seo et al. [192],

a
14

which contains four free parameters. The parameter a rescales the multipole axis of the

Crodel <B§ + > Ct™P (0 /) + Ay, (5.9)

template and is the quantity of interest, with a = 1 corresponding to perfect agreement
between the observation and the fiducial model. The remaining parameters absorb the
broadband shape of the spectrum, to which the acoustic information is not tied: By sets

the overall amplitude (through a galaxy-bias-like factor B?), the term a/¢ allows for a
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smooth scale-dependent tilt, and the constant Ay absorbs the white shot-noise contribu-
tion.
Table 5.4: Fiducial flat-ACDM parameters adopted in the template construction and in the

conversion of « into the distance ratio Dy /rq, taken from the Planck 2018 [15] results using the
TT, TE,EE+lowE+lensing likelihood combination.

Parameter Value
Qo 0.3153 + 0.0073
Hy [kms™'Mpc™!]  67.36 £ 0.54
rq [Mpc] 147.09 +0.26
Wy -1

Wy 0

Note that the amplitude parameter By also plays a role in the construction of the
covariance matrix. As described in Section 5.4.1, the mock-based covariance is rescaled
using the best-fit model to correct for the amplitude mismatch between the simulated and
observed spectra.

To evaluate the sensitivity of the recovered a to the modeling, alternative constructions
of C**™P are considered, differing in two independent choices: (i) the input matter power
spectrum P(k) used to compute the template, and (ii) the method used to project this
power spectrum onto the sphere to obtain C*™. For the input spectrum, besides the

linear P, (k), a damped spectrum is also employed,

P(k) = [ Pin(k) — P (k) ] € + Py (k) (5.10)
where ¥,; = 5.2h7! Mpc is the non-linear damping scale [190], and P, (k) is the no-
wiggle spectrum, with the same broadband shape as B, but with the baryonic oscillations
removed, computed with the Eisenstein-Hu fitting formula [9]. For the projection, in
addition to the Limber approximation (Eq. 3.22), the full angular spectrum of Egs. 3.20
and 3.21 is also evaluated.

As with the fiducial template, the damped spectrum and the full projection are evalu-
ated on a grid of multipoles and interpolated with a cubic spline. The combination of two
choices for the input spectrum (B, (k) or P(k)) and two projection schemes (Limber or
full) results in four distinct template configurations, which are compared in Appendix B.
The recovered « parameter is consistent across all of them. The simplest one, the linear
power spectrum with the Limber projection, is therefore adopted as the fiducial template
throughout this work, being also the least computationally expensive to evaluate.

The parameters of Eq. 5.9 are inferred within a Bayesian framework. The fit minimizes

the x? statistic,

X2(0) = > [Cr = €t (9)] Covyy [Co — Co ()] (5.11)

00
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where 8 = (By, Ay, a, a), Cy are the measured bandpowers (binned values), C{2°%°(0) the
template of Eq. 5.9, and Cov™! the inverse of the covariance matrix. Following Verde
[193], the bandpowers are assumed to follow a multivariate Gaussian distribution, so that

the likelihood of the data given the parameters is

£(0)x exp[~1*(0)] (5.12)

and minimizing x? is therefore equivalent to maximize the likelihood. By the Bayes

theorem, the posterior probability of the parameters given the data is [193]

L(C | 6)(6)
Jc(c 10)7(6)do

PO |C) = (5.13)

where £(C | 0) is the likelihood of Eq. 5.12 and m(0) the prior. We adopt the flat priors
of Table 5.5, and the posterior is sampled with the ensemble sampler EMCEE [194].

Table 5.5: Flat prior distributions adopted for the four parameters of the fitting template.

Parameter  Prior range

By [0.2, 10]
Ay [~0.01, 0.01]
a (100, 100]
a [0.5, 1.5]

The fit is performed over the multipole range 10 < ¢ < 200, which excludes the lowest
multipoles, where the mode-coupling and cosmic variance are largest, while covering the
range in which the acoustic feature is expected for the sample in study. The parameter
constraints are reported as the median and the 16th-84th percentiles of the marginalized
posterior.

To assess whether the data truly exhibit the acoustic characteristic, the best-fit tem-
plate is compared with a featureless (no-wiggle) version of the same model, built from the
no-wiggle spectrum P, (k) introduced above. The significance is evaluated by profiling
over a: at each value on a grid, the remaining parameters (B, Ay, a) that minimize the x>
are determined by least squares, yielding a one-dimensional profile x?(«) whose minimum

gives the best-fit shift. The detection significance is then

AXQ = X?lo—wiggle - X\%Viggle? S = V A 27 (514)

where Ax? is the improvement in fit quality from including the oscillations and S is the
corresponding detection significance, in units of standard deviations (o). This significance
is also tested against the mocks, by comparing the data value of Ax? with the distribution
obtained from the mock ensemble (Appendix B).

The shift parameter is then converted into a physical distance using the fact that the
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angular acoustic scale measures the transverse comoving distance. Recalling its definition
(Eq. 2.130),

_ DM(Zeff)/Td _ DM(Zeff) . (DM(Zeff)) ‘
(Dar(zett)/Ta)ga Td Td fid

The fiducial values used for the conversion are shown in the Table 5.4. The associated

uncertainty is obtained by Monte-Carlo propagation, sampling o together with the fiducial

Q2,0 and hry within their uncertainties. The angular BAO scale then follows as

O (zer) = =t = <M) _1, (5.15)

DM(Zeff) Tq
which gives fga0 in radians and is converted to degrees for the comparisons that follow.
To place the measurement in a cosmological context, the same relation is applied to
a compilation of Opao(z) measurements, with the distance ratio modeled for a spatially

flat cosmology as

Dy(2) _ c Jz dz | E(z) = H(z)’
T4 100 (hrg) Jo E(2) Hy
and the dimensionless Hubble function written for a generalized dark-energy equation of
state, reducing to ACDM for wy = —1 and w, = 0,

(5.16)

E(Z) = \/meo a3 + (1 _ Qm,O) e—3wa(l—a) 5 —3(1+wo+wa) (517)

The posterior of (£, h74) is sampled with EMCEE under flat priors, the combination
hry being the quantity directly constrained by the angular BAO data rather than Hy and
rq separately. Two fits are performed: one combining the present measurement with
independent 0a0(z) determinations from the literature, and a second that additionally
includes the BAO measurements from DESI. Comparing both fits isolates the effect of
the DESI data on the recovered constraints. These analyses and the resulting parameter

constraints are presented in Chapter 6.



Chapter 6

Results

This chapter presents the main results of this work: the measurement of the angular power
spectrum of the blue-galaxy sample described in Chapter 4, the extraction of the BAO
feature using the methodology developed in Chapter 5, and the cosmological constraints
that follow. The analysis is carried out independently in two redshift bins. The bin
0.15 < 2z < 0.25 (zeg = 0.2) yields the stronger acoustic signal and constitutes the
headline measurement. The bin 0.05 < z < 0.15 (ze¢ = 0.1) is presented as a consistency
check.

6.1 Measured Angular Power Spectra and Template Fit

6.1.1 Main analysis: 0.15 < z < 0.25

We begin with the higher-redshift bin. The angular power spectrum is estimated with the
pseudo-C} pipeline described in Section 5.2, using the galaxy sample and mask defined in
Section 5.1. The same pipeline is applied consistently to both mock catalogs and data,
ensuring a homogeneous treatment of survey geometry, binning, and mode coupling.

The covariance matrix is obtained from an ensemble of N,, = 1000 mocks described
in Section 5.3. Mock catalogs generated with both linear and non-linear matter power
spectra are considered, and the resulting covariance matrices are found to be fully consis-
tent within statistical uncertainties, indicating that the inferred bandpower correlations
are insensitive to the specific clustering model adopted in the simulations. The covariance
matrix used in the main analysis is therefore derived from the non-linear mock ensemble,
which provides the most realistic description of the small-scale clustering regime relevant
to this work.

For the iterative covariance estimated from the linear mocks, the fitted amplitude
corresponds to By ~ 1.31, while in the non-linear case the iterative calibration converges
to By ~ 1.36. In both cases, the measured clustering amplitude remains systemati-

cally above the mock expectation prior to rescaling, indicating that the mock covariance
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underestimates the variance of the data and motivating the recalibration discussed in
Section 5.4.1. The recalibration has a negligible impact on the best-fit acoustic scale,
with a remaining stable across iterations (Appendix B), but it increases the parameter
uncertainties and yields a more conservative estimate of the BAO detection significance,
as expected from the enlarged error bars. After this rescaling, the resulting correlation
matrix, shown in Figure 6.1, is strongly diagonal-dominant, confirming that correlations
between neighbouring bandpowers are weak and that the binned mode-coupling matrix

effectively decouples the multipoles over the fit range.
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Figure 6.1: Correlation matrix of the mock-based covariance for the 0.15 < z < 0.25 bin. The
dominant diagonal confirms that correlations between neighbouring bandpowers are weak.

As a further robustness check, we compare four template configurations obtained by
combining two choices of the input matter power spectrum (linear and linear with BAO
damping) with two projection schemes (Limber approximation and full spherical Bessel
integration). The recovered acoustic scale is stable across all four combinations, with best-
fit values ranging from a = 1.033 to a = 1.036, a maximum spread of 0.003, well within
the statistical uncertainty of the measurement (o, ~ 0.09-0.16). The BAO detection
significance is similarly insensitive to the template choice, varying between 1.17¢ and
1.18c. Given this stability, the simplest configuration, the linear matter power spectrum
projected with the Limber approximation, is adopted as the fiducial template throughout
the remainder of this work.

It is worth emphasizing the weakly model-dependent character of this methodology.
The dilation parameter a measures the ratio of the observed acoustic scale to that pre-
dicted by the fiducial cosmology, and is therefore insensitive to the overall normalization
and broadband shape of the angular power spectrum, which are absorbed by the nuisance
parameters (By, a, Ag). The constraint on « is driven by the position of the BAO feature
in multipole space, not by the amplitude or tilt of the spectrum. Furthermore, as con-
firmed by the robustness tests of Appendix B, the recovered acoustic scale is stable across

different template configurations, binning schemes, and fitting ranges, indicating that the
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measurement is not sensitive to the specific modelling choices made in the analysis.

The marginalized parameter constraints for this redshift bin are summarized in Ta-
ble 6.1, and the corresponding posterior distribution is shown in Figure 6.2. Both the
profile likelihood and MCMC analyses yield values of « consistent with unity, although
the statistical uncertainties remain large (5, ~ 0.22), reflecting the moderate sky cover-
age, the relatively low number density of the sample, and the limited comoving volume
accessible at this redshift.

The parameter By rescales the amplitude of the fiducial template to match the observed
clustering signal. Since the template is constructed from the matter power spectrum and
the angular power spectrum of galaxies scales as the square of the linear bias, By can be
interpreted as an effective bias parameter. The recovered value indicates that the observed
sample clusters somewhat more strongly than the fiducial mocks, which assumed b = 1.
This is consistent with expectations for blue, star-forming galaxies at these redshifts, for
which previous studies report effective biases in the range b ~ 1.0-1.4 [172, 1847 |.

The parameter a/¢ is a broadband correction that absorbs residual scale-dependent
differences between the measured spectrum and the theoretical template. It carries no
direct physical interpretation and serves to prevent imperfections in the broadband mod-
eling from biasing the acoustic scale. As shown in Appendix B, removing this term shifts
the recovered a appreciably, confirming that it plays an important role in isolating the
BAO feature from the broadband shape of the spectrum.

The constant term A, can be compared with the theoretical shot-noise contribution of
Eq. 3.32. For the present sample, the expected Poisson level is 7.72 x 107°, so the MCMC
best-fit value for Ay is slightly above but consistent with the shot-noise prediction. The
small excess indicates that Ay absorbs not only the Poisson contribution but also residual
scale-independent offsets from the broadband model. It is therefore best interpreted as
an effective constant offset rather than a pure shot-noise measurement.

The posterior distribution also reveals correlations between o and the broadband pa-
rameters, particularly the tilt term a. When the acoustic feature is only marginally
detected, small shifts in the position of the template can be partially compensated by ad-
justments to the broadband shape. The marginalization over (By, a, Ag) accounts for these
degeneracies and ensures that the reported uncertainty on « reflects the full parameter

covariance.

Table 6.1: Marginalized constraints (median and 16th—84th percentiles) for the template param-
eters in the 0.15 < z < 0.25 bin.

Parameter Value

By 1.368707530

Ay (8.38175420) x 107°
a ~10.2518314

e 0.9741329%
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Figure 6.2: Marginalized posterior distributions and two-dimensional contours (68% and 95%
credible regions) for the four template parameters of Eq. 5.9, obtained from the MCMC sampling
for the 0.15 < z < 0.25 bin. The purple cross indicates the median values, and the dashed lines
on the diagonal panels mark the 16th and 84th percentiles. The a-a and a-By panels show the
expected degeneracies between the acoustic scale and the broadband nuisance parameters.

Figure 6.3 shows the measured angular power spectrum together with the best-fitting
template and the mean of the mock ensemble. The observed spectrum has a larger
amplitude than the mock mean, as expected given that the mocks assume a unit galaxy
bias while the data prefer By > 1. To facilitate the visual comparison, the mock mean and
its dispersion have been rescaled by the best-fitting B2. After this rescaling, the data fall
well within the mock scatter, confirming that the amplitude mismatch is the dominant
difference between the observed and simulated spectra and that the broadband shape and

acoustic structure are faithfully reproduced by the mocks.

The robustness of the measurement was also assessed by varying the bandpower width,

the fitting range, the template parametrization, and the prior widths; the full set of tests
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Figure 6.3: Measured angular power spectrum (diamonds with error bars) for the 0.15 < z <
0.25 bin, compared with the best-fitting BAO template from the MCMC analysis (« = 0.974,
solid blue curve). The grey lines show individual mock realizations rescaled by the best-fitting
amplitude BS, and the black curve is the corresponding rescaled mock mean.

is presented in Appendix B and summarized here.

For bandpower widths A¢ = 4, 6, 8, and 9, the recovered « is consistent with unity
within the statistical uncertainties. For coarser binning (A¢ z 10), the recovered «
becomes increasingly biased and the uncertainties grow significantly, indicating that the
wider bins smooth out the oscillatory BAO signal and the fit loses sensitivity to the
acoustic feature. This test therefore motivates the fiducial choice Al = 8, as it yields a
well-constrained acoustic scale while preserving the BAO information, and its result is

consistent with the narrower binning schemes.

The sensitivity to the template parametrization was tested by modifying the broad-
band terms in Eq. 5.9. The recovered acoustic scale is insensitive to the treatment of the
amplitude: replacing the fiducial (B3 + a/f) by (By + a/f)?* yields nearly identical results.
In contrast, the tilt term a/¢ proves to be important. Both its complete removal and its
replacement by a term proportional to ¢ shift o substantially and eliminate the statistical
preference for the BAO feature. This indicates that the a/¢ term absorbs residual large-
scale shape differences between the data and the template. Without it, these mismatches
are compensated by the acoustic-scale parameter itself, biasing the measurement. The

term is therefore retained in the fiducial model throughout.

To quantify the impact of the fitting range, fy,;, and £, were varied independently
while holding the complementary boundary fixed at its fiducial value (Appendix B). The

acoustic scale is stable against variations in £,,., across the full range tested. Varying £,



86 CHAPTER 6. RESULTS

shows a stronger sensitivity: setting /.;, = 18, thereby excluding the lowest multipoles
from the fit, is sufficient to degrade or eliminate the BAO detection in several configura-
tions. This is consistent with the expectation that the acoustic feature for this low-redshift
sample is concentrated at very low multipoles, so that cutting even a narrow range at the
low-¢ end removes a substantial fraction of the signal. For /,;, = 50, the best-fit @ drifts
upward and the uncertainties grow as the relevant modes are progressively lost. The fidu-
cial choice £,,;, = 10 retains the BAO signal while excluding the lowest multipoles, where

the mode-coupling correction and cosmic variance are largest.

To assess the presence of the acoustic feature, the fiducial template was compared with
the corresponding no-wiggle model following the procedure of Section 5.5. The best-fitting
wiggle template yields x? = 20.71 for 20 degrees of freedom (x?/dof = 1.035, p = 0.414),
indicating that the model provides an adequate description of the measured spectrum.
The improvement over the featureless no-wiggle template is Ax? = 1.38, corresponding to
a 1.17 o preference for the oscillatory model. This marginal significance is consistent with
the distribution of detection strengths recovered from the mock ensemble (Appendix B):
a substantial fraction of realizations at this redshift and sky coverage yield no significant
BAO detection, confirming that a ~1o result is within the expected statistical regime for
this survey configuration.

Figure 6.4 shows the x?(«) profiles for both templates: the wiggle profile exhibits a
shallow minimum near o =~ 1.03, while the no-wiggle profile is nearly flat, confirming
that the acoustic feature is only marginally favoured by the data. Although this does not
constitute a statistically significant detection of BAO, the data are better described by
the oscillatory template than by a smooth spectrum, and the recovered acoustic scale is
consistent with the fiducial ACDM prediction.

The profile likelihood analysis yields @ = 1.03470 125 while the MCMC sampling
gives a = 0.974%5257. The two estimates are fully consistent within their uncertainties
and both compatible with the fiducial value @ = 1, indicating that the position of the
acoustic feature is in agreement with the prediction of the reference ACDM cosmology.
The uncertainty on « reflects the limited statistical power of the present sample: at the low
redshifts probed here, the accessible comoving volume is small, the sky fraction is modest
(fey ~ 0.18), and the angular power spectrum at the relevant multipoles is dominated by
cosmic variance. While the data are consistent with the acoustic feature predicted by the
standard model, they do not provide sufficient precision to establish a high-significance
BAO detection from this bin alone. This is illustrated in Figure 6.5, which shows the
measured spectrum divided by the best-fitting smooth (no-wiggle) model. The expected
oscillatory pattern from the wiggle template is visible as a subtle modulation at low
multipoles, but the data points scatter broadly around unity, confirming that the BAO

signal is present at a level comparable to the statistical noise.

To summarize the performance of the BAO fit, Table 6.2 reports the best-fit values of
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Figure 6.4: Profile x*(a) — x2;, for the wiggle (solid) and no-wiggle (dashed) templates in the
0.15 < z < 0.25 bin. The wiggle template exhibits a shallow minimum near o ~ 1.03, while the
no-wiggle profile is nearly flat. The difference between the two minima, Ax? = 1.38 (1.170),

indicates a marginal preference for the oscillatory model. The vertical dotted line marks the
best-fit a.
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Figure 6.5: Ratio of the measured angular power spectrum to the best-fitting no-wiggle (smooth)
model for the 0.15 < z < 0.25 bin. The solid curve shows the corresponding ratio for the best-
fitting wiggle template, highlighting the expected acoustic oscillation. The data are consistent
with the oscillatory pattern but the uncertainties are too large to establish a significant detection.

the acoustic scale parameter «, together with the corresponding goodness-of-fit statistics
and the significance of the BAO detection as quantified by the difference between the
wiggle and no-wiggle models.
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Table 6.2: Summary statistics of the BAO fit in the fiducial configuration. The two inference
methods yield consistent constraints on the acoustic scale.

Quantity Value
MCMC o 0.974%57%5%
Profile-likelihood « 1.034%5125
X2, /dof 1.035
Ax? (wiggle vs. no-wiggle) 1.38
BAO significance 1170

6.1.2 Consistency check: 0.05 < z < 0.15

The same analysis pipeline was applied to the lower-redshift bin. No statistically signif-
icant preference for the BAO template was found (Ax? < 0.1, less than 0.30), and the
recovered acoustic scale showed strong sensitivity to the fitting configuration, behaviour
characteristic of an unconstrained fit. This outcome is expected: although this bin con-
tains the larger number of galaxies (Table 5.1), it probes a substantially smaller comoving
volume, increasing the cosmic variance at the low multipoles where the acoustic feature
is concentrated. In addition, the BAO scale in Az = 0.1 subtends a broader range of
angular scales, further reducing the contrast of the oscillatory signal in the angular power
spectrum. The lower-redshift bin is therefore not used for cosmological inference but is
retained as a validation of the analysis pipeline.

Figure 6.6 illustrates the measured angular power spectrum together with the best-
fitting broadband model, which provides a good description of the data, while the right
panel shows the y?(«) profiles for the wiggle and no-wiggle templates, which are nearly

indistinguishable, confirming the absence of a detectable acoustic feature in this bin.
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Figure 6.6: Left: measured angular power spectrum for the 0.05 < z < 0.15 bin (diamonds),
compared with the MCMC best-fit template (o = 1.5, solid curve) and the rescaled mock mean
(black curve). Right: profile x*(a)—x2 .., for the wiggle (solid) and no-wiggle (dashed) templates.
The two profiles are nearly indistinguishable, with Ax? < 0.1 (< 0.30), confirming the absence of
a statistically significant BAO detection in this bin. The broadband model provides an adequate
fit to the data, validating the analysis pipeline even in the regime where the acoustic feature
cannot be resolved.
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6.2 Cosmological Analysis

The acoustic-scale measurement from the 0.15 < z < 0.25 bin, which provides the most
robust constraint, is now translated into cosmological distance information and combined
with external BAO data to constrain the parameters of the flat ACDM model.

6.2.1 Constraints on the Transverse BAO Scale

The shift parameter a measured in Section 6.1 encodes the ratio of the observed transverse
comoving distance to the sound horizon, relative to the same ratio in the fiducial cosmol-
ogy. Applying Eq. 2.130 with the MCMC best-fit « = 0.974 and the fiducial distance
D (z.5)/rid and propagating the uncertainties on both o and the fiducial parameters

via a Monte Carlo procedure, we obtain, at the effective redshift z.q = 0.2,

DM(Zeff)
Td

— 5.606 + 1.276. (6.1)

Although the uncertainty is large, this measurement provides an independent determina-
tion of the transverse BAO distance scale at low redshift. The corresponding angular size

of the acoustic horizon, given by Eq. 5.15, is

Opa0 = (10.21 + 2.326)° . (6.2)

This large angular scale is characteristic of the BAO feature at low redshift, where the
sound horizon subtends a substantial fraction of the sky. The value is consistent with

previous angular BAO determinations [121, 167].

Before combining the measurement with external data, it is useful to assess its consis-
tency with current cosmological models. Following the tension metric introduced by Avila
et al. [195], we compare the measured D, /ry with the predictions of two reference cosmolo-
gies: the Planck 2018 flat ACDM model [15] and the DESI flat wow,CDM model [196].

The resulting tension parameters are

Tpianck = 0.120, Tprst = 0.063. (6.3)

Both values are well below unity, indicating full consistency with the predictions of both
models. The present measurement therefore does not have sufficient precision to discrimi-
nate between ACDM and dynamical dark energy, but provides an independent low-redshift
anchor that validates the standard cosmological framework. Figure 6.7 shows the evolu-
tion of Dy /ry as a function of redshift, together with recent BAO measurements and the

predictions from both cosmological models.
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Figure 6.7: Comparison of measurements of the comoving angular diameter distance in units of
the sound horizon, Dy;/r4, as a function of redshift. The red point corresponds to the result of
this work, while other points show recent BAO measurements from galaxy and quasar surveys,
including DESI LRG, ELG, QSO, and Lya samples. The solid blue curve represents the pre-
diction of a flat wow,CDM model calibrated to DESI, while the dashed green curve shows the
Planck-calibrated flat ACDM prediction. Shaded regions indicate the corresponding model un-
certainties. Our measurement is consistent with both cosmological models within the statistical
uncertainties and follows the expected redshift evolution of Dys/r,.

6.2.2 Joint Constraints on (), and hry

To explore the cosmological constraining power of angular BAO measurements [197],
the present result is combined with a compilation of transverse observations spanning
0.05 < z < 2.33. The compilation includes 17 angular BAO measurements from Sabogal
et al. [198], six recent DESI determinations [196], and the measurement obtained in this
work. The analysis assumes a spatially flat ACDM cosmology with two free parameters,
2,0 and the combination A r,, which is the quantity directly constrained by angular BAO
data rather than Hy and r; separately. The theoretical fga0(2) is computed from Eqgs. 5.16
and 5.17, and the posterior is sampled with EMCEE under the flat priors 0.1 < €2, < 0.7
and 80 < hry < 120 Mpec.

The resulting constraints on the cosmological parameters excluding DESI data points

are

Qo = 042270095 (6.4)
hry = 98.74758 Mpc. (6.5)
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These results are consistent with those reported by [198], which are based on 2D BAO
measurements alone. The relatively larger uncertainties reflect, as expected, the reduced
constraining power of purely transverse information in comparison to full 3D BAO anal-
yses. The preferred value of €2, is slightly higher than the Planck [15] best-fit value, re-
flecting the degeneracy between €, o and hry: at fixed effective distance, a higher matter
density can be compensated by a smaller sound horizon, and vice versa. This degeneracy
is clearly visible in the €, o—hrs plane of the posterior distribution (Figure 6.8), where

elongated contours follow the expected direction of partial parameter compensation.
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Figure 6.8: Marginalized posterior distributions and two-dimensional contours (68% and 95%
credible regions) for Q,, o and hry, obtained without including DESI measurements. The purple
cross indicates the median values, and the dashed lines on the diagonal panels mark the 16th
and 84th percentiles.

Including the DESI measurements significantly tightens the constraints, yielding

Qo = 0.26970517 (6.6)
hry =103.117535 Mpc. (6.7)

Compared to the BAO-only case, the inclusion of DESI data results in a much narrower
posterior (Figure 6.9) and a reduced Q,,o—hry correlation. This improvement is driven
by the higher precision and broader redshift coverage of the DESI measurements, which
provide multiple anchors for the evolution of fga0(z) across redshift.

Finally, from the best-fit cosmological parameters inferred in both configurations, we
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Qo = 0.26815517

hra = 103.1487(567
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Figure 6.9: Marginalized posterior distributions and two-dimensional contours (68% and 95%
credible regions) for €, o and hrq, obtained including DESI measurements. The purple cross
indicates the median values, and the dashed lines on the diagonal panels mark the 16th and 84th
percentiles.

compute the corresponding theoretical angular BAO scale using Eqs. 5.15, 6.1, and 5.17.
Figure 6.10 shows the resulting 0pao(z) curves compared with the full compilation of
angular BAO measurements, including our data point. Both reconstructions exhibit the
expected monotonic decrease of the angular acoustic scale with redshift, with the DESI-
included model providing a slightly better visual agreement across the full redshift range,

particularly at intermediate and high redshifts.
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Figure 6.10: Compilation of angular BAO measurements 0ga0(z) from the literature together
with the result obtained in this work. The curves show the reconstructed theoretical predictions
from the best-fit cosmological models with and without DESI measurements.
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Chapter 7
Conclusion

The BAO feature, imprinted on the matter distribution by acoustic waves propagating
through the primordial plasma, constitutes one of the most robust standard rulers avail-
able to observational cosmology. In this work, we have investigated its low-redshift signa-
ture through the angular clustering of a population of star-forming blue galaxies drawn
from the twelfth data release of the Sloan Digital Sky Survey. This tracer population has
been comparatively less explored for BAO studies relative to luminous red galaxies and
quasars, and its viability as a cosmological probe at low redshift was one of the central
questions motivating this work.

The analysis was carried out using the pseudo-C} formalism to estimate the angular
power spectrum, with a covariance matrix constructed from 1000 lognormal mock cata-
logs generated with GLASS and iteratively recalibrated to match the observed clustering
amplitude. The BAO shift parameter a was extracted through both profile likelihood
and MCMC analyses, and its robustness was assessed against variations in bandpower
width, fitting range, template parametrization, and broadband model. A key feature of
the methodology is its weakly model-dependent character: the constraint on « is driven
exclusively by the position of the BAO feature in multipole space, with the broadband
shape of the angular power spectrum absorbed by nuisance parameters, minimizing sen-
sitivity to the detailed modelling of galaxy clustering.

For the primary redshift bin 0.15 < z < 0.25 (zeg = 0.2), the analysis yields a =
1.03475155 (profile likelihood) and o = 0.974*3%57 (MCMC). Both estimates are consistent
with the fiducial ACDM prediction o = 1, though with large uncertainties that reflect
the modest statistical power of the sample. The comparison between the wiggle and
no-wiggle templates gives Ax? = 1.38, corresponding to a 1.17 o marginal preference for
the oscillatory model, insufficient to claim a detection, but consistent with the expected
signal strength for this survey configuration, as confirmed by the mock ensemble analysis
presented in Appendix B. For the lower-redshift bin 0.05 < z < 0.15 (ze¢ = 0.1), no
preference for the BAO template was found (Ax? < 0.1), as expected from the reduced

comoving volume and increased cosmic variance at this redshift.
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The measurement translates into a transverse distance ratio Dy;/ry = 5.606 + 1.276
at zer = 0.20, consistent with both the Planck 2018 ACDM and the DESI wyw,CDM
predictions, with tension parameters Tpjanac = 0.120 and Thrs; = 0.063. When combined
with a compilation of angular BAO measurements from the literature and with DEST DR2
data, the joint analysis yields Q,,o = 0.269700.% and hr, = 103.1170395 Mpc, consistent
with current cosmological constraints.

The central conclusion of this work is not a high-significance BAO detection, but
rather the demonstration that the full pipeline, from mock generation and covariance
estimation through pseudo-C, measurement, template fitting, and cosmological inference,
performs as expected in a realistic low-redshift setting. The robustness tests show that the
recovered acoustic scale is stable across a wide range of modelling choices, the covariance
estimation is well-controlled, and the fitting machinery correctly identifies the absence of a
detectable signal in the lower-redshift bin while returning a consistent, unbiased estimate
in the primary bin. The mock ensemble distributions of Appendix B further confirm that
a ~1o result is within the statistical regime expected for a survey of this volume and sky
coverage, and that the estimator is unbiased on average across both linear and non-linear
mock ensembles.

The main limitation of the analysis is the modest comoving volume accessible at
z < 0.25, which drives large cosmic variance at the multipoles relevant to the BAO feature
and limits the achievable signal-to-noise per realization. These are intrinsic constraints
of the dataset rather than methodological shortcomings. Extending the analysis to larger
sky coverage, higher galaxy number density, or broader redshift ranges would directly
increase the statistical power of the measurement.

In summary, this work establishes the pseudo-C} pipeline as a viable and well-validated
tool for angular BAO analysis with blue galaxy samples at low redshift. The methodology
is robust, weakly model-dependent, and directly transferable to upcoming photometric
surveys, where the increased statistical power will substantially improve sensitivity to the
acoustic feature. Whether or not a significant detection is achievable with the present
dataset, the infrastructure developed here is ready for application to larger and deeper

samples, where the BAO signal will progressively emerge with greater clarity.
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Appendix A

Mathematical Derivations

This appendix gathers the mathematical details underlying some of the theoretical con-
cepts introduced in Chapter 2. The sections that follow derive the Friedmann equa-
tions and the fluid equations in comoving coordinates, which provide the foundation for
the description of the homogeneous expansion of the Universe and the growth of cosmic

structure.

A.1 The Friedmann Equations

This appendix collects the explicit computation underlying the Friedmann and continuity
equations obtained in Section 2.3. Starting from the FLRW metric, we compute the
connection coefficients, the curvature tensors, and the components of the stress-energy

tensor, and then combine them in Einstein’s equations and in the conservation law.

Computed directly from Eq. (2.8), the nonzero Christoffel symbols of the FLRW metric

are

o _ ad o _ aar? o _ aar?sin® 0
11 = CQ<1 . er/Rg)7 22 2’ 33 2 )
Fl =P1 =F2 =F2 =1'\3 =F3 29
01 10 02 20 03 30 a7
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1
F%2 = Fgl = Pfl))s = Fgl = ;7

2, = —sinfcosb, s, = T3, = coth.

From the Christoffel symbols, we construct the Ricci tensor using Eq. 2.7. For the
FLRW spacetime, all off-diagonal components vanish as a consequence of homogeneity

and isotropy, leaving only

Rgo = —3é,

“ 2
o= g (20 )
Ry = Z—z <ad 424 + 2;‘;) :

Ry = Z—zsirﬁ 0 <ad + 242 + 22?) .

The Ricci scalar follows from contracting with the inverse metric,

o O (i, @ ke
2 \a  @® a®R3)°

Combining these results, the Einstein tensor is constructed according to Eq. 2.5. The

time-time component is:

-2 2
Gooz3<a—+ e ),
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a? kc?
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while the spatial components give
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a 1 [2ad+d2+ k‘]
1 = — - |
1—%’"0; c? R2

200+ a* k
Go = 1% [+ = ),
- < c? R%)
200+ a*  k
2 12
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On the matter side, the perfect-fluid stress-energy tensor (2.10), evaluated in comoving

coordinates, has nonzero components

pa’

Too = pc’ Th=—">5—
00 = pPC, 11 1—/<:r2/R8’

Thy = pa®r?, Ty = pa’r?sin®é.
Substituting the Einstein tensor and the stress-energy tensor into Einstein’s equa-
tions (2.4), the time—time component yields the first Friedmann equation (2.36), while
the spatial components reduce, under isotropy, to a single independent relation that gives
the second Friedmann equation (2.37).

The continuity equation follows from the conservation law (2.38). Expanding the

divergence in terms of the Christoffel symbols gives

V" = 0, T" + Th\ T + T}, T = 0.
Evaluating the contravariant tensor (2.11) in comoving coordinates, where the four-
velocity is u* = (1,0,0,0) with u,u* = —c?, its non-vanishing components are
T°=p, TV =pg",
with the pressure terms cancelling in T% since ¢® = —1/c%. Evaluating the time compo-
nent (v = 0),
0, T + T\ T + TP\ T = 0,

each term can be computed directly from the FLRW connection coefficients. The first

involves only T% = p, yielding 6,7 = p; the second uses I‘Z’O = 3a/a, so that FZO T =

3(a/a) p; and the third involves the spatial symbols I';, namely
oogu_ai p(-kRY) _ap
1 ¢ (1 —kr?/R3) a? ac?’

with the 22 and 33 components giving identical contributions, so that I‘?j TV =

3(a/a)(p/c*). Combining these results reproduces the continuity equation (2.39).
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A.2 Fluid Equations in Comoving Coordinates

Here we derive the comoving forms of the fluid equations quoted in Section 2.5.1, Eqgs. 2.97,
2.98 and 2.99. For a function f = f(t,7), the chain rule with ¥ = 7/a gives

of Zaxj oy 1of

or; 8)(] u 6)(] B ady;’

which is the spatial rule (Eq. 2.95), V= a"'V. The time derivative requires more care,
since differentiating at fixed 7 is not the same as at fixed x. Writing f(¢t,7) = f(¢, a(t)X)
and applying the chain rule at fixed 7|2, 102],

(7).~ (7), Zac (@),

Differentiating X' = 7/a at fixed 7,

XY _pd(1\_ a._ a._ ..
ot ). " dt\a) = a2 aX_ X

and using . x; 0/0x; = X - V gives the time-derivative rule (Eq. 2.96),

of\  (of , =
(&)~ (&), e

Applying the velocity decomposition (Eq. 2.67), the spatial rule (Eq. 2.95), and the

[

time-derivative rule (Eq. 2.96) to the continuity equation in Eq. 2.92, the flux divergence
splits into a Hubble-flow and a peculiar part. Using the relation between comoving and
physical coordinates and V- X =3,

Vi (08) = HV - (pX) + =V - (0 Tpec),

@IH

where HV - (pY) = HY - Vp + 3Hp, and the time derivative gives the contribution
(Op)z=p—HX- Vp (with ¢, now at fixed §). The two terms +H Y- Vp cancel, leaving
the comoving continuity equation presented in Eq. 2.97.
For the physical Euler equation (Eq. 2.93), we transform each term directly. The
right-hand side follows from the spatial rule in Eq. 2.95,
——Vep— Vb = 1V LS.
p ap a

The time derivative transforms as

ov ov =
DY Y _pgve.vi
(%); XV

while the term (¥ ﬁf)ﬁ, rewritten using the spatial rule and the velocity decomposition
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from Eq. 2.67, becomes

. 1 - ; . . .
(7- V)T = (7 V)i = g(y' V)G + =~ (Tpee - V)T = HY - VT +

Adding all contributions, the terms +H \- \Yii cancel, giving the comoving Euler equation
(Eq. 2.98).
Finally, the Poisson equation follows immediately by applying V2 = a=2V? to Eq. 2.94,
1ty = V-G
2 = anGp =an&a p,

which was presented in Eq. 2.99.
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Appendix B

Robustness Tests

This appendix presents a series of robustness tests performed to assess the stability of
the BAO measurement under variations of the analysis choices. The tests explore the
dependence of the recovered acoustic-scale parameter on the multipole binning scheme,
fitting range, broadband parametrization, template construction, covariance calibration
procedure, and mock catalog generation. In each case, the analysis was repeated while
modifying a single component of the pipeline and keeping all other ingredients fixed.

These tests complement the results presented in Chapter 6.

B.1 Binning Dependence

To assess the impact of the bandpower width on the BAO measurement, the analysis
was repeated for a range of bin sizes between A¢ = 4 and A¢ = 15. For each choice of
A/, the angular power spectrum and the corresponding mock realizations were rebinned
consistently, and the acoustic scale was determined from the profile likelihood analysis
described in Section 5.5. The covariance matrix was estimated directly from the rebinned
mock catalogs and iteratively recalibrated following the procedure of Section 5.4.1. For
computational efficiency, this test employed a subset of 200 mock realizations rather than
the full ensemble of 1000 mocks used in the fiducial analysis. The recovered values of «

are shown in Figure B.1.

B.2 Fitting Range Dependence

To assess the dependence of the recovered acoustic scale on the adopted fitting interval,
the lower and upper multipole limits were varied independently. For the ¢ min test, the
minimum multipole was changed while keeping ¢,,., = 200 fixed. Conversely, for the £,,4,
test, the maximum multipole was varied while keeping /,,;, = 10 fixed. In each case,

the corresponding matrix of the converged fiducial covariance matrix was extracted, the

123



124 APPENDIX B. ROBUSTNESS TESTS
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Figure B.1: For each binning configuration, the angular power spectrum was re-estimated and
fitted using the same procedure as in the fiducial analysis. The dotted line indicates the expected
value a = 1. Red crosses denote configurations for which the profile-likelihood minimization did
not converge reliably.

Hartlap correction was recomputed using the number of bandpowers included in the fit,
and the profile-likelihood analysis was repeated. The resulting values of o are shown in
Figure B.2.
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Figure B.2: Recovered values of the shift parameter « obtained when varying the minimum (left)
and maximum (right) multipoles included in the fit. For each configuration, the profile-likelihood
analysis was repeated using the corresponding converged covariance matrix. The dotted line
indicates the expected value a = 1. The red marker indicates the fiducial fitting range adopted
in the main analysis. The red star denotes the non-convergent fit obtained for that choice of
fitting range.

B.3 Template Construction Dependence

To evaluate the sensitivity of the BAO measurement to the theoretical template con-
struction, the analysis was repeated using four template configurations. Two choices were
considered for the input matter power spectrum: the linear spectrum and damped expres-

sion from Eq. 5.10. Each case was projected into angular space using both the Limber
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approximation and the full spherical Bessel integration. The resulting constraints on the

BAO shift parameter are shown in Figure B.3.
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Figure B.3: Recovered values of the BAO shift parameter a obtained using different combinations
of projection method template power spectrum. The labels indicate whether the angular power
spectrum template was computed using the Limber approximation or the full spherical Bessel
integration (non-Limber), and whether the input power spectrum was purely linear or included
BAO damping. Error bars correspond to the 68% confidence intervals from the profile-likelihood
analysis. The horizontal dotted line marks the expected value o = 1. All fits were performed
using the same fitting range, broadband parametrization, and iteratively calibrated covariance
matrix adopted in the fiducial analysis.

B.4 Broadband Parametrization Dependence

To assess the dependence of the BAO measurement on the broadband parametrization,
the profile-likelihood analysis was repeated using four alternative forms for the smooth

component of the model,

B(0) = B2 + L (B.1)
B(0) = B2, (B.2)
B(f) = B? + al, (B.3)
B(0) = (Bo + %)2 (B.4)
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For each parametrization, the complete fitting procedure was repeated using the same
fitting range, BAO template, and iteratively calibrated covariance matrix adopted in
the fiducial analysis. The recovered values of the BAO shift parameter o are shown in
Figure B.4.
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Figure B.4: Recovered values of the BAO shift parameter « for different broadband parametriza-
tions. Error bars correspond to the 68% confidence intervals obtained from the profile-likelihood
analysis. The horizontal dotted line marks the expected value o = 1. All fits were performed us-
ing the same fitting range, BAO template, and iteratively calibrated covariance matrix, varying
only the functional form adopted for the broadband component.

B.5 Covariance Calibration Convergence

The covariance matrix was iteratively recalibrated following the procedure described in
Chapter 5. At each iteration, the covariance was rescaled according to the best-fit model
obtained in the previous step and the profile-likelihood analysis was repeated. Figure B.5
and Table B.1 summarize the evolution of the recovered BAO parameters. Convergence
is achieved after the first recalibration, with negligible changes between the second and

third iterations.

Table B.1: Results obtained at each step of the iterative covariance calibration procedure.

[teration o o, Ax* Significance
0 1.036 0.087 4.34 2.080
1 1.036 0.159 1.39 1.18¢0
2 1.034 0.159 1.38 1.170
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Figure B.5: Recovered values of the BAO shift parameter a as a function of the covariance
calibration iteration. At each step, the covariance matrix is rescaled according to the best-fit
model obtained in the previous iteration and the profile-likelihood analysis is repeated. Error
bars correspond to the 68% confidence intervals. The horizontal dotted line indicates a = 1.

B.6 Linear and Non-linear Mock Catalog Validation

To assess the sensitivity of the covariance estimation to the assumed clustering model,
the complete analysis was repeated using two independent mock ensembles generated
with GLASS. In the first case, the mocks were constructed from the linear matter power
spectrum, while in the second the input spectrum included non-linear corrections. For
both ensembles, the covariance matrix was iteratively recalibrated following the proce-

dure adopted in the fiducial analysis. The resulting BAO constraints are summarized in
Table B.2.

Table B.2: Comparison of the recovered BAO parameters using covariance matrices estimated
from mock catalogs generated with either a linear or a non-linear matter power spectrum.

Mock type profile QMCMC Ax? Significance
Linear 1.0497515 0.980F 0506 1.22 1.100

Non-linear 1.034701%2  0.974%539% 1.38 1.170

The recovered values of «, as well as the BAO significance, remain statistically consis-
tent between the two mock constructions, indicating that the measurement is not strongly
sensitive to the choice of linear or non-linear input power spectrum used in the covariance

estimation.
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B.7 Distribution of Recovered BAO Shift Parameter in
Mock Catalog

To validate the BAO fitting pipeline and assess potential systematic biases introduced
by the use of linear perturbation theory templates, we apply the analysis described in
Section 5.5 to two ensembles of 1 000 mock angular power spectra each. The first ensemble
is generated from a linear matter power spectrum, and the second from a non-linear power
spectrum, with all other survey properties held fixed (redshift range z € [0.15,0.25], sky
mask, and mean galaxy surface density). In both cases the fitting procedure is identical
to that applied to the data: a linear theory template is used throughout.

For each mock realization ¢, the angular power spectrum C’éi) is fit using the 4-
parameter model from Eq. 5.9. The linear nuisance parameters (B2, a, Ay) are marginal-
ized analytically at each value of « via a generalized least-squares profile likelihood, yield-
ing the profiled x?(a) for each mock. The covariance matrix used in all fits is the analytical
Gaussian expression given by Eq. 5.6. This covariance is constructed once from the en-
semble mean and reused for all 1000 fits within each case. The best-fit shift parameter
for each mock is taken as the minimizer of x?(a) on a uniform grid of 400 points in
a € (0.5, 1.5].

Mocks that do not yield a well-constrained measurement are excluded from the dis-
tributions shown below. Specifically, we discard realizations in which « rails against the
boundary of the grid, where the y? profile does not cross Ax? = 1 on both sides of the
minimum, or in which a < 0.65. This last threshold corresponds to a shift in the acoustic
scale exceeding 35% from the fiducial value, well outside any cosmologically motivated
range. Such realizations are noise-dominated and do not yield a meaningful BAO measure-
ment. The fraction of retained mocks is Ny, = 436 for the linear case and N,ou = 346
for the non-linear case.

The resulting distributions of & are shown in Figure B.6. Both ensembles are broadly
centered on o = 1, confirming that the linear template does not introduce a significant
systematic bias even when applied to non-linear mocks. The dispersion of both distri-
butions, ¢i" = 0.14 and o2"i" = (.15, reflects the statistical uncertainty expected for a
single realization at z € [0.15,0.25] with the survey geometry of the blue galaxy sample.
The large scatter and the fraction of unconstrained mocks are a consequence of the lim-
ited survey volume at this redshift, which reduces the effective BAO signal-to-noise per

realization.
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Figure B.6: Distribution of & over mocks generated from a linear (left, N = 436) and non-linear
(right, N = 346) matter power spectrum, fitted with a linear template. Only realizations with a
well-constrained profile likelihood and « = 0.65 are shown. Both distributions are consistent with
a = 1, with mean values (&) = 0.990 and 1.003 respectively, confirming an unbiased recovery of
the acoustic scale.



