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METODOS DE REDES COMPLEXAS MONO E MULTICAMADAS
APLICADOS A SISMOLOGIA

Jennifer Ribeiro Silvério da Conceicao

Agosto/2023

Neste projeto, foram estudados dados de terremotos globais reais e sintéticos sob a
perspectiva de Redes Complexas e da Mecanica Estatistica Nao-Extensiva (MENE).
Através da andlise de distribuicoes de probabilidade espaciais e temporais en-
tre terremotos sucessivos, foi investigado o comportamento de sistemas complexos
no fenomeno sismologico, sendo observada concordancia entre essas distribuicoes
e funcgoes nao tradicionais, g-exponenciais, presentes na teoria da MENE. Essas
fungoes surgem em sistemas que possuem fortes correlagoes de longo alcance tempo-
ral e espacial entre os seus elementos, e foram encontradas em trabalhos anteriores
para terremotos regionais e globais. Além disso, encontrou-se relagbes que pro-
porcionaram invariancia de escala nos eventos sismicos observados e simulados, de
forma a ser mais uma evidéncia da caracteristica complexa presente no fenomeno
sismolégico. Ademais, foram construidas redes complexas de epicentros utilizando
duas abordagens: mono e multicamadas. No primeiro caso, foram considerados dois
modelos de ligacao, sucessivo e de janela de tempo, para estabelecer relagoes entre
locais distintos do mundo. Através da andlise de propriedades topoldgicas das redes
criadas, como a func¢ao de correlagao de grau e o coeficiente de correlacao de grau,
revelou-se que terremotos rasos (profundidade de até 70 km) apresentam compor-
tamento assortativo, com regioes onde ocorreram terremotos de grande magnitude
mostrando fortes correlacoes entre si. Em contraste, redes de terremotos profun-
dos (profundidade maior que 70 km) exibem comportamento neutro (aleatério) sem
correlacao especifica entre si. Também foram criadas redes temporais multiplex
sucessivas de terremotos globais, revelando propriedades tinicas em redes de terre-
motos, que nao sao visiveis em redes simples. Foi encontrado que as distribuicoes
de strength dessas redes seguem um comportamento de lei de poténcia com corte
exponencial. O coeficiente de aglomeracao global das redes multipler de eventos ra-

sos possui invariancia de escala, enquanto redes multipler de terremotos profundos

v



exibem comportamento semelhante aos das redes aleatdrias similares. Os resulta-
dos indicam semelhancas e diferencas entre terremotos rasos e profundos em vérios
contextos. Ademais, fortalecem a hipotese de que a Terra se encontra em um estado
critico e da possivel existéncia de relacoes entre eventos espacial e temporalmente

afastados.



Abstract of the Dissertation presented to the National Observatory’s Graduate
Program in Geophysics as a partial fulfillment of the requirements for the degree of

Master in Geophysics.

MONO AND MULTILAYER COMPLEX NETWORK METHODS APPLIED TO
SEISMOLOGY

Jennifer Ribeiro Silvério da Conceicao

August /2023

In this work, we studied real and synthetic earthquake data from the viewpoint of
Complex Networks and Nonextensive Statistical Mechanics (NESM). Through the
analysis of spatial and temporal probability distributions between successive earth-
quakes, the behavior of complex systems in the seismological phenomenon was inves-
tigated, being observed agreement between these distributions and non-traditional
functions, g-exponential, present in the theory of NESM. These functions arise in
systems that have strong long-range temporal and spatial correlations between their
elements, and have been found in previous works for regional and global earthquakes.
In addition, we found relationships that provided scale invariance in the observed
and simulated seismic events, being one more evidence of the presence of complex
characteristics in the seismological phenomenon. Furthermore, complex networks of
epicenters were constructed using two approaches: monolayer and multilayer. In the
first case, we considered two models of connection, successive and time window, to
establish relationships between different locations in the world. Through the analy-
sis of topological properties of the created networks, such as the degree correlation
function and the degree correlation coefficient, it was revealed that shallow earth-
quakes (depth of up to 70 km) has assortative behavior, which means regions where
occurred earthquakes with great magnitude are strongly correlated to each other.
In contrast, networks of deep earthquake (depth greater than 70 km) exhibit neu-
tral (random) behavior with no specific correlation between them. We also created
temporal multiplex networks of successive connections for global earthquakes, and
they revealed unique properties in earthquake networks that were not visible in sim-
ple networks. We observed the distributions of strength of these networks follow a
power law with exponential cutoff behavior. The global clustering coefficient of the

multiplex networks of shallow earthquakes presents scale invariance, while networks
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of deep events exhibit behavior similar to random networks. The results indicate
similarities and differences between shallow and deep earthquakes in various con-
texts. Furthermore, they strengthen the hypothesis that the Earth is in a critical
state and the possible existence of relationships between spatially and temporally

distant events.
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Capitulo 1

Introducao

1.1 Consideracoes Gerais

Nos ultimos 20 anos, observamos a ocorréncia de terremotos de grandes magni-
tudes, dentre os quais podem ser destacados: o terremoto de magnitude 9,1 (M)
em Sumatra (2004), de magnitude 8,8 (My ) no Chile (2010) e o de magnitude 9,1
(M) no Japao (2011)*. Somados, esses eventos ocasionaram a perda de centenas de
milhares de vidas e enormes danos economicos. Entretanto, a ocorréncia de eventos
catastroficos nao estd relacionada necessariamente a esses terremotos de magnitude
acima de 8,0 (My). Um exemplo a ser citado é o terremoto de magnitude 7,0 (M)
ocorrido no Haiti, em 2010, que culminou com a morte de mais de 217000 pessoas
[1] e o colapso de diversas estruturas.

Recentemente, no dia 06 de fevereiro de 2023, mais um desastre humanitario
de proporcoes insondaveis ocorreu, desta vez na regiao entre a Turquia e a Siria,
em razao de um tremor de magnitude 7,8 (M) e suas réplicas, que provocaram a
morte de mais de 50 000 pessoas. Assim, a melhor compreensao sobre a dinamica res-
ponsavel pelos fenomenos sismoldgicos é de extrema importancia para diversas areas
do conhecimento, tais como engenharia e as ciéncias social, geofisica e geolégica.

Atualmente, sabemos que dinamica de falhas é o mecanismo responsavel pela
maioria dos eventos sismicos: o atrito de falhas é frequentemente instavel, de forma
que deslizamentos ocorrem rapidamente enquanto uma ruptura se propaga dinami-
camente pela superficie da falha. Esses movimentos repentinos geram ondas sismicas
[2]. O ponto onde ocorre a fratura e a consequente liberacao de energia na forma de
ondas sismicas é chamado de hipocentro (ou foco) e o local logo acima do foco, na
superficie terrestre, é denominado epicentro. Como pode ser observado na Fig. 1.1,
os limites de placas tectonicas sao as regioes mais sismicamente ativas.

Apesar dos conhecimentos existentes, a dinamica envolvida no processo de produgao

Thttps://www.usgs.gov/programs/earthquake-hazards/science/20-largest-earthquakes-world
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Fig. 1.1: Mapa mostrando cerca de 49 000 terremotos que ocorreram entre 1904 e
2018. Os tamanhos dos simbolos representam as diferentes magnitudes e as cores as
diferentes profundidades, de acordo com a escala apresentada na figura. Podemos
observar a concentracao de terremotos nas delimitagoes das placas tectonicas. Fonte:

extraido de http://www.isc.ac.uk/iscgem/overview.php. Acesso em 27 de fevereiro
de 2023.

de eventos sismicos em todo o planeta permanece um aspecto intrigante e estudado
por diversos cientistas por meio de diferentes ferramentas e metodologias.

Dentre as mais variadas metodologias utilizadas para estudar os terremotos, a
analise de suas propriedades estatisticas possui grande destaque, sendo a lei de
Gutenberg-Richter (GR) [3], que descreve a frequéncia dos terremotos em razao de
sua magnitude, e a lei de Omori [4], para a evolu¢do temporal da frequéncia de
réplicas, resultados estatisticos amplamente conhecidos e utilizados na sismologia.
Uma caracteristica interessante dessas leis é o fato de serem caracterizadas por dis-
tribuigdes que seguem leis de poténcia (no caso da lei de GR, esse comportamento
surge quando a escrevemos na forma de energia, ao invés da magnitude dos terre-
motos), o que leva a hipétese de que o fendmeno sismoldgico se comporta como um
sistema complexo.

Apesar de nao haver uma definicao tedrica precisa de sistemas complexos e com-
plexidade, esses conceitos podem ser estabelecidos a partir de um conjunto de ca-
racteristicas. Assim, sistemas complexos podem ser entendidos como sistemas auto-
organizados constituidos por um elevado niimero de elementos que interagem entre
si de maneira nao-linear, de modo que a complexidade surge como resultado dos
padroes de interagao [5, 6]. Nesses tipos de sistemas, sua evolugdo é muito sensivel
a pequenas perturbacoes ou a condigoes iniciais. Um fenomeno peculiar observado
em véarios sistemas complexos é o aparecimento de funcoes de distribuicoes em lei
de poténcia de grandezas medidas. Essas distribui¢oes possuem a mesma forma

quando a quantidade medida é redimensionada, por essa razao, sao ditas invariantes
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Fig. 1.2: Exemplos de redes complexas. (a) Rede de interagoes proteina-proteina [8]
e (b) rede de contatos sexuais entre individuos [9]. Os vértices estao representados
por circulos coloridos e as arestas por linhas retas.

por escala [7].

Dessa forma, tendo em vista o comportamento complexo dos terremotos, preci-
samos buscar métodos de andlise que sejam adequados para esse tipo de sistema.
Nesse sentido, a teoria de Redes Complexas é uma ferramenta muito promissora no
estudo de sistemas formados por um grande niimero de constituintes que interagem
entre si de forma nao linear. Essa teoria utiliza conceitos provenientes da teoria dos
grafos, em que os vértices (ou nds) representam os elementos da rede, e as relagoes
entre esses elementos sao representadas por arestas (ou ligagoes) que os conectam
(Fig. 1.2).

Através da construcao de uma rede, podemos entender diversos sistemas reais,
variando desde os tecnoldgicos aos bioldgicos. Por exemplo, o cérebro humano é
constituido de um enorme conjunto de neuronios conectados por sinapses; a Internet
¢é formada por roteadores e cabos de computador; a sociedade é composta de pessoas
que interagem entre si por diferentes relagoes sociais [10, 11, 12]. Além disso, redes
complexas também tém sido aplicadas ao estudo de geociéncias, como teleconexoes
de chuvas extremas [13], ciclones tropicais [14] e erupgoes solares [15].

E interessante notar que, apesar de existirem diferencas entre os variados sistemas
complexos encontrados na natureza, as estruturas dessas redes sao muito semelhan-
tes, visto que eles sao regidos pelos mesmos principios. Por essa razao, a mesma
abordagem matematica e computacional pode ser utilizada para estuda-los. No caso
dos terremotos, nosso sistema de interesse, apds os trabalhos de Abe e Suzuki [16, 17]
que introduziram a ideia de redes de terremotos, diversos estudos tém utilizado esse

método para analisar a estrutura desse sitema complexo [18, 19, 20, 21, 22, 23, 24],



Cap. 1 - Introducao 4

obtendo resultados muito promissores.

Neste trabalho, iremos analisar redes de epicentros de dois tipos: monocamadas
e multicamadas. A teoria de redes multicamadas é uma area recente, que nasceu
com o intuito de melhor modelar e caracterizar sistemas que apresentam diferentes
tipos de correlacao, chamados “aspectos” [25, 26]. Um exemplo de aplicacao de
redes multicamadas sao redes temporais multiplex, a partir das quais é possivel
estabelecer um melhor entendimento sobre a dinamica temporal dos eventos de um
sistema [25, 27].

Além disso, ainda dentro do estudo de sistemas complexos, outra teoria que
apresenta resultados interessantes é a Mecanica Estatistica Nao-Extensiva (MENE).
Essa teoria foi proposta por Constantino Tsallis [28], sendo capaz de analisar siste-
mas que apresentam interagoes e memoria de longo alcance e condigoes de contorno
(multi)fractais [29], casos em que a mecanica estatistica de Boltzmann-Gibbs (BG)
nao se aplica [30, 31, 32, 33]. A MENE possibilita o estudo de sistemas com propri-
edades como interagao de longo alcance entre seus elementos, memoéria temporal de
longo alcance, evolucgao fractal do espaco de fase e certos tipos de dissipacao de ener-
gia, sendo aplicada a diversos fenomenos distintos, incluindo fenémenos geofisicos,
como reversao do campo geomagnético, emissoes pré-sismicas, erupgoes solares e
fratura em rochas [34, 35, 32, 36].

Na sismologia, diversos trabalhos aplicaram a teoria da MENE para analisar
distribuicoes de probabilidade de propriedades tais como magnitude, diferencas de
magnitude, intervalo de tempo entre terremotos subsequentes e distancia entre even-
tos consecutivos [37, 38, 39, 22, 40, 41]. Além disso, a MENE também j4 foi aplicada
em varios estudos de redes de epicentros [42, 23, 24], mostrando evidéncia da relagao
entre a MENE e as redes complexas [43, 44].

1.2 Motivacao

Diversos trabalhos apontam para a existéncia de interacoes devidas a correlacoes
de longo alcance no fendémeno sismoldgico [39, 38, 23, 24]. Assim, é evidente procurar
por esses tipos de interagoes para que se tenha um melhor entendimento da dinamica
dos terremotos e de possiveis correlagoes entre diferentes terremotos e locais. Ade-
mais, através da transformagao de uma série temporal em uma rede, de acordo com
algum algoritmo de mapeamento especifico, é possivel extrair informagoes sobre a
série temporal através da analise da rede derivada.

Dessa forma, neste trabalho consideramos essas propriedades dos terremotos
para estudar e caracterizar estatisticamente os eventos sismicos, e investigar as cor-
relacoes existentes entre eles, considerando parametros como magnitude, distancia

e intervalo de tempo de ocorréncia, de terremotos globais e terremotos simulados
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computacionalmente. Buscamos encontrar, dentre outras coisas, distribuicoes de
probabilidade em lei de poténcia, caracteristicas fractais, como invariancia de escala

espacial e temporal, e expoentes criticos universais.

1.3 Objetivos

O presente trabalho tinha por objetivo contribuir para um entendimento mais
aprofundado acerca dos processos dinamicos envolvidos no desencadeamento de ter-
remotos pelo planeta, através da aplicagao da teoria de sistemas complexos. Para

tanto, foram realizados os seguintes itens:

e Construcao de distribuicoes de probabilidade de intervalo de tempo e distancia
entre terremotos sucessivos reais e terremotos simulados com o modelo de

Olami-Feder-Christensen (OFC) com topologia mundo-pequenos;

e Anidlise das distribuicoes de probabilidade espaco-temporais sob a perspectiva

da Mecanica Estatistica Nao-Extensiva;

e Busca de relacoes de escala para as distribuicoes de probabilidade espaco-
temporais dos terremotos e investigagao da influéncia de parametros, como a

magnitude dos eventos, nessas distribuicoes.

e Construcao de redes de epicentros globais rasos e profundos seguindo dois

modelos de criagao: o modelo sucessivo e o modelo de “janela de tempo”;

e Construcao de redes de epicentros sucessivos utilizando dados de terremotos

sintéticos gerados com o modelo de OFC com topologia mundo-pequeno;

e Anadlise da assortatividade das redes construidas utilizando dois métodos: a
distribuicao de conectividade dos vizinhos mais préximos dos vértices e o co-

eficiente de correlagao de grau;

e Construcao de redes temporais multipler com os dados de terremotos globais

rasos e profundos seguindo o modelo de conexoes sucessivas;

e Analise das propriedades topoldgicas dessas redes e sua variagdo com o numero
de camadas (anos) considerados.

1.4 Estrutura e Organizacao da Dissertacao

A estrutura e organizacao dos capitulos que integram a presente dissertacao sao

apresentadas a seguir.



Cap. 1 - Introducao 6

Este capitulo (Capitulo 1), sendo a Introdugao, expressa as ideias gerais sobre o
tema do trabalho.

O Capitulo 2 discorre sobre a investigacao de relagoes de escala em distribuigoes
de probabilidade da distancia e do intervalo de tempo entre terremotos sucessivos,
considerando tanto catdlogos de terremotos sintéticos (gerados com o modelo OFC
modeficado) quanto dados de catdlogos reais obtidos a partir de observatérios sis-
mologicos. O artigo a que esse capitulo se refere foi publicado em Chaos, Solitons
& Fractals, v. 165, pp. 112814. DOI:10.1016/j.chaos.2022.11281.

No Capitulo 3 foram implementados métodos de construcao de redes (mono-
camadas) de epicentros seguindo o modelo de ligagoes sucessivas e o modelo de
“janela de tempo”. As analises foram realizadas para terremotos globais e terre-
motos simulados com o modelo OFC com topologia mundo-pequeno. Os resultados
desse estudo foram publicados em Brazilian Journal of Geophysics, v.40, n.1. DOI:
10.22564 /brjg.v40i1.2134.

No Capitulo 4 foi aplicada a abordagem de redes multicamadas para estudar
terremotos de todo o mundo. Foram construidas redes temporais multiplex para
buscar variacoes na atividade sismica global ao longo dos anos.

A dissertagao termina no Capitulo 5, onde as consideragoes finais sobre o trabalho
sao realizadas e, além disso, sao apresentadas perspectivas futuras de analises e

investigacoes.
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Chapter 2

Spatiotemporal Analysis of
Earthquake Occurrence in
Synthetic and Worldwide Data

Artigo publicado - FERRFEIRA, D., RIBEIRO, J., OLIVEIRA JR, P., et al., 2022,
“Spatiotemporal analysis of earthquake occurrence in synthetic and worldwide data”,
Chaos, Solitons & Fractals, v. 165, pp. 112814. DOI: 10.1016/j.chaos.2022.11281}.

Abstract

The present work presents spatiotemporal analyses of distributions between suc-
cessive earthquakes. This study comprehends data produced by a modified ver-
sion of the Olami-Feder-Christensen model with a small-world topology and actual
worldwide earthquakes from 2000 to 2019. The distributions were studied from the
nonextensive statistical mechanic’s viewpoint, which was shown to be a suitable
approach since g-exponential functions produced better fittings to data than pure
power laws. Our results show that, by applying scaling relationships, the probabil-
ity distributions have data collapses in all cases. It reinforces the conception of a
critical behavior in the seismological phenomenon and that there is no differentia-
tion between the spatiotemporal statistical features of earthquakes, whether small or
large in size or magnitude. In addition, the presence of g-exponential distributions
and the ability of a small-world-like OFC model to reproduce spatiotemporal fea-
tures of real worldwide earthquakes indicate self-organized criticality and long-range

spatiotemporal correlations between earthquakes.
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2.1 Introduction

Earthquakes are, at the same time, one of the most dangerous and intriguing
phenomena in nature. Its consequences in society are, on several occasions, devas-
tating and irreversible. It makes the study of that phenomenon so crucial for society.
However, the complexity involved in earthquake dynamics makes its comprehension
a challenge for scientists. Researchers from several areas have studied the seismic
phenomenon from different points of view, with the statistical approach being one
of these points. The Gutenberg-Richter (GR) law [1] for the frequencies of the
earthquake magnitudes, and Omori’s law [2] for the temporal decay of frequency of
aftershocks, are two well-known examples.

In the past decades, many scientists have applied complex systems theories and
concepts to study several subjects in Earth Sciences [3, 4, 5], including the behav-
ior and dynamics of earthquakes. Complex systems have peculiar characteristics
such as the emergency of global patterns from individual interactions, power-law
distributions, and nonlinear behavior. Following this perspective, previous works
have found complex features in several spatiotemporal properties of earthquakes
6, 7,8,9, 10, 11].

In this context, an important phenomenon in numerous complex systems is Self-
organized Criticality (SOC). First introduced by Bak, Tang, and Wiesenfeld in their
1987 paper [12], SOC can be seen as a property of dynamic systems where complex-
ity emerges without the need to adjust system control parameters. In many sys-
tems, to achieve criticality, it is usual to fine-tune some external control parameters;
however, there are natural systems where such adjustments are not necessary, as
they self-organize for criticality. These systems are known as self-organized systems.
Such systems naturally evolve to critical states where the slightest disturbance can
lead to “avalanche events”, with spatiotemporal invariance, power-law distributions,
and fractal dimensions as frequent features [13, 14, 15, 16]. Since earthquake data
present these features and the configuration of earthquake occurrence in space-time
and magnitude should reflect the complex interactions in the lithosphere, the seis-
mological literature has continuously reported the study of earthquakes under the
SOC perspective [17, 18, 19, 20, 21, 22, 23].

The self-organized criticality idea has always been extensively discussed by using
many models, being “sandpile” [24], “forest-fire” [25], and “slider-block” [26] some of
the most studied. Within this scenario, a very suitable tool is the use of theoretical-
computational models that can describe and reproduce the statistical characteristics
of earthquakes. Among the various models created, the one by Olami, Feder, and
Christensen (OFC model) stands out because, despite its apparent simplicity, it can

reproduce several statistical properties of earthquakes [27, 28, 29]. Introduced in
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1992, the OFC model incorporates various SOC features, and since its inception, it
has been used by several researchers in studies on the dynamics of earthquakes. A
more detailed explanation of the model, and some of its achievements, is presented
in section 2.3.2.

Another relevant point to highlight is that many authors have also found long-
range effects in space and time for earthquakes based on time series obtained from
seismological catalogs. Those studies were conducted using different mathemati-
cal approaches for real data from various regions and synthetic data produced by
computational models [30, 31, 32, 33, 34, 35].

One approach that deserves our attention is using nonextensive statistical me-
chanics (NESM) formalism to investigate correlations in earthquake data series.
Constantino Tsallis proposed NESM in 1988 as a generalization of the Boltzmann-
Gibbs statistics [36]. Since then, it has been widely used to produce better com-
prehensions of various complex systems. In geosciences, we can cite some examples
of applications in geomagnetism [37, 38], geological structures [39, 40|, volcanology
[41, 40], and tectonics [42, 43]. Specifically, in seismology, which is the subject of the
present paper, NESM was applied to many earthquakes features, such as magnitude
frequencies [44, 45, 46|, time distributions [47, 48, 49|, distances between successive
events [50, 51, 52|, spatial seismicity distributions [53, 54], differences of magnitudes
[55], and earthquakes networks [56, 57, 58, 59, 60], only to mention a few. In section
2.2, we present a brief introduction to NESM formalism.

As seen in the previously mentioned references, the NESM concepts have been
applied to seismological statistical studies for data catalogs from numerous regions
of the globe. However, the number of works combining critical models and nonexten-
sive statistical mechanics to reproduce and study spatiotemporal characteristics of
earthquakes is still very small. In this paper, we implement the modified version of
the OFC model proposed in [61, 48] to conduct simulations to create synthetic data
catalogs of earthquakes under different limits and sizes. These results were used to
verify the nonextensive behavior of spatial and temporal distributions and compare
them to those obtained for data catalogs from worldwide earthquakes. Moreover,
we have found scaling relationships that collapse the spatiotemporal probability dis-
tributions for synthetic and worldwide earthquakes. The data collapse obtained in
our results reinforces the critical behavior of the seismological phenomenon. There-
fore, the approach performed in the present work aims to collaborate with the idea
of long-range spatiotemporal correlations between earthquakes and strengthen the

statistical physics interpretation of the earthquake phenomenon.
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2.2 Nonextensive formalism

Statistical mechanics constitutes one of the foundations of contemporary physics,
and its standard concepts, based on Boltzmann-Gibbs (BG) theory, have uncount-
able applications, from microscopic to macroscopic systems. However, in systems
whose elements are strongly correlated or with long-range interactions, BG statistics
does not seem to be appropriate.

With this frame, the work published by Tsallis in 1988 [36] initiated the nonex-
tensive statistical mechanics’ principles by introducing a generalization of the Boltz-
mann—Gibbs statistical mechanics. In his work, Tsallis proposes an entropy that
can explain the statistical properties of a variety of complex systems at their quasi-

equilibrium states. Tsallis’ entropy is given by

Sq = kim, (2.1)
qg—1
where W is the total number of possible configurations, ¢ is the entropic index, p;
are the associated probabilities, and k is a conventional positive constant.

Even though that entropy has many properties in common with the entropy of
the classical statistical mechanics of Boltzmann—Gibbs, the additivity property is vi-
olated in Tsallis’ entropy, which means that the entropy of the whole system may be
different from the sum of the entropies of its parts, i.e., for any two probabilistically

independent systems, A and B, the Tsallis’ entropy satisfies the equation

Sq(A+ B) = 54(A) + 5,(B) + Sq4(A)Sq(B), (2.2)
where the entropic index ¢ indicates the degree of nonadditivity of the system.
Taking the limit ¢ — 1 in Eqgs. 2.1 and 2.2, we recover the standard Boltz-
mann—Gibbs entropy, Spg = —k Zzl p; Inp;, and the additivity principle, respec-
tively.
By applying the maximum entropy principle to the Tsallis” entropy under ap-
propriate constraints, the nonextensive probability distribution obtained has a ¢-

exponential form [62, 63|, defined by

(2.3)

(2) 1+ (1 —¢q)z]V0=2D if [14+(1—¢q)x]>0
e,(x) =
I 0 otherwise.

From Eq. 2.3 it is possible to check that, for a distribution f(z) = e,(—px), if ¢ > 1
and x > [—S(1 — ¢)]!, then the distribution can be approximated to a power-law
given by

f(z) ~ 2V, (2.4)
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The inverse function of the g-exponential is the ¢-logarithmic function,
Ing(z) = ——. (2.5)

Egs. 2.3 and 2.5 are generalizations of the usual exponential and logarithmic
functions, respectively, i.e., taking the limit ¢ — 1 in Eqgs. 2.3 and 2.5, we get back
the standard functions. Thus, similarly to BG entropy, for the particular case of
equal probabilities, it is straightforwardly verified that Tsallis’ entropy takes the
form

S, = kIngW. (2.6)

2.3 Method

For the present study, we have used NESM concepts applied to both real and
synthetic earthquake data catalogs, intending to take another step toward better un-
derstanding the complex seismological system. The synthetic catalogs were created
using a modified version of the well-known Olami-Feder-Christensen model, and the
results were compared to the real ones.

NESM approach and the modified OFC model are explained in the following two

subsections.

2.3.1 Nonextensive approach

Nonextensive statistical mechanics have been used to study probability distribu-
tions for different earthquake parameters. In that context, two important approaches
were made by Abe and Suzuki concerning distances between successive earthquakes
and inter-event times. In [50], Abe and Suzuki performed the probability of finding

the distances in the range [r, r + dr], starting from the integral form of Tsallis’

s = 1 ([ vty - 1), (2.7)

entropy,

T q o
where ¢ is a scale factor with dimension of length. Applying the maximization
entropy principle under the constraints on the normalization condition, fooo p(r)dr =
1, and the g-expectation value of the distance, (r), = [;° 7F,(r)dr, they have found,

after some mathematical manipulations, the cumulative distribution,

P) = [ R0 = () 23

where [, is a scale constant.
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Similarly, in [64] the authors have found the cumulative distribution for the time

interval between two earthquakes (calm time),

Ps(t) = /too P,(t")dt' = e (—pyt) (2.9)

where ; is also a scale constant.
Those approaches will be adopted in our analysis for probability distributions in

space and time.

2.3.2 The modified OFC model

The OFC model is considered one of the most studied spring-block models to
reproduce statistical properties of earthquakes, exhibiting a rich phenomenology of
actual earthquakes. Based on a two-dimensional version of the Burridge-Knopoff
spring-block model [26], the OFC model can consider different conservation levels
in its dynamics. The original version of the model can be described as follows.

The model’s arrangement simulates a two-dimensional discrete regular L x L
squared lattice containing N = L? blocks. Each block is attached to its first neigh-
bors by springs, and all blocks are rested on a rigidly fixed plate connected by fric-
tion. Furthermore, each block is also bonded by a spring to an upper rigid driven
plate. The slowly relative movement of the upper plate in relation to the lower one
makes the blocks subject to elastic forces opposite the frictional ones. When the
force on one of the blocks is larger than an initially set frictional force threshold,
then the block slips. After the slipping, the block is assumed to relax to the zero-
force position, and there is a rearrangement in the nearest neighbor’s forces. Such
force redefinition can result in further block slides, evolving into a chain reaction.

The OFC dynamics is simulated considering a cellular automaton model, where
an L x L array is defined, and each site (i, j) carries a seismogenic force represented
by F;,. Initially, all sites are designated with random values within the [0, F]
range, with Fj, being a threshold that simulates the limit value for the friction
force. Trying to mimic a uniform motion of tectonic plates, the forces in all blocks
increase simultaneously and uniformly until one of the blocks reaches the threshold
value (i.e., F;; > Fy,), becoming unstable and slipping (at this point, the driving
stops and the earthquake process starts). After the block slips, a fraction of its
tension is equally redistributed between its nearest neighbors and then taken to

zero, as shown by the following relaxation rule:

Fn,n — Fn,n + aE,j

2.10
Fi 0. (2.10)

F; ; >Fth:>{
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where F, , are forces in the (n,n) nearest neighbors and « is the dissipation pa-
rameter, controlling the level of conservation of the dynamics, being o« = 1/4 the
conservative case. If the redistributing process makes other sites unstable, these
steps are repeated until there are no more unstable sites, and then the earthquake
is considered to be completed evolved. The earthquake’s size, s, is defined by the
total number of relaxations, which is proportional to the energy released during the
earthquake.

An important feature to be defined in the OFC model is the boundary condition
related to the dissipation parameter of the sites located on the lattice’s boundaries.
We use the open boundary (non-periodic) condition in the present study, where «
is the same for all blocks, regardless of your location on the lattice. This condition
implies that sites on boundaries have a higher dissipation level per relaxation than
those in bulk.

When an earthquake finishes, the relative movement between the plates returns,
and the system accumulates tension in all sites again. In this way, an F}, — F ez
quantity is added to all sites, making unstable the site with the highest tension,
Fnaz, thereby starting a new earthquake process. As the time interval between two
seismic events is much longer than the duration of an event, earthquakes will be
considered instantaneous events. It means that during the redistribution of forces,
it is considered that the uniform-driving stops, and, consequently, no extra time are
added during this process.

However, as verified in [48], a better agreement with real data is obtained when
the lattice topology in the OFC model is not regular, as considered in the original
model. Following the idea proposed by Caruso et al. [61], the connections between
the sites (blocks) in the lattice will obey the Watts-Strogatz mechanism to con-
struct small-world networks [65]. This improvement in the OFC model is expected
to make it more realistic, as it considers the long-range interactions between the el-
ements more effectively, corroborating with several works which indicate long-range
spatiotemporal connections between earthquakes [66, 67, 68, 69, 70, 71]. To create
the small-world-like topology in the OFC model, we start from the standard two-
dimensional regular lattice. Then, the link between every two nearest neighbors has
a probability p of being randomly rewired, and the resultant lattice has a topol-
ogy between the regular and the random ones. It is important to note that the
small-world topology creation process does not affect each site’s original number of
connections.

As reported by [48] and [61], for the OFC model to have a lattice with small-
world-like features and self-organized critical behavior, the rewiring probability p
must be in a range of values between [1072,1072], since for p < 1073, the behavior

starts to be similar to the regular network, and for values of p > 10~2 the criticality
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of the model progressively decreases. In this work, we adopt p = 0.001.

Furthermore, in [48], the authors also show that, when adopting the small-world
topology instead of the regular one, there is a minimization of the “border effects”,
which means the lattice borders considerably reduce their influence on the distribu-
tion of events throughout the lattice. One consequence is that it becomes unneces-
sary to use substantial lattice sizes to find earthquake characteristics, such as calm
time distributions.

Thus, in our studies, we have used the OFC model with a small-world-like topol-
ogy to create synthetic data catalogs to calculate spatial and temporal distributions

and compare them to those produced by real data catalogs of earthquakes.

2.4 Data

In our analyses, we used real worldwide and synthetic earthquakes.

2.4.1 Worldwide earthquakes

From the World Catalog of Earthquakes of Advanced National Seismic System
(ANSS)!, we collected a dataset of global earthquakes covering the period between
2000 and 2019. Once shallow and deep earthquakes are mechanically different [72,
73], we divided our dataset into two to study them separately. We considered shallow
earthquakes the events that occurred at depths up to 70 km, and the deep ones, those
with hypocenter localized deeper than this value. For shallow events, magnitudes
were considered greater than or equal to 4.5 on the Richter scale. It provides 107 118
shallow earthquakes. On the other hand, in the case of deep events, to ensure the
uniformity of the catalog, we excluded all earthquakes with a magnitude less than
5.3, resulting in a total of 2890 events. We considered magnitude types m; (short-
period body wave), my. (centroid), M., (moment magnitude) and excluded all
non-earthquakes (e. g., mining explosion, quarry blast, and acoustic noise) available

in the catalog.

2.4.2 Synthetic earthquakes

To generate the earthquake catalog with the modified OFC model, we considered
four values of lattice size: L =200, 300, 400, and 500. The different sizes allow us
to analyze if the lattice size, L, influences the simulated seismic events’ properties
in space and time. In all cases, the probability of link rewiring was p = 0.001, and

the dissipation coefficient, a, was equal to 0.20 (nonconservative case). Aiming to

Thttps://earthquake.usgs.gov/data/comcat/
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Fig. 2.1: Example of 7 and j projections for the distances between subsequent earth-
quakes in the OFC model for a lattice with L = 10. Vertical distances are given
by Ar;, and the horizontal ones are represented by Ar;. At the top of the figure is
shown the sequence of epicenters ordered by time. Calculations are explained in the
body text.

reproduce the completeness feature of actual earthquake catalogs (where the catalogs
are only complete above a particular value) and the influence of the magnitude
threshold considered for each lattice size, we varied the lower threshold values of
earthquake sizes in s, = 25, 50, 75, and 100. We considered 5 x 10° events after

the transient regime for all the calculations.

2.5 Results and discussion

As mentioned before, the OFC model is a SOC model that, despite its simplicity,
is capable of reproducing several characteristics of actual earthquakes. Therefore, in
order to help the improvement of the existing knowledge about the seismic events’
dynamics, we have used data from the synthetic seismological catalog created with
the modified OFC model to perform studies on probabilities distributions of spa-

tiotemporal properties of earthquakes. Then, we compared the results from the
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OFC model to those performed, using the same analysis, for actual data of shallow

and deep earthquakes separately.

2.5.1 Spatial analysis

Due to the OFC model being formed by blocks in a squared topology, the distance
between the hypocenters of two consecutive earthquakes generated with this model
can be calculated by the geometrical distance between them. Adopting a similar
procedure to that used to find the epicenters of actual earthquakes, we project on
the “surface” of the lattice the point of occurrence of each synthetic earthquake
(hypocenter) in our modeling. Each time an event occurs in block A, of coordinates
(74,74), this point is projected on the lattice borders. As the lattice is squared, we
will have two projections, in ¢ and j. Thus, we will call epicenters the positions
of the points referring to these projections. Therefore, the distance between the
epicenters of two successive earthquakes in blocks A and B can be calculated by
Ariyp = |ia — il or Arj,p = [ja—jbl-

Fig. 2.1 depicts an example in which it is measured the distance between 5 pairs
of consecutive earthquakes. In orange, we have the distances between the epicenters
of the earthquakes A and B (Ar;,, = 1 and Ar;,, = 3); in purple, is represented
the distances between the epicenters of B and C (Ar;,, = 3 and Arj,, = 2); in
green, we have the distances between C and D (Ar;,, = 3 and Ar,,, = 3); in
blue, we have the distances between D and E (Ar;,, = 8 and Ar;,, = 2), and in
brown, we have the distances between E and F (Ar;,, =7 and Ar;,, =8). All the
distances in the modeling are adimensional.

Figs. 2.2(a) and 2.2(b) show, respectively, the cumulative probability distribu-
tions for the distances between successive epicenters projected in i (Ar;) and j (Ar;),
for a lattice with L =500 and s;, = 100. Both distributions are well-adjusted by
g-exponential functions (Eq. 2.8) with ¢ < 1, which is in agreement with the re-
sults for seismological data from California, Japan, and Iran [50, 51], showing the
consistence of this method to calculate inter-event distances in the OFC model. For
clarity, the insets in Fig. 2.2 represent the same plot but applying the ¢-logarithmic
function (Eq. 2.5) to the data. When plotted in this form, the data follows straight
lines, as should be for g-exponential distributions, where the ¢ values correspond
to the inclination of the g-logarithmic function fitted.

The cumulative distributions of Ar; and Ar; for the synthetic events present
the same g¢-value, which shows that, regardless of the projection axes chosen to
calculate the distance between epicenters in the modified OFC model, we have the
same result. Therefore, we used the j-distance, Ar;, between the epicenters for

our spatial investigation in this work. For simplicity’s sake, we use the notation
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Fig. 2.2: Cumulative probability distribution of distances between consecutive earth-
quakes for the modified OFC model with L =500 and s;;, = 100. (a) Distance dis-
tribution for the i-projection. The solid black line represents an adjustment to a
g-exponential function, with the best fit for ¢=0.45 and S, = 3.377 x 1073. The
correlation coefficient, R?, between the synthetic data and the g-exponential model
is 0.99898. (b) Distance distribution for the j-projection. The solid black line is
a g-exponential with ¢ = 0.45 and 3, = 3.349 x 1073. The correlation coefficient
is R% = 0.99887. Insets: semi-q — log plots of the cumulative distributions for the
(a) 7 and (b) j projections. In both cases, the black straight lines represent the
g-logarithmic function, where the ¢ and S5 values are the same found in the bigger
plots.
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Fig. 2.3: Cumulative probability distributions for j-projections of the distance be-
tween successive earthquakes generated with the modified OFC model. The lattice
sizes, L, are 200 (light blue), 300 (light green), 400 (light purple), and 500 (light yel-
low). Lower size thresholds, s, are 25 (circle), 50 (square), 75 (diamond), and 100
(triangle). The data collapse is obtained by applying the scaling law in Eq. 2.11.
The distributions follow the g-exponential (solid black line) presented in Eq. 2.8,
with ¢ = 0.45 and s = 1.688. Inset: same distributions, but without data collapse.
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Ar; = Ar.

Our analyses of the distributions Ar were conducted considering the different
lower size thresholds, s;,, and different lattice sizes, L (previously mentioned in
section 2.4.2). Hence, the probability distribution of Ar is a function of L and sy.
However, as shown in the inset of Fig. 2.3, the distribution is independent of the
lower size threshold chosen. Besides that, it is possible to make this distribution

invariant with respect to the values of L by using the scale relationship
PZ(AT7 L7 3th> - f(AT'/L)7 (211)

where f(z) decays as a g-exponential function, e,(—fsx) (Eq. 2.8), with 8, = 1.688
and ¢ = 0.45, as it can be seen in Fig. 2.3. For visual clarity and to indepen-
dently show data collapse for different lattice sizes and earthquake size thresholds,
the curves have been shifted along the x-axis for each L and sy, as illustrated in
Figs. 2.4(a) and 2.4(b), respectively. To explicit the nonextensive behavior in the
spatial distribution and the finite-size effect imposed by the model, we also present
the rescaled distribution in Fig. 2.5, where it is possible to better observe the agree-
ment between the results from the simulated data and the g-exponential function.
We also highlight that, for ¢ < 1, the g-exponential probability distribution has a
cutoff at 1/[fs(1 — ¢)]. In that way, the s value found for our simulated data is
consistent since it provides a cutoff similar to the lattice size (as shown in Figs. 2.3
and 2.5).

The scaling law for spatial distributions on the modified OFC model is similar to
those found in previous works (using different approaches) for the distance between
consecutive earthquakes from many world regions, such as, California, Canada, Cen-
tral Asia, Greece, Japan and Iceland [74, 7, 22].

Here it is important to highlight some points from our results. First, we observe
that regardless of the lattice size, the spatial distributions have the same form,
similar to those obtained in [50, 51, 75] for earthquakes from Japan, California, Iran,
and Greece. Furthermore, in [76], the author calculates the inter-event distances
between successive events on a 2D spring-block (Burridge-Knopoff) original model.
He also obtains the best-fitting for the probability distribution by a g-exponential
function, with ¢-values similar to ours. However, although they have found the ¢-
value does not change with the system’s size, they have only used three different
lattice sizes with no scaling function that allows the data to collapse into a single
curve, as we did. It means that the OFC model with small-world topology provides
spatial statistical properties similar to those found in actual seismological data, even
for a small lattice size, as discussed in [48]. Moreover, the data collapse observed in

our results is evidence of the critical state of the simulated earthquakes, in agreement
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Fig. 2.4: Same plot as in Fig. 2.3, for the collapsed data, but shifted along the z-axis
for each different (a) lower size threshold (sy,= 25, 50, 75, and 100, left to right),
and (b) lattice size (L= 200, 300, 400, and 500, left to right).
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Fig. 2.5: Rescaled cumulative probability distribution for j-projection of the distance
between consecutive earthquakes for the modified OFC model with L =500 and
si, = 100. The parameters used in f(Ar/L) (Eq. 2.11) were those obtained for the g-
exponential function in Fig. 2.3. The solid blue line is a guide for the eyes, indicating
the perfect theoretical match between the synthetic data and the g-exponential.

with the findings for actual seismological data. Given the results obtained for the
modified OFC model, we compared them with the spatial analysis of the actual
earthquakes, investigating the spatial behavior of worldwide earthquakes.

It is worth mentioning that there is not a vast amount of work in the litera-
ture dealing with spatiotemporal studies of earthquakes from a global perspective
since most authors carry out analyses only for data from some specific areas of the
world [50, 74, 7, 22]. Among the few authors who have conducted similar studies
in worldwide earthquake catalogs, we can highlight Corral [32] and Vallianatos &
Sammonds [77]. The former studied the use of the rate of earthquake occurrence in
scaling relations for distributions of inter-event distances, considering only regions
and periods with stationary seismic occurrence. Similar to the present work, the
latter authors also consider the nonextensive statistics approach in their studies.
However, they do not perform calculations on the influence of minimum magnitude
thresholds and do not compare their results with critical models.

We have analyzed earthquakes from a global perspective, observed their proper-
ties, and compared the results with those found for the modified OFC model. From
the latitude and longitude of each earthquake in our worldwide data, we have the
geographical location of the earthquakes’ epicenters, allowing us to calculate the
distance, Ar, between subsequent epicenters. Those distances are determined by

calculating the geometric distances over the Earth’s surface, considering the spher-
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Fig. 2.6: Cumulative probability distributions of distances between subsequent
earthquakes for worldwide seismological data from 2000 to 2019. All distances are
in km. (a) Shallow earthquakes (hexagon). The magnitude thresholds, my,, consid-
ered are 4.5 (blue), 4.7 (orange), 4.9 (green), and 5.1 (red). The best fit is given by
a g-exponential (solid black line) with ¢ = 0.32 , 8, = 7.581 x 1075, and correlation
coefficient R? = 0.99422. (b) For deep earthquakes (star), the magnitude thresholds
are 5.3 (blue), 5.5 (orange), 5.7 (green), and 5.9 (red). Best fit for a g-exponential
(solid black line) with ¢ = 0.32, 8s = 7.544 x 107°, and R? = 0.99773. For both
datasets, it is observed that the distribution of distances is independent of the my,
value considered. Insets: semi-q — log plots of the cumulative distributions for (a)
shallow (with my, = 4.5) and (b) deep (with my, = 5.3) earthquakes. The black
straight lines represent the g-logarithmic function, where the ¢ and [, values are the
same found un the bigger plots.
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ical approximation, and using the well-known haversine formula.

Firstly, we have performed our calculations for shallow earthquakes only. We
considered magnitude thresholds, my,, equal to 4.5, 4.7, 4.9, and 5.1 to analyze
whether the behavior of the distribution would change with this parameter. The
result is shown in Fig. 2.6(a), where it is observed that the cumulative spatial dis-
tribution for shallow seismic events has no dependence on the magnitude threshold,
my,. Moreover, the probability distribution agrees with the g-exponential function
(Eq. 2.8) for ¢ = 0.32. This behavior is interesting since it was also found in studies
for specific regions of the world (e.g., Japan, California, and Iran) [50, 51|, as well
as for worldwide shallow earthquakes with a magnitude larger than 5.5 [77]. These
findings are in concordance with the g-exponential properties, such as the fractal
behavior, characteristic of complex systems [36].

Secondly, we have calculated the cumulative probability distribution of distances
for the worldwide data of deep earthquakes, taking into account magnitude thresh-
olds, myy, equal to 5.3, 5.5, 5.7, and 5.9. The resulting distribution can be seen in
Fig. 2.6(b), where we can also note that this distribution is independent of my, and
follows a g-exponential function (Eq. 2.8) with ¢ = 0.32. As done for synthetical
data, in Fig. 2.6 insets, we also present the semi-g — log plots, where the straight
lines represent g-logarithmic functions with [, being the inclination of the fitted
line.

Our findings show that the nonextensive behavior is presented in the seismic
phenomenon independently of its depth, magnitude, and geographical location and
suggests no differentiation in the spatial occurrence of large and small earthquakes
worldwide. We still note a strong agreement between the results of the modified OFC
model and actual earthquakes, where the distance distributions follow g-exponential
functions, as explicit in Fig. 2.5 for the simulated data and Fig. 2.7 for worldwide
earthquakes. Fig. 2.7 also shows the effect caused by the finite size of the Earth
since the maximum possible length to be covered on the surface from one point to

another is approximately 2 x 10*%km.

2.5.2 Temporal analysis

To perform the temporal analysis in the modified OFC model, we used the
same method applied in [48]. As explained in Section 2.3.2, in the OFC model,
there is a constant increase in the values of the forces in all system sites, and the
earthquakes are considered instantaneous events. Also, as the model assumes that
a constant strength variation occurs in all system sites, we can consider that the
amount Fy, — F},., added to all sites in the lattice is proportional to the value of the

time interval of consecutive events. Thus, we can calculate the cumulative waiting
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Fig. 2.7: Rescaled cumulative probability distribution of the distances between con-
secutive earthquakes for worldwide seismological data from 2000 to 2019. The dis-
tances are in km. The magnitude thresholds are (a) my, = 4.5 for shallow earth-
quakes and (b) my, = 5.3 for deep ones. The parameters used in f(Ar) were
those obtained for the g-exponential functions in Fig. 2.6. The solid red lines are
guides for the eyes, which indicate the theoretical match between the data and the
g-exponentials.

time distributions.
Following a similar procedure employed in the spatial analysis, we studied the

cumulative probability distribution of time intervals between consecutive epicenters
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for lattices of size L =200, 300, 400, and 500, with s;, = 25,50,75, and 100, as
shown in Fig. 2.8. In [6, 74, 78], the authors apply a scale relationship to collapse
data of time interval distributions from California and Iceland. Using an analogous
scaling rule applied by those authors, we observed that the waiting time distribution
for data from the modified OFC model could be made invariant to the values of L

and s;, by using the scaling
Ps(At, L, sy,) = f(LY At/sh,), (2.12)

where df = 1.0, f(x) decays as a g-exponential function, e,(—f;z) (Eq. 2.9), and the
parameter b = 0.88 is the b-value (from the GR law) found for our data. The term
L% At / s, measures the average number of earthquakes with a size greater than or
equal to sy, occurring within a time interval At in a spatial range L.

Usually, d is considered the fractal dimension Dy of the epicenter distribution (as
shown in [6, 78], for example). This assumption is consistent with the results from
our simulations, as we are making a one-dimensional projection from the 5 x 10°
epicenters contained in our 2D-squared lattice, which has sides ranging from 200
to 500. It means that, on average, the epicenters fill the projected dimension,
and consequently, the epicenter distribution has a fractal dimension equal to 1.0.
However, we point out that the d; value equal to 1.0 was also used in [74] for the
waiting time distributions from California and Iceland earthquakes. In that work,
the authors have made a complimentary observation showing that considering d;
always as the fractal dimension Dy of the spatial distributions is not a closed question
since the multifractal structure of the epicenters’ spatial distribution cannot be
entirely described by the capacity dimension Dg alone.

Fig. 2.8 presents the cumulative probability distribution for the time intervals,
with a data collapse accordingly with the scaling proposed in Eq. 2.12. As can be
seen in Figs. 2.8 and 2.9, the lattice size and the earthquake lower size thresholds
do not change the distributions’ behavior of the temporal occurrence of earthquakes
in the modified OFC model. However, it is possible to observe in Fig. 2.8 that the
data collapse for time distributions is not perfect due to a limitation imposed by
the modeling. As the maximum time interval between two events is related to the
lattice’s size, small lattices cannot reach time intervals as bigger as the larger ones,
which is better noticed as the lower size thresholds increase, as shown in Fig. 2.9.
Although, the data collapse found for the modified OFC, as a result of the rescaling
of the time intervals, shows evidence of a critical phenomenon, following the previous
studies for seismic data from actual earthquakes [6, 74, 78].

The temporal distributions for the earthquakes generated with the modified OFC
model are well fitted by the g-exponential function (Eq. 2.9) with ¢ > 1 (as shown
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Fig. 2.8: Cumulative probability distributions of time intervals between consecutive
earthquakes from the modified OFC model. The lattice sizes, L, are 200 (light blue),
300 (light green), 400 (light purple), and 500 (light yellow). Lower size thresholds,
Sth, are 25 (circle), 50 (square), 75 (diamond), and 100 (triangle). The data collapse
is obtained by applying the scaling law in Eq. 2.12. The solid black line represents
the g-exponential function shown in Eq. 2.9, with ¢ = 1.10 and S; = 55.506. Inset:
same distributions, but without data collapse.
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Fig. 2.9: Same plot as in Fig. 2.8, for the collapsed data, but shifted along the z-axis
for each different (a) lower size threshold (s;= 25, 50, 75, and 100, left to right),
and (b) lattice size (L= 200, 300, 400, and 500, left to right).

in Figs. 2.8 and 2.10), agreeing with the results previously obtained for actual seis-
mological data [64, 79, 51, 77]. Fig. 2.10 also evinces the finite-size effect and the
g-exponential behavior for the time interval distribution.

We can further observe that the best-fitting is obtained for ¢ = 1.10, similar
to that found in [80], where the author analyzed interoccurrence time distributions

on a two-dimensional spring-block model (Burridge-Knopoff) without the cellular
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Fig. 2.10: Rescaled cumulative probability distribution of time intervals between
consecutive earthquakes for the modified OFC model with L = 200 and s, =
100. The parameters used in f(L¥At/s%) (Eq. 2.12) were those used for the g-
exponential function in Fig. 2.8. The solid red line is a guide for the eyes, indicating
the perfect theoretical match between the synthetic data and the g-exponential.

automata approach. However, the results found in the present work for the OFC
model with small-world topology have waiting time distributions with considerably
better fits for the g-exponential function than in [80]. Furthermore, we obtained
scaling relationships for the system size and lower size threshold in this work, which
had not been obtained previously.

Regarding the data of actual earthquakes, we considered the instant of occurrence
of an earthquake and the next one to conduct the studies on temporal analysis. We
have performed the calculations for shallow and deep earthquakes separately, for each
pair of events, varying the magnitude threshold, my,. The Insets in Figs. 2.11(a)
and 2.11(b) show the results for cumulative probability distributions of time intervals
between successive shallow and deep seismic events, respectively.

As the energy of an earthquake is proportional to 10™, being m its magnitude,
we can apply a similar scaling to the one used for the seismological data generated
with the modified OFC model (Eq. 2.12). Nevertheless, for worldwide earthquakes,
our data only have variations in the magnitude threshold. This way, the scaling

relationship to be used is
P (At m) = f(AE/10%™0), (2.13)

in which f(z) decays as a g-exponential function (Eq. 2.9), and the b-values found for
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Fig. 2.11: Cumulative probability distributions of time intervals between consecutive
earthquakes for worldwide seismological data from 2000 to 2019. All time intervals
are in seconds (s). (a) For shallow earthquakes (hexagon), the magnitude thresholds,
myp, considered are 4.5 (blue), 4.7 (orange), 4.9 (green), and 5.1 (red). The best
fit is given by a g-exponential (solid black line) with ¢ = 1.10 , 5, = 13.607, and
correlation coefficient R* = 0.99773. Inset: distributions with no data collapse. (b)
For deep earthquakes (star), my, = 5.3 (blue), 5.5 (orange), 5.7 (green), and 5.9
(red). Best fit for a g-exponential (solid black line) with ¢ = 1.08, 8; = 4.158 x 107,
and R? = 0.99944. Inset: distributions with no data collapse.
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Fig. 2.12: Rescaled cumulative probability distribution of the time intervals between
consecutive earthquakes for worldwide seismological data from 2000 to 2019. The
time intervals are in seconds (s). The magnitude thresholds are (a) my, = 4.5
for shallow earthquakes and (b) my, = 5.3 for deep ones. The parameters used
in f(At/10%™) (Eq. 2.13) were those obtained for the g-exponential functions in
Fig. 2.11. The solid red lines are guides for the eyes, which indicate the theoretical

match between the data and the g-exponentials.

the shallow and deep data were 1.09 and 0.93, respectively. By applying this scaling
relationship, the distributions for shallow and deep earthquakes become independent

of my, as shown in Fig. 2.11.
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Fig. 2.13: Cumulative probability distributions of velocities for successive synthetic
earthquakes from the modified OFC model. The lattice sizes considered are, L= 200
(light blue), 300 (light green), 400 (light purple), and 500 (light yellow). The lower
size thresholds are, s;= 25 (circle), 50 (square), 75 (diamond), and 100 (triangle).
(a) Distributions for all sizes and lower size thresholds. (b) Data collapse by applying
the scaling relationship presented in Eq. 2.14. The solid black line represents a ¢-
exponential function with ¢ = 2.06 and 3, = 2.262 x 10~2. The dashed black line
shows the power-law behavior (given by Eq. 2.15), where the fitting was shifted for
clarity. (c) and (d) represents the same plot as in (b), but data were shifted along
the z-axis for each lower size threshold (s;,= 25, 50, 75, and 100, left to right) and
lattice size (L= 200, 300, 400, and 500, left to right), respectively.

The best fitting for the collapsed curves gives the parameters 5, = 13.607, ¢ =
1.10 for shallow earthquakes [Fig. 2.11(a)], and 8; = 4.158 x 107!, ¢ = 1.08 for the
deep ones [Fig. 2.11(b)]. In Fig. 2.12, we have the rescaled time distribution with
the same parameters as in Fig. 2.11, showing the g-exponential function agreement
to the data and the Earth’s finite size effect.

In addition, we highlight that some previous works have also studied the waiting
time distributions for worldwide data, and, despite using different approaches, they
also found data collapse for different region sizes and magnitude thresholds [81,
82, 8, 83, 84, 85]. Nevertheless, our work differs from these others since, besides

comparing actual and simulated data, we also study the probability distributions



Cap. 2 - Spatiotemporal Analysis of Earthquake Occurrence in Synthetic and... 36

10° | -
—
= —
o = ) )
~ %» 100 F /Wi
) ~ Y
= -
Al =
A Al
T’_ 1 aj‘l 10t b
o 10 r ~
~
= =
S s
< =5
o= R
\ZJ, P 10—2 ul l ul ul ul ul i
= 1 100 12 18 10t 10 1® 10 =
b 2
st v/ L
10—2 1 I 1 1 1 1

3

10 N

10 10

b /L2
sy, v/ L

Fig. 2.14: Rescaled cumulative probability distribution of velocities for successive
synthetic earthquakes from the modified OFC model with L = 500 and s;, = 100.
The parameters in f(s% v/L?) (Eq. 2.14) were those used for the g-exponential
function in Fig. 2.13(b). The solid blue line is a guide for the eyes, indicating the
perfect theoretical match between the synthetic data and the g-exponential. Inset:
rescaled distribution for the power-law in Eq. 2.15, with v = 0.96.

from the NESM viewpoint, which provides distributions that follow g-exponentials.
Herein, we point out that the g-exponential function only appears in systems with
long-range correlations in time and space. In that way, our results are also interesting
since they reinforce the agreement between actual and simulated earthquakes, where
the data collapse and the NESM behavior seem to indicate a single law for large

and small earthquakes and regions.

2.5.3 Velocity analysis

From a spatial distance Ary and a time interval At between earthquakes k and
k + 1, we can define the “propagation” of the seismic activity, given by a quantity
similar to velocity, vi, = Ary/Aty, as also proposed in [7]. It is important to highlight
that this quantity does not have the physical meaning of velocity. Still, it is a measure
of the “propagation” of subsequent events with a magnitude (or size) larger than
a threshold my, (or sy,). Thus, we studied the cumulative probability distribution
of velocities for the synthetic earthquake catalog generated with the modified OFC
model. Fig. 2.13 shows the results for lattice sizes from 200 to 500 and earthquake
lower size thresholds equal to 25, 50, 75, and 100. It is possible to observe that, by

dividing the scale relationships found for distance and time interval (Eqgs. 2.11 and
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2.12, respectively), for dy = 1.0, the resulting scaling law,
P (v, L, si) = f(sp, v/L7), (2.14)

provides a data collapse for velocity. Similar to our previous analyses, the function
f(z) decays as a g-exponential, e,(—3,x). As shown in Fig. 2.13(b), the best fitting
is obtained for ¢ = 2.06 and 3, = 2.262 x 10~2, where it was used the same previous
b-value, b = 0.88.

For comparison purposes, Fig. 2.13(b) also displays the fitting for the data in

the power-law range, i.e.,
Ps(v, L, sy,) ~ (s, v/L*)77. (2.15)

The exponent value found, v = 0.96, agrees with the work mentioned earlier [7],
where the authors found v = 1.0 for actual earthquakes from southern California.
We observe that our results agree with the stated in Eq. 2.4, ie., v = 1/(1 — q),
for [s, v/L*] > [—B,(1 — ¢)]~!, which implies that the velocity distributions for
earthquakes in the modified OFC model are better fitted by g-exponentials than
pure power-laws, as seen in Figs. 2.13(b) and 2.14. This way, we observed that the
nonextensivity of the system of earthquakes is not only present in the spatial and
temporal parameters but also in the “propagation” of the seismic activity.

It is important to note that the cutoff at large v, presented in Fig. 2.13(b), is
due to the limitation imposed by the modeling. This limitation stems from the
fact that, while the maximum distance between two events varies accordingly to the
lattice size, L, the minimum time interval between two successive events does not
have such variation, having the same value for all lattice sizes.

In Figs. 2.13(c) and 2.13(d), the rescaled distributions are shifted for different
earthquake lower size thresholds and lattice lengths, respectively. Those separate
plots aim to display the data collapse more clearly, presenting the scaling for L and
S separately.

Finally, the distribution of velocities was analyzed for the worldwide data. The
cumulative probability distribution of velocities for shallow and deep earthquakes,
with different my, values, are presented in Fig. 2.15. The scale relationship that

allows the data to collapse is
P (v,my) = f(v/10707m), (2.16)

in which f(z) decays as a g-exponential, e,(—f,z), and the b-values were the same
used for the temporal analysis, i.e., 1.09 and 0.93, for shallow and deep earthquakes,

respectively. The fitting parameters obtained are 3, = 9.087 x 1075, ¢ = 2.02, for
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Fig. 2.15: Cumulative probability distributions of velocities for consecutive earth-
quakes from worldwide seismological data from 2000 to 2019. The velocities are in
km/s. (a) For shallow earthquakes (hexagon), the magnitude thresholds, my,, con-
sidered are 4.5 (blue), 4.7 (orange), 4.9 (green), and 5.1 (red). The solid black line
is a g-exponential with ¢ = 2.02 and 3, = 9.087 x 1075. (b) For deep earthquakes
(star), my, = 5.3 (blue), 5.5 (orange), 5.7 (green), and 5.9 (red). The solid black
line shows a g-exponential with ¢ = 2.02 and 8, = 3.612 x 10~*. For both shallow
and deep earthquakes, dashed black lines represent the power-law in Eq. 2.16, which
were shifted for clarity. Insets: distributions with no data collapse.
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Fig. 2.16: Rescaled cumulative probability distribution of velocities for consecutive
earthquakes from worldwide seismological data from 2000 to 2019. The velocities
are in km/s. The parameters in f(v/107™) (Eq. 2.16) were those used for the
g-exponential functions in (a) Fig. 2.15(a), for shallow earthquakes with my, = 4.5,
and (b) Fig. 2.15(b), for deep earthquakes with my, = 5.3. In both shallow and
deep earthquakes, the solid red line is a guide for the eyes, indicating the theoretical
match between the data and the g-exponential. Insets: rescaled distributions for
the power-law in Eq. 2.17.

the shallow events and 3, = 3.612 x 107%, ¢ = 2.02, for deep earthquakes.
Similar to what was done for the synthetic data, Fig. 2.15 shows the asymptotic
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power-law behavior (described in Eq. 2.4) for the worldwide distributions,
Ps (v, mg) ~ (v/1070men) =7, (2.17)

where v ~ 1/(1 — ¢q), both for shallow and deep earthquakes. The exponent values
for shallow and deep earthquakes were v = 0.98 and v = 0.96, respectively, which
are close to unity, as found in [7] for California data. In Figs. 2.15 and 2.16, it
is shown that the probability distributions of velocities for worldwide data have
better agreements with g-exponentials than pure power-laws, being the power-law
regime an asymptotic behavior for larger velocities. Figs. 2.14 and 2.16 show that,
excluding the finite-size effects, the nonextensive approach fits the entire range of the
distributions, differently from the power-law function, which produces two different
behaviors, as found in [7].

Our findings show the robustness of seismicity behavior concerning the spa-
tiotemporal scales and the “propagation” of the synthetic earthquakes produced
by the modified OFC model, which is in good agreement with worldwide events.
Moreover, the data collapse in all distributions presented in this work confirms the

self-organized critical behavior of the seismological phenomenon.

2.6 Conclusions

In the present work, we have studied spatio-temporal features of synthetic earth-
quake data produced by a modified OFC model, using a small-world-like topology
instead the original regular one. The results were compared with those found for
actual worldwide earthquakes, where data from shallow and deep earthquakes were
calculated separately, as in [59, 60].

Our analyses were performed by probability distributions of distances, time inter-
vals, and “velocities”, between successive events. The distributions were analyzed
under the nonextensive statistical mechanics’ viewpoint. We have found that all
distributions, for both synthetic and actual earthquakes, follow the non-traditional
g-exponential functions, which fits better the distributions than pure power-laws.
Notably, the nonextensive behavior is only present in systems with strong correla-
tion and long-range effects in space and time, indicating that these features are also
present in earthquakes.

The agreement between the results produced by the model and those found for
natural earthquakes, in all studied cases, is also remarkable. Since the OFC model
with a small-world-like topology has self-organized criticality features and long-
range interactions between the elements in the lattice, the concordance between

synthetic and actual earthquake results indicates that the same two characteristics
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are present in the seismic phenomenon. Therefore, our results strengthen the idea of
self-organized criticality and long-range spatiotemporal correlations between earth-
quakes. We also note that the SOC perspective supports the view that the Earth’s
crust accumulates energy at a slow rate and that, at some point, this energy can no
longer be maintained and is then released rapidly through faults.

The OFC model’s synthetic data have been made using various lattice sizes and
considering different lower threshold values of earthquake sizes. The worldwide shal-
low and deep earthquakes data were considered for different magnitude thresholds.
For space, time, and velocity, in both synthetic and actual earthquakes, it was possi-
ble to produce data collapses using scaling laws, indicating the presence of criticality
in the seismological phenomenon and spatiotemporal self-similarity, covering many
types of tectonic environments and magnitude ranges. That result also implies no
difference between the earthquake spatiotemporal statistics from small and large
sizes or magnitudes, which also means that there is a no different mechanism for
producing aftershocks. It means that, regardless of the physical mechanism of energy
release and the consequent emergence of an earthquake, that mechanism operates
similarly on all scales of space and time.

We also show that, for the spatiotemporal statistical studies provided in this
work, the modified OFC model presents advances and consistencies that are not
present in the original 2D spring-block (Burridge-Knopoff) model [80, 76]. The ¢-
values found in our results are close to those in actual earthquakes, as well as the
size and magnitude invariances evinced by the scaling relationships presented in all
distributions.

Given our results, the present study complements previous works by strength-
ening the use of complex systems concepts to study seismological problems and
the importance of nonextensive statistical physics for understanding the lithosphere

dynamics.
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Abstract

In this work, we studied the correlation properties of seismic networks by analyzing
the assortativity of worldwide and synthetic earthquake networks. We used data
from the World Earthquake Catalog for the period from 2002 to 2016, considering
earthquakes with magnitude thresholds 4.5 and 5.0. Shallow earthquakes (a depth
of up to 70 km) and deep earthquakes (a depth greater than 70 km) were analyzed
separately. Synthetic data were produced from simulations using a modified ver-
sion of the Olami-Feder-Christensen model, which can reproduce several statistical
characteristics of actual earthquakes. The study was carried out for two methodolo-
gies of connections between the network elements, where the correlation measures
were calculated for all networks. The results for shallow earthquakes and synthetic
data indicate: assortative correlation (locations with similar seismic activities tend
to have a greater number of connections between them); mainshocks induce other
mainshocks in both close and further away regions; the structure found has a type
of “attracting dynamics”, where the places with a more intense seismic activity
produce large numbers of connections in other locations around them. Deep earth-
quake networks are neutral and therefore do not have an explicit correlation type.
Our findings agree with previous works for specific areas and contribute to better

understand correlations between seismological regions.

20
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3.1 Introduction

We are surrounded by several systems that contain a huge number of compo-
nents in which their elements have many kinds of interactions with each other. These
systems belong to the category of “complex systems”, making it difficult to under-
stand the dynamics of the entire system knowing only the behavior of the system
elements, since the collective behavior is not trivial. In this framework, complex
networks are in the heart of complex systems once they have the power to decode
the interactions between the system elements, being a powerful tool to investigate
the topological structure and statistical behavior of complex systems. The science
of complex networks has been successfully applied in many real-world networked
systems, such as the Internet, economic market, spread of diseases, solar flares, and
social relationships [1, 2, 3, 4, 5, 6].

In the last thirty years, several works have implemented the concept of complex-
ity in the study of earthquakes, aiming to better understand and characterize the
seismological dynamics and properties [7, 8, 9, 10]. The complex network theories
started to be used in the seismological study in [11, 12]. The authors constructed
earthquake networks for seismic data from California and Japan, taking into ac-
count spatial and temporal information of successive earthquakes. After Abe’s sem-
inal paper, several authors have been applying similar complex network concepts
to earthquake studies [13, 14, 15, 16, 17]. It is noteworthy that over the years,
other authors have also studied the earthquake phenomenon under the viewpoint
of complex networks, by using approaches different from Abe and Suzuki, such as
the Baiesi-Packzuski model [18], the visibility graph model [19], and the space-time
influence domain [20]. Despite the different network construction methods and anal-
yses, the results found in the various models show that the earthquake networks have
similar behavior to the ones of other networks found in nature for many different
phenomena.

A handy tool in studying earthquakes is the use of computer simulations. These
simulations can be of the type “simplified”, where the models capture the main
characteristics of the phenomenon, or of the type realistic and more comprehensive,
trying to describe the phenomenon in a more detailed way. In statistical studies,
it is common to use simplified models capable of generating large amounts of data
without requiring substantial computational capacity. The use of complex networks
for the statistical study of earthquakes can be done by using actual earthquake
data or by using synthetic data generated through computer simulation models.
One of the most used simplified models is the one created by Olami, Feder and
Christensen (OFC model), which incorporates several characteristics of complex

systems [21, 22, 23]. A more detailed explanation of this model will be presented in
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the next section.

Previous works have analyzed seismological data (from actual and synthetic cat-
alogs), performing some of the most common and fundamental features of complex
networks, such as the degree distribution, the clustering coefficient, and the av-
erage shortest path. However, another interesting characteristic to be studied in
earthquakes is the correlation property. Correlation properties can be analyzed in
complex networks using a network measure named assortativity, which indicates a
type of connection preference that elements tend to have when connecting to each
other. For example, in social networks, it is observed that people tend to relate to
other people belonging to the same group as themselves [5]. However, the protein-
interaction network of yeast has the opposite property. The proteins with more
significant connections interact much more with small-connected proteins [24]. In
this way, the study of the assortativity correlation feature can help provide more
complete information on the structure and dynamics of the system. The correla-
tion property using the assortativity concept will be presented in the theoretical
background section of this paper.

Therefore, in order to advance one more step towards greater knowledge about
the earthquake phenomenon, we analyze in this paper the assortativity features for
the networks created from worldwide seismic events using two different models of
connections for two different datasets: one for shallow earthquakes and the other for
deep earthquakes. We differentiate the seismic events concerning their depths since
shallow and deep earthquakes are mechanically different from each other [25, 26].
Still, deep earthquakes occur, in general, in subduction zones of tectonic plates [25].
On the other hand, shallow earthquakes are not only related to these zones, but they
also happen in faults and plate slippage, making their occurrence more distributed
in geographic regions around the world than deep seismic events.

Therefore, we make the data division by depth to observe whether it would
exist differences in the properties of the networks created with these two datasets.
We adopted the division used in [26, 27]: shallow earthquakes are those with a
depth of up to 70 km, and deep earthquakes are the ones located deeper than this
value. Furthermore, a network of connections was also created using earthquake
data simulated with a modified version of the Olami-Feder-Christensen model [28].
The results were compared with those of the actual seismic events. This paper
is organized as follows. First, we have a brief theoretical background on complex
networks and the OFC model. The following section is dedicated to presenting
information about our worldwide and synthetic earthquake data catalogs. Then,
the methods employed to construct our networks are described. Finally, we show

and discuss the results obtained and present the conclusions.
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(b)

Fig. 3.1: Examples of (a) an undirected network and (b) a directed network. The
networks have 8 nodes and 9 links each one.

3.2 Theoretical Background

Aiming to make this paper self-contained, we present a brief review of theoretical

topics considered important to the development of this article.

3.2.1 Fundamental Concepts of Complex Networks

Networks are commonly represented by graphs, where the elements are nodes (or
vertices), and the interactions are expressed by links (or edges) between the nodes.
A fundamental property in networks is the degree, k;, of each node, i, which gives
the number of links between the node and other nodes. The links in a network can
be directed (if the links have a specific direction, going from one node to another)
or undirected (if there is no direction for the links between the nodes), as shown
in Fig. 3.1. In a directed network, there is a distinction between the number of
incoming links, expressed by the incoming degree, ki", and the outgoing links, given
by the outgoing degree, k%"

In this way, the total degree in directed networks is provided by k; = k" + k¢,
Examples of directed networks are the World Wide Web (WWW), where the links
point from one webpage to another, and an ecological web, where the directed
links indicate which animal is a predator of the other. Undirected networks can be
exemplified by a scientific collaboration, since if a scientist “A” collaborates with a
scientist “B”, the scientist “B” also collaborates with “A”.

For a mathematical description, the networks are usually described by adjacency
matrices. If an unweighted network (i.e., all links have the same weight) has N nodes,

the links between them are represented by a N x N matrix, with elements:
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Fig. 3.2: The highlighted links exemplify one possible path between nodes C' and D.
However, the shortest path between these nodes is the one that follows the nodes
sequence C — B—FE—A—D.

1, if there is a link from ¢ to j
i = (3.1)

0, if there is no link from i to j.

In an undirected network case, the adjacency matrix is symmetric, which means,
Aij = Ay

From the nodes’ degrees, it is possible to calculate the network’s degree distribu-
tion P(k), which is the probability that a randomly selected node in the network has
a degree k. Since the functional form of P(k) is deeply related to many properties in
the network, it assumes an essential role in network studies. One remarkable exam-
ple is that if the degree distribution of nodes follows a power law, i.e., P(k) ~ k™7
(where v is a positive constant), it represents a signature of an organizing principle,
called scale-free property. The presence of a power-law for the degree distribution,
instead of a Poisson distribution, implies that the nodes are not connected ran-
domly; instead, they follow a preferential attachment rule to connect to each other.
It means that a scale-free network has several small degree nodes and only a few
with high degree values. These last ones are named hubs.

Another important feature of a complex network arises when every node is
“close” to every other node, i.e., it is possible to go from one arbitrary node to
another taking only a few “steps”. When it happens, these networks are called small-
world networks. As proposed by [1], two important metrics to classify a small-world
network are the clustering coefficient and the average path length. The clustering
coefficient measures how likely it is that two elements connected to a node are also

connected to each other. The average path length is the average of the shortest
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distances between all pairs of nodes in the network, where the distance between two
nodes is the number of links between them, as exemplified in Fig. 3.2. Small-world
networks have a high clustering coefficient value compared to a random network with
the same characteristics and a small average path length compared to the number
of nodes in the network.

Within this frame, the complex networks approach has been applied to seis-
mological studies from many areas in the world, as Japan, California, Iran, Chile,
Greece, and worldwide [11, 12, 13, 29, 30, 31]. The results found in the previous
works show the scale-free and small-world features in the networks built from the
seismological data, where the degree exponents 7 for the networks are within the
usual range 2 < ~ < 3, which is the range for several of the existing networks in
nature [32, 33, 34]. As indicated by [35], the presence of scale-free properties in
earthquake networks indicates that, geographically, aftershocks associated with a
mainshock tend to return to the locus of the mainshock, creating hubs similarly
to the preferential attachment rule. Furthermore, the small-world feature indicates
that the earthquake network is significantly clustered, and the average distance be-
tween two arbitrary nodes (geographical regions where earthquakes have occurred)

is very small.

3.2.2 Correlation Properties in Complex Networks

In the last twenty years, the study of correlation properties in networks using
assortativity has been implemented in many real-world networks [36, 5, 37, 38, 39,
40, 6]. Assortativity (or assortative mixing) refers to the tendency of nodes in a
network to connect to other nodes with similar properties, making the links not
to be placed between nodes completely at random, but depending in some way
on the property in question. Here, we focus on assortativity in terms of a node’s
degree. The analysis of this property allows us to investigate the relation between
the connectivity degrees of the nodes that link to each other. A statistical measure
that is commonly used to analyze this preference is the nearest-neighbors average
connectivity of nodes, or also denominated degree correlation function [41, 42, 43],

expressed as

krm(k) = Z]P(jlk)u (32)

where P(j|k) is the conditional probability that an arbitrary selected edge links a
j-degree node with a k-degree node. This function considers the average degree of
the neighbors of a node as a function of its degree k. If it is independent of k, the

network has no obvious degree correlation and is called neutral. When, however,
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knn(k) increases with k, the network is assortative. It means that the hubs (nodes
with high degrees) of the network tend to connect to other hubs and nodes with low
degrees tend to be linked to other low degree nodes. On the other hand, if k,, (k)
decreases with k, the network is disassortative, i.e., the hubs prefer to link to nodes
with low degrees [43].

Thus, the degree correlation function can help detect the presence or absence
of correlations in real networks. However, a helpful way to capture the magnitude
of the correlations present in the networks is using a unique number. This number
can be computed from the fitting of the k,, (k) plot or by calculating the degree
correlation coefficient, defined as follows.

The degree correlation coefficient, which is the Pearson correlation coefficient
between the degrees found at the two ends of the same link, is a complementation of
the analysis of the degree correlation function and provides us with a quantitative

characterization. We calculate this coefficient by
k(ejk — g
. Z] ( JkUQ Qqu?), (3.3)
ik

where ejj is the probability of finding a node with degrees j and k at the two ends
of a randomly selected link; g, is the probability of existing a node with degree k at

the end of a randomly selected link and

o? = Z K2q, — [Z qu]z, (3.4)

is the variance of g;. The value of r varies from -1 (perfect disassortativity) to 1
(perfect assortativity). If » = 0, the network has no assortative (or disassortative)
mixing and, therefore, is neutral.

Previous works have considered the assortative mixing approach to analyze the
correlation properties in earthquake networks for some regions, such as California,
Japan and Iran [35, 13, 15]. These studies found an assortative behavior for the

earthquake networks.

3.2.3 The OFC Model

The model created in 1992 by Olami, Feder and Christensen (OFC model) can
reproduce several statistical properties of earthquakes [21]. This model is widely
used because, despite its apparent simplicity, it can reproduce several characteristics

found in actual seismological data, such as the Gutenberg-Richter law.
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Standard OFC model

The standard OFC model can be represented by a bi-dimensional square ¢ x ¢
lattice with N = ¢2 blocks (sites) interconnected to its first neighbors by springs.
Each block is connected through a spring to a single rigid driven plate and by friction
to another rigid fixed plate on which they stay. This blocks arrangement represents
a regular topology of the lattice. Due to the relative motion between the plates
(imposed by the model), all the blocks will be subjected to an elastic force which
tends to put them in motion, and to other frictional forces, opposite to the first.
When the resulting force in one of the blocks is greater than the maximum static
friction force, the block slides and relaxes to a position of zero force, and a fraction
() of its tension is equally redistributed between its nearest neighbors. It produces
a rearrangement of forces in its first neighbors, which can cause other slippages
and the emergence of a chain reaction. The first block to move is the earthquake’s
epicenter, and the magnitude of this earthquake is measured by the number of blocks
that skidded.

When an earthquake finishes, the continuous relative movement between the
plates will cause a force accumulation in all blocks. In this way, the slip of a
block will occur after some time, and a new earthquake process begins. The model
assumes that the time interval between two earthquakes is considerably longer than

the duration of an earthquake itself.

Small-world-like OFC model

As verified in [28], a better agreement with real data is obtained when the lattice’s
topology in the OFC model is not regular, but, instead of that, follows the rule of
topology construction proposed by [44], based on the Watts—Strogatz mechanism to
generate small-world networks [1]. Starting from the regular two-dimensional topol-
ogy, the rule of construction consists of taking each edge of the lattice (the spring that
connects the blocks) and randomly reconnecting it to other blocks with probability
p (rewiring probability), keeping fixed each block’s original number of connections.
That mechanism generates a small-world-like lattice for the OFC model, in which
the resultant lattice has a topology between the regular and the random ones.

The use of a small-world-like topology for the OFC topology makes the sys-
tem more realistic since it allows more effective long-range interactions between the
blocks, agreeing with several previous works which indicate spatial and temporal
long-range interactions between earthquakes [45, 46, 47, 48, 49].

Thus, in our studies, we used the OFC model with a small-world-like topology
to create synthetical data catalogs to calculate spatial and temporal distributions

and compare them to those produced by real data catalogs of earthquakes.
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3.3 Data

In this study, we used natural and synthetic earthquake data catalogs.

3.3.1 Worldwide Earthquakes

The dataset was obtained from the World Catalog of Earthquakes of the Ad-
vanced National Seismic System (ANSS)!, and it covers earthquakes from the entire
world between 2002 and 2016. We considered the magnitude types M, (body-wave
magnitude), My, (local magnitude) and M,, (moment magnitude). For the record, we
only considered earthquakes with magnitude (m) larger or equal to 4.5 because, in
that catalog, the events with magnitudes less than 4.5 are not completely registered
for the whole world. The total of events is 101746, of which 80520 are shallow earth-
quakes (earthquakes with a depth of up to 70 km), and 21226 are deep earthquakes
(events occurred at depths greater than 70 km).

These data had a good agreement with the Gutenberg-Richter law (GR)[50], with
a b-value exponent equal to 1.080 £ 0.003 for the shallow seismic events, and 1.080
+ 0.010 for the deep ones. In concordance with many previous works [51, 52, 53, 54],
given that in our data we consider only earthquakes with magnitude greater than or
equal to 4.5, the b-value close to 1.0 is a consistent result for earthquakes worldwide.

We have not distinguished mainshocks from aftershocks in our data in this work.
[55] and [56] discuss in their studies the relevance of small earthquakes and after-
shocks in triggering other earthquakes, where it is observed that these seismic events
appear to be of major importance in the earthquakes interactions. Therefore, as we
aim to study how earthquakes worldwide are correlated, it makes sense that we
do not eliminate aftershocks from our datasets. Moreover, this approach was also
adopted in [9, 57, 58].

3.3.2 Synthetic Earthquakes

For the process of earthquake nucleation (i.e., how the earthquakes are gener-
ated) we have used the small-world-like OFC model, which generates a synthetic
seismological catalog. In our simulations, we have used non-periodic open boundary
conditions. This condition imposes that all blocks in the OFC lattice have the same
parameter «, independently of their location on the lattice. With that condition,
the blocks located at the lattice boundary will have a more dissipative behavior
than those in bulk since the elements in bulk are connected to 4 neighbors, and the

elements in the borders are connected to only 3 or 2.

thttps://earthquake.usgs.gov/data/comcat



Cap. 3 - Correlation Properties in Worldwide and Synthetic Earthquake... 59

Previous studies showed that for the OFC model to have a lattice with small-
world-like features and critical behavior, the rewiring probability must be in a range
of values [1073,1072] [44, 28]. Thus, our analysis was conducted using p = 0,001
for a lattice of size L = 400, a dissipation coefficient o = 0,20, and the number of
events generated was 2 x 107 after the transient regime. It is relevant to highlight
that we have excluded the earthquakes with magnitude s = 1 from the construction

of the network because these events seem to obey their own statistics [59].

3.4 Method

The earthquake prediction is one of the goals of a seismological research. How-
ever, before that, it is necessary to better understand the earthquake dynamics and
possible correlations between different earthquake events and locations. Accord-
ingly, it makes sense to look for interactions due to long-range correlations since, as
mentioned earlier, several authors have pointed out in previous works the existence
of this kind of interaction, meaning that this characteristic cannot be neglected when
studying seismological data.

Therefore, intending to study and search for possible correlations in global earth-
quakes, [14] constructed a network of worldwide epicenters. Similar to the studies
for specific regions, they found that the global network is also scale-free and small-
world, showing evidence of long-range correlations across the planet.

To construct the network of global epicenters, following the definition used in
[14], we divided the planet in this work into equal square cells (sites) of size L x L,
with L = 20 km. A cell becomes a node of the network every time the epicenter of
an earthquake is located therein. Besides that, we used the two methods described

below to create the links between the nodes.

3.4.1 Successive Model

This methodology was created by [11, 12] and employed in [14]. It consists of
connecting a node to its successive one in the temporal order by a directed link.
Thus, in this model, the construction of the network considers that each earthquake
is related to the one that happens right after it in the temporal series, regardless of

the time difference between them.

3.4.2 Time Window Model

In [29], a refined model, called the “time window” model, was created to con-

struct networks of epicenters from all around the globe, which improves the previous
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Fig. 3.3: Example of the network’s construction for the time window model. The
time windows are represented by w;, where ¢ is the window number, and all the
time windows must have the same value (in this example, T = 2, in arbitrary
units). Events in the same window are connected, as explained in the text. We can
see that there are 8 earthquakes (A, B,C, D, E, F,G, H), but the epicenters network
has only 7 nodes (Cy,Cp,Ce,Cp,Cg,Cr,Cg), because Cg = Cg. It can also be
observed that the link between Cg and Cy is a self-link.

successive methodology, and showed evidence of being a better approach to build-
ing networks of earthquakes than the successive one. It consists of defining a time
window, with size T', placed on the chronologically ordered data to create the links
between the nodes, where the nodes correspond to the cells where the epicenter of an
earthquake has occurred. In this way, the first node inside the window is connected
to all other nodes within that window by directed links. After that, the window is
moved forward to the next event, and the connections procedure is repeated. Fig. 3.3
illustrates an example of this process. As it can be seen, the time window T works
as a temporal filter to connect the nodes.

We built networks using both the successive and the time window models for the
shallow and deep earthquakes collected. The time window values were T = 3800 s
for shallow seismic events and T = 16500 s for deep earthquakes. These values are
the same calculated and used in [29, 60], respectively.

Regarding the data generated with the OFC model, each epicenter was defined
as a node. We constructed a network using the successive model of connections, as

it was done in [28].
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Fig. 3.4: Nearest-neighbors average connectivity of nodes k,, (k) for the network of
shallow earthquakes, for my, = 4,5, using (a) the successive model and (b) the time
window model. It can be observed that both distributions follow a crescent linear
fit (red line). These plots show that both networks have assortative mixing, being
the network constructed with the time window model much more assortative.

3.5 Results

3.5.1 Degree Correlation Function

From Eq. 3.2, we calculated the degree correlation function of our networks, us-
ing the degree of the nodes. Fig. 3.4 shows a comparison between the network of
shallow earthquakes (my, = 4, 5) built using the successive model and the time win-
dow model. It is observed that in both distributions the nearest-neighbors average
connectivity of nodes, ky,(k), increases linearly with k, which means that these net-
works are assortative. Therefore, the nodes with a high degree connect on average
to nodes with a high degree. This result was the same found in networks of earth-
quakes from California and Japan [35], which makes sense since most earthquakes
that occur in these areas have depths of up to 70 km (shallow earthquakes).

However, the network constructed with the time window model is more assorta-
tive than the one built with the successive model. It is interesting because [29, 60]
showed that the time window model gives results that make more sense than the suc-
cessive model (e. g., it naturally identifies the world’s places with more occurrence
of seismic events). The high assortative value found implies that areas of the world
with intense shallow seismic activity are not only correlated but strongly correlated.

It is also interesting to note that in Fig. 3.4 the linear growth does not hold for
high degree-nodes. This behavior is expected in scale-free networks, like ours, since
the system is unable to sustain assortativity for high-degree because there are only
a few nodes with large values of degree (hubs). The same happens for other real

networks, as citation networks.
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Fig. 3.5: Nearest-neighbors average connectivity of nodes k,, (k) for the network
of shallow earthquakes, for my;, = 4,5 and without depth equal to 10 km. The
networks were constructed with (a) the successive model and (b) the time window
model. Both distributions follow an increasing linear fit (red line), which means
that these networks are assortative. Again, the network constructed with the time
window model is much more assortative.

Moreover, in the global catalog from which we collected our data, there are
several events with a “fixed depth” equal to 10 km 2, when there is no certainty about
the actual focus depth. Thus, to analyze if this value of depth is biasing our results
for the shallow earthquakes, we removed them and plotted the nearest-neighbors
average connectivity of nodes for the successive and time window models for the
remaining data. As we can see in Fig. 3.5, both distributions have a behavior very
similar to those considering all depths (Fig. 3.4), which means that the assortative
behavior of the networks of epicenters for shallow earthquakes is not dependent of
this value of depth, being, in fact, a property of shallow earthquakes.

We have also analyzed the shallow seismological data in respect to its magnitude
threshold my, to check if the consideration my, = 4,5 is satisfactory and if this value
influences our results. Figs. 3.6(a) and 3.6(b) show the nearest-neighbors average
connectivity of nodes, ky,(k), for the successive and time window models, respec-
tively, using my;, = 5,0. The distributions show a linear growth between k,,, (k) and
k, similarly to what we have found when considering my, = 4,5. Therefore, these
networks are assortative, independently of the minimum magnitude value adopted.

The results for the networks of deep earthquakes with my, = 4,5 are shown
in Fig. 3.7. In both cases, successive and time window models, the networks are
neutral, i.e., k,,(k) is independent of k. It means that the world’s geographical
regions with greater deep seismic activity are correlated both with each other and

with areas of less occurrence of deep earthquakes, without preference.

2https:/ /www.usgs.gov/faqs/why-do-so-many-earthquakes- ocorrer-profundidade-10km
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Fig. 3.6: Nearest-neighbors average connectivity of nodes k,, (k) for the network of
shallow earthquakes, for my, = 5,0, created with (a) the successive model and (b)
the time window model. By the crescent linear relation between k,, (k) and k (red
line), these networks have assortative mixing, being the time window network much
more assortative.

Following the same analysis for the shallow seismological data, we analyzed the
epicenter networks’ assortativity of deep earthquakes using my, = 5,0. For the net-
work created using the successive model of connections, no correlation was observed
between k,, (k) and k; thus, this network is neutral (Fig. 3.8(a)), as it was found
when considering (Fig. 3.7(a)). On the other hand, in the case of the network con-
structed with the time window model, k,,(k) increases linearly with %, indicating
that this network has assortative mixing (Fig. 3.8(b)), which differs from the result
obtained for (Fig. 3.7(b)). However, when comparing the distributions presented
in Figs. 3.7 e 3.8, we note a significant reduction in the number of nodes for the
network built using my, = 5,0 (this decrease in the number of nodes can also be
seen in Table 3.1). Then, in this case, the results found for deep earthquakes with
cannot be considered very consistent since the low number of nodes does not allow
us to perform good statistics.

Finally, as shown in Fig. 3.9, we found that the nearest-neighbors average con-
nectivity of nodes k,, (k) for the network of earthquakes simulated with the modified
OFC model has an increasing behavior with k, in agreement with the results found
for shallow earthquakes. Similar results were also found in a previous work con-
ducted for networks built using the standard OFC model [61].

3.5.2 Degree Correlation Coefficient

In addition, to obtain a quantitative result from Eq. 3.3, we have calculated
the degree correlation coefficient (r) for each of our networks, and the values are

shown in Table 3.1. As seen by the positive values obtained, the networks of shallow
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Fig. 3.7: Nearest-neighbors average connectivity of nodes k,, (k) for the network of
deep earthquakes, my, = 4,5, constructed with (a) the successive model and (b)
the time window model. No correlation between k,, (k) and k is presented in the
distributions, which means that both networks are neutral.

events (for both successive and time window models) are assortative in all cases,
i.e., considering data for my, = 4,5 with all depths; for my, = 4,5 excluding the
fixed depth of 10 km; and for my, = 5,0 with all depths. For these three cases,
considering each model separately, the values of r are very close. Moreover, once
again, we have noticed that the network of shallow earthquakes constructed with
the time window model is much more assortative. It is noteworthy that the values
found for this network are consistent with a similar finding for Japan data, using
a different technique from ours [62]. As the Japan region has a predominance of
shallow earthquakes, our results make sense.

The networks of deep earthquakes with my, = 4,5 for both models, successive
and time window, present r =~ 0, indicating that they are neutral, as found in the
nearest-neighbors average connectivity of nodes (k,,(k)) analyses. Additionally, as
we observed in the k,, (k) study, a difference was found when looking for the degree
correlation coefficient r for deep earthquakes with my, = 5,0. While the network
constructed with the successive model presents r ~ 0, the one created with the
time window model has » > 0. However, as shown in Fig. 3.8 and Table 3.1, when
we consider only magnitudes greater than or equal to 5.0, the number of nodes in
the networks of deep earthquakes is much smaller than for my, = 4,5 (Fig. 3.7 e
Table 3.1). Consequently, the results indicated by the value of r for deep earthquakes
with my, = 5,0 are inconsistent due to the low number of nodes.

The positive degree correlation coefficient found for the network of earthquakes
built from the modified OFC model shows assortativity, as seen in Table 3.1. This
result is in concordance with our findings for the nearest-neighbors average connec-
tivity of nodes k,, (k).
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Fig. 3.8: Nearest-neighbors average connectivity of nodes k,, (k) for the network of
deep earthquakes, my, = 5,0. In (a) the network was constructed with the successive
model. No correlation between k,, (k) and k is presented, showing that this network
is neutral. (b) presents the k,,, (k) distribution of the network created using the time
window model. The distribution shows an increasing behavior, indicating that this
network is assortative. The explanation of this difference is in the body of the text.
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Fig. 3.9: Nearest-neighbors average connectivity of nodes k,, (k) for the network of
earthquakes generated with the modified OFC model using the successive model.
This network has k,, (k) linearly increasing with k£ (red line); therefore, it is assor-
tative.

3.6 Discussion

To better understand the triggering of earthquakes and their dynamics, it is
of great relevance to study how they correlate to each other worldwide. As the
authors show in [56], knowing how the temporal and spatial domain link together
is important to understand the diffusion processes in the earthquake system.

The assortative correlation exhibited in shallow and synthetic earthquake net-
works is an exciting result. As the hubs are connected to other hubs in earthquake
networks, the regions of the world where large earthquakes occurred (e. g. Japan,

Sumatra, and Chile) tend to, on average, be linked to each other. It means that the
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Table 3.1: The number of nodes (N) and the degree correlation coefficient (r)
values of the worldwide and synthetic earthquake networks used in this study.

Network N r
Shallow earthquakes, myp = 4,5 (successive) 28471 0.0711
Shallow earthquakes, ms, = 4,5 and depth equal to 10 km excluded (successive) 20222 0.0809
Shallow earthquakes, m;;, = 5,0 (successive) 12323 0.0774
Shallow earthquakes, my, = 4,5 (time window) 23380 0.508
Shallow earthquakes, m;, = 4,5 and depth equal to 10 km excluded (time window) 14737 0.510
Shallow earthquakes, my, = 5,0 (time window) 6184 0.582
Deep earthquakes, msp, = 4,5 (successive) 8958 0.000763
Deep earthquakes, my, = 5,0 (successive) 3086 0.0163
Deep earthquakes, myp, = 4,5 (time window) 7675 0.0152
Deep earthquakes, m;, = 5,0 (time window) 2478 0.0944
OFC model earthquakes 115510 0.0750

regions where mainshocks occurred are connected to other regions where other main-
shocks also appeared, suggesting that mainshocks may induce other mainshocks.
Fig. 3.10(a) presents the geospatial image of the network of shallow earthquakes
(myn, = 4,5) created with the time window model. Despite Fig. 3.10(a) displaying
only the 2% of nodes with the highest degree of the network, they hold 16% of the
links of the entire network. It is also possible to observe that hubs are not connected
only to other close hubs (as in the case of Japan, which holds more than one hub),
but they are also linked across the planet.

Another point is that removing high-degree nodes in assortative networks is a
relatively inefficient strategy for destroying the network connectivity, since removing
a hub does not cause significant damage to the network because the hubs form a
core group [43]. Consequently, being the earthquake network assortative, even if
a seismically active region does not have earthquakes for some time, this will not
influence the global seismic dynamics since the network structure will not undergo
significant changes.

Besides that, the assortative earthquake networks also reveal a kind of “attracting
dynamics”, where many hubs tend to be located near each other, i.e., large events
tend to produce many hubs in a relatively small region. However, as depicted in
Fig. 3.10(a), these regions are not isolated from the rest of the network; instead,
they are also connected to hubs in other regions.

Furthermore, analyzing the networks themselves, the assortative property makes
the giant component of the networks unable to reach large values. Once the giant
component is the largest subset of nodes in the network (where each of its nodes
must be connected to at least one other node), the assortative result means that,

in earthquake networks, the regions with higher degrees are forced to connect much
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Fig. 3.10: Geospatial images of the networks constructed with the time window
model between 2002 and 2016, for (a) shallow earthquakes and (b) deep earthquakes,
considering my, = 4,5. The 2% of nodes with the highest degrees (hubs) in each
network are shown, as well as the links between them. Larger and reddish cells have
a higher number of connections.
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more to each other, than to the ones with small degree, making the hubs have more
probability of belonging to the giant component than to the disconnected parts of
the network.

A further interesting point is an agreement between the results for the small-
world-like OFC model and for shallow earthquakes, which strengthens the credibility
of the OFC model for the study and statistical description of earthquakes. Given
the importance of using theoretical-computational models in earthquake research,
the validation of a model such as the OFC, which does not need large computational
requirements, is an interesting result once it allows inferring characteristics of actual
earthquakes from those found using the model.

In the case of deep earthquakes, the neutral behavior found in the networks indi-
cates that the earthquakes correlate at random since, in neutral networks, the nodes
are linked arbitrarily [43]. The geospatial image of the network of deep earthquakes,
with magnitude threshold my, = 4,5, constructed with the time window model, is
presented in Fig. 3.10(b). This figure depicts 2% of the most connected nodes of the
network and 3% of the network links, showing that for deep earthquakes networks
the hubs do not concentrate a large number of connections between each other.
This result implies that deep seismic events worldwide have no obvious correlation,
making the understanding of their correlations more difficult than for the shallow

ones.

3.7 Conclusions

In this work, the assortativity of networks of worldwide and synthetic earth-
quakes was studied in order to better characterize correlation properties and un-
derstand the spread of information in the system of earthquakes. Concerning the
global events, we analyzed shallow and deep earthquakes separately. From these
datasets, we built networks of epicenters by using two methodologies: the successive
model and the time window model of connections. For the shallow earthquakes,
the networks of both models of linking nodes (sites) presented assortative mixing,
with the difference that the network constructed with the time window model was
found to be much more assortative. These results were similar to those obtained for
seismic event networks from California and Japan (regions with a predominance of
shallow earthquakes).

The assortative mixing was also found for the network created using a catalog
produced by an improved version of the computational model proposed by Olami,
Feder and Christensen, which shows agreement between real data for shallow events
and synthetic data catalogs. On the other hand, the deep earthquake networks,

for both successive and time window models, presented no correlation between the
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degree of the nodes.

We have also tested our networks under two different constraints, taking only
earthquakes with magnitude larger than or equal to 5.0 and excluding the events
with “fixed depths” of 10 km from our data. The results found were consistent with
those without the constraints. These tests had the objective to check if our results
(using the entire data) were biased by the magnitude threshold 4.5 or by the “fixed
depths”.

Our results suggest that shallow and deep earthquakes have different tempo-
ral and spatial correlation properties. While we have positive degree correlations
for shallow earthquakes, these correlations seem not to exist for deep earthquakes.
Because of this, the shallow earthquake networks tend to link high-degree regions
(regions with large earthquakes) with other high-degree areas, making it more dif-
ficult to change the seismological behavior of the earthquake networks even if a
specific region stops having earthquakes for a period of time. Moreover, the results
seem to indicate that, for shallow earthquakes, mainshocks may induce mainshocks
in other areas, even if these areas are not close to each other. Another interesting
feature revealed by our results from shallow earthquakes is a kind of “attracting
dynamics”. This feature causes the hubs to create several other hubs close to them:;
however, it does not prevent them from being connected to others further away.
On the other hand, for deep earthquakes, our network analysis indicates that they
connect randomly, i.e., with no specific preference.

An additional consequence of our findings is the validation of the OFC model to
describe the degree correlation of shallow earthquake networks. It implies one more
verification of the applicability of the OFC model. This step forward may help to
study statistical correlations in actual earthquakes, given that the model presented
similar results to those for natural earthquakes.

The correlation properties found in our analyses concern both temporal and
spatial relations since we use time sequences to establish links between different
spatial regions of the globe. It is known that earthquakes can induce others thou-
sands of kilometers away from their epicenters [63], and our findings reinforce these
long-range interactions in the worldwide seismicity. Here, these properties appear
naturally using only complex network theory, showing how powerful this theory is
to study correlated systems, such as earthquakes.

The present study shows that more than just degree distributions must be inves-
tigated when analyzing an earthquake network. Still, it is also necessary to observe
how the network nodes are related. In this way, we have shown that the presence
of mixing patterns in earthquake networks has a profound effect on the network’s
topological properties as it affects the detailed wiring of links among nodes.

For future works, we intend to study the earthquake clusters and communities
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performed from deep and shallow earthquakes.
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Capitulo 4

Caracterizacoes Topoldgicas de
Redes Multicamadas de

Terremotos

4.1 Fundamentacao Tedrica

Como foi observado no capitulo anterior, a aplicagao da teoria de redes complexas
na sismologia permite um conhecimento amplo do sistema de terremotos, como a
identificacao dos locais e eventos mais importantes do sistema, tipos de interagao
entre eles, difusao de informacao, entre outros. Dentro da teoria de redes complexas,
um novo conceito tem sido utilizado para estudar sistemas com grande nimero
de elementos que interagem entre si por diferentes tipos de relacionamentos, sao
as chamadas redes multicamadas [1, 2|. Esses relacionamentos podem representar
diferentes “aspectos” do mesmo sistema, como, por exemplo, multiplos niveis de
organizacao em um sistema bioldgico, ou relagoes sociais em diferentes esferas. Na
Fig. 4.1 é apresentado um exemplo esquematico de aplicagao de redes multicamadas.

Um exemplo de area em que as redes multicamadas tém sido particularmente
lteis é nos sistemas de transporte. Por exemplo, em [4] os autores usaram uma
abordagem de rede multicamadas para analisar a interdependéncia dos sistemas de
metro e onibus em Chongging, uma famosa cidade montanhosa do interior da China.
Eles descobriram que os dois modos de transporte eram altamente interdependentes
e que as interrupgoes em um sistema poderiam ter impactos significativos no outro.

Assim, no presente trabalho aplicamos a abordagem de estudo de redes por
multicamadas, a fim de contribuir para uma melhor compreensao das interagoes
ao longo do tempo entre terremotos de diferentes locais do planeta. Nas proximas

segoes, apresentamos o formalismo matematico e as definigoes desses tipos de redes.

77
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Fig. 4.1: Representacao esquematica de redes multicamadas de transportes em dife-
rentes escalas geogréaficas. De cima para baixo: rede de transportes intercontinentais,
em que cada camada representa uma linha aérea diferente; rede de transportes con-
tinentais nos EUA, com trés camadas: voos, rodovias e trilhos; rede de transportes
regionais na Califérnia, com trés tipos de mobilidade: por carro, 6nibus e trem; por
fim, a rede de transportes urbanos, sendo cada camada referente ao transporte por
carro, 6nibus e metro. Figura retirada de [3].

4.1.1 Definicoes e Notacgoes

Em uma rede multicamadas, cada camada é uma rede complexa para um deter-
minado tipo de interagdo entre os elementos. Como definido em [1, 2], uma rede
multicamadas ¢ um par M = (G,C), onde G denota o conjunto de grafos (direci-
onados ou nao direcionados, ponderados ou nao ponderados) que representam as
camadas de M, isto é, G = {G,; a € {1,..., M}}. Dessa forma, cada camada «
é expressa como um grafo G, = (Vo,, E,), em que V, = {»,*, ..., oy, *} é 0 con-
junto de vértices de G, e E, sao as conexoes intracamadas de M, referentes a G,,.

Ademais, temos que

C={Eas CVax Vi a,Be{L,..., M}, a3} (4.1)
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Fig. 4.2: Tlustracao esquematica de uma rede multicamadas com 3 camadas, onde
cada camada constitui uma rede. Vértices (circulos cinzas) podem existir em vérias
camadas, sem a necessidade de estar em todas elas. Vértices de estado sao aqueles
relacionados a uma camada especifica, enquanto vértices fisicos nao dependem de
uma camada exclusiva. Ligagoes dentro das camadas (arestas intracamadas) sao
representadas por setas, que apontam o sentido da ligacao. Vértices fisicos sao
conectados por linhas tracejadas (arestas intercamadas). Figura retirada de [3].

é o conjunto de conexdes intercamadas de M entre vértices de camadas diferentes
Go e Gg com a # . Ao longo do texto, usaremos letras gregas (o, f,...) para nos
referenciar aos indices das camadas e letras latinas (¢, 7, ...) para os indices de um
elemento da rede.

Em redes multicamadas, um mesmo vértice pode estar presente em vérias ca-
madas, apresentando ligagoes com outros vértices a depender do tipo de rede repre-
sentada. Assim, usamos o par vértice-camada (v;, ) para representar o vértice i
da camada «. Tais vértices relacionados a uma camada especifica sao chamados de
vértices de estado. Por outro lado, quando eles nao apresentam essa dependéncia,
sdo chamados de vértices fisicos (ver Fig. 4.2). Na Secao 3.2.1, apresentamos o con-
ceito de matriz adjacéncia para redes simples (monocamadas). No caso de redes
multicamadas, considerando a rede nao ponderada (ou seja, todas as arestas tém o

mesmo peso), temos que a matriz adjacéncia de cada camada G, é denotada por
Al = (a;;%) € RNe>Neonde

1, se (v;%,v;%) € E,,
a;" = , . (4.2)
0, caso contrario.
paral < 7,7 < Nyel < a < M. Jaamatriz adjacéncia das ligacoes intercamadas

correspondente a E, 5 é igual a Al*f = (a;;%%) € RN*Ns dada por
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a;*’ = L se (1, 0%) € s (4.3)
0, caso contrario.

A classificacao basica de modelos de redes multicamadas identifica duas catego-
rias baseadas na presenca ou nao de conexoes intercamadas: redes nao-interconectadas
e redes interconectadas. Redes nao-interconectadas consistem de multiplas camadas,
cada uma representando um relacionamento especifico entre os vértices. Vértices de
estado existem em pelo menos uma camada e nao apresentam ligacoes entre as ca-
madas. J4 as redes interconectadas possuem as mesmas caracteristicas das redes an-
teriores, porém, podem existir ligagoes entre os estados de diferentes camadas. Elas
possuem trés tipos: (i) redes multiplex: sdo aquelas que apresentam apenas ligagoes
entre estados do mesmo vértice fisico. (i7) redes interdependentes: apresentam ape-
nas conexoes entre estados de diferentes vértices fisicos. (iii) redes interconectadas
gerais: nao possuem restricoes para os tipos de ligacao intercamadas.

Neste trabalho, focamos no estudo de redes multiplex para analisar dados sis-

mologicos. A seguir, detalharemos melhor sobre essas redes.

4.1.2 Redes Multiplex

Um dos casos especiais de redes multicamadas mais comuns sao as chamadas
redes multiplex. Na literatura, existem duas maneiras de se definir redes multiplex:
em uma delas é necessario que todas as camadas compartilhem o mesmo conjunto
de vértices [1], e na outra, mais geral, nao é exigido que todos os vértices existam
em todas as camadas [2]. Em nossas andlises, seguimos a tltima definigdo. Dessa
forma, as ligacoes intercamadas sao dadas por E, 3 = {(vf‘, v®); v, v €V, Vg}
para todo 1 < a # § < M. Assim, podemos associar uma rede multiplexr M a uma
rede monocamada M = (f/, E) , em que V é a unido disjunta de todos os vértices

de Gy, ...,G)yy, ou seja,

V= Vo ={v* v e V,}, (4.4)

1<a<M

[N

e E é dado pela uniao de E, e E, s, isto

U {0 o) e B3 ) U | U {@®of); (0% 07) € Eag} | (45)
a=1 a,f=1

a#B

Com isso, podemos notar que M é um grafo monocamada com N x M vértices,

que pode ser representado por uma matriz supra-adjacéncia, A, a qual pode ser
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escrita como uma matriz de blocos:

Ay | In | ... | In
e In [ As| ... | Iy ¢ RNMXNM
]N ]N AM

onde A, é a matriz adjacéncia referente a cada grafo G,, com 1 < o < M, e Iy é
a matriz identidade de dimensao N. Esse processo de atribuir uma matriz a uma
rede multicamadas é chamado de matriciacao [2].

Podemos pensar no conceito de redes multiplex no contexto das redes sociais,
por exemplo, uma vez que um mesmo usuario pode optar por se cadastrar em uma,
duas ou mais redes sociais online e criar diferentes tipos de relacionamento (como
profissional, familiar e de amizade) com os mesmos usudrios em cada plataforma
social [5].

Além disso, podemos representar redes temporais [6] como redes multiplex, em
que cada camada representa a interacao entre os elementos em determinado periodo
de tempo. Essas redes permitem uma analise da evolucao temporal das relagoes.
Nesse caso, vértices de estado sao conectados apenas entre camadas subsequentes,

de forma que a matriz supra-adjacéncia se torna:

Ay | Iy | O
Iy | As | Iy

A: 0 ]N A3 IN 0 ERNMXNM,
0 0100 |...| Ay

Na Fig. 4.3, apresentamos: um exemplo de rede multiplex temporal, a matriz
adjaceéncia referente ao grafo de cada camada e a matriz supra-adjacéncia corres-
pondente.

No caso dos terremotos, apesar da ampla quantidade de estudos realizados para
redes monocamadas, até o momento, no melhor de nosso conhecimento, apenas um
trabalho foi publicado para redes multicamadas [7]. Nesse estudo, os autores aplica-
ram redes temporais multiplex em dados de terremotos da Califérnia e do Ira, com o
intuito de avaliar com maior detalhe a atividade sismica nessas regioes, obtendo in-
formacoes que seriam “mascaradas” ao considerar uma tnica rede englobando todos
os anos de dados sismoldgicos.

Seguindo essa linha, na presente dissertacao também realizamos estudos de redes
temporais multipler em catdlogos de terremotos globais reais. Apresentaremos a

seguir as métricas e metodologias utilizadas, bem como os resultados obtidos.
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Fig. 4.3: Exemplo de uma rede multiplex temporal de trés camadas. Sao apresen-
tadas a representacao esquematica da rede, as matrizes adjacéncia correspondentes
a cada camada e a matriz supra-adjacéncia.

4.1.3 Meétricas de Redes

Abaixo, sao apresentados conceitos originais criados para redes monocamadas,
e em seguida, serao expandidas suas formulacoes para os casos multicamadas. Tais

conceitos serao usados em nossas redes multipler de terremotos.

Conectividade

Uma das métricas de redes complexas mais importantes é a chamada conectivi-
dade (ou grau), k, dada pelo nimero de ligagoes que um vértice possui com outros
vértices da rede (como comentado na Secao 3.2.1), ou seja, a conectividade de um
vértice i é dada por k; = > j @ij, €M que a;; Sa0 08 elementos da matriz adjacéncia.
Ao trabalhar com redes multicamadas, a maneira mais simples de generalizar esse
conceito é adotar que para cada camada o um vértice fisico ¢ tera um valor de co-
nectividade kz[o‘] =), aij o], Assim, a conectividade total do vértice i é a soma dos

valores de conectividade ki), isto ¢, k; = 3" k1 [2)].
Ademais, caso as ligagoes entre pares de vértices tenham pesos diferentes (rede

ponderada), podemos calcular a chamada strength (“forga”), s;, que fornece a soma
dos pesos das arestas de cada vértice i, isto é, s; = ; Wij, sendo w;; o peso das
ligacoes entre os vértices i e j. Expandindo para redes multicamadas, semelhante-
mente a conectividade, a strength total de um vértice fisico ¢ é dada pela soma de

seu valor em cada camada «, isto é,
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Fig. 4.4: Exemplo de um triangulo formado pelas ligacoes entre os vértices A, B e
C e suas respectivas triplas.

s; = Z SEOC}. (4.6)

Coeficiente de Aglomeracao

O coeficiente de aglomeracao é uma medida que captura o grau com que os vizi-
nhos de um vértice estao conectados entre si. Para um vértice ¢ com conectividade

igual a k;, o coeficiente de aglomeracao local é definido como

2€;
ki(k; — 1)

onde &; representa o numero de ligagoes entre os k; vizinhos do vértice ¢. O valor

C, = (4.7)

de C; varia de 0 a 1, uma vez que k;(k; — 1) é o nimero méaximo de ligagoes entre os
vizinhos de 7. Assim, C; pode ser interpretado como a probabilidade de existir uma
ligacao entre dois vizinhos de um vértice .

Para a rede como um todo, o grau de aglomeracao é dado através do coeficiente
de aglomeracao médio, (C), representando a média dos C; sobre todos os vértices
i=1,---,N[g8],

€)=+ pyes (4.8)

Essa medida pode ser entendida como a probabilidade de que dois vizinhos de um
vértice selecionado aleatoriamente estejam conectados.
Outra forma de medir a aglomeracao na rede é através da transitividade do

sistema, utilizando-se o coeficiente de aglomeragao global [9], C', que é medido a
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Fig. 4.5: Exemplos de triangulos formados em uma, duas e trés camadas em uma
rede multiplex de trés camadas. Estao destacados em vermelho os triangulos forma-
dos entre os vértices fisicos vy, v e v4 em cada um desses casos. As redes agregadas
nao sao capazes de distinguir os tipos de triangulos formados.

partir dos triangulos formados na rede. Ele é definido por

c_ 3 X Nl/’lmero de Tr.iéngulos, (4.9)
Ntumero de Triplas

em que uma tripla é um conjunto ordenado de trés vértices ABC, de forma que
A estd conectado a B e B estd conectado a C. Por exemplo, um triangulo ABC é
formado por trés triplas: ABC, BCA e CAB (Fig. 4.4). O fator 3 no numerador é
devido ao fato de cada triangulo contar como trés triplas.

E possivel calcular o coeficiente de aglomeracao global em termos de passos em
uma rede [10]. Para tanto, dada uma matriz adjacéncia A e um nimero inteiro
m, tem-se que cada elemento (A™);; é o nimero de passos distintos para sair de
um vértice i para um vértice j. Portanto, para i = j e m = 3, fica (A%);, que é
justamente o niimero de triangulos fechados distintos com centro no vértice ¢. Ja
para o calculo do nimero de triplas, o segundo passo deve ser dado em uma matriz
totalmente conectada (ou seja, todos os vértices se conectam entre si), F' = U — I,
sendo U uma matriz de “uns” e I a matriz identidade de mesma dimensao. Com
isso, o coeficiente de aglomeragao global de uma rede pode ser calculado usando

[A°]

C = m (4.10)
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No caso de redes multicamadas, diferentes abordagens foram utilizadas em tra-
balhos prévios [2, 10, 11]. Ao trabalhar com redes multiplez, hd um maior niimero
de possibilidades para a transitividade ocorrer ao longo da rede. Desta forma, para
processos dinamicos, além dos triangulos formados em cada camada, é importante
levar em consideracao aqueles que cruzam diferentes camadas. Existem trés ma-
neiras de formar triangulos em redes multiplez: (i) considerando ligagoes dentro de
uma mesma camada,; (i7) considerando duas ligagdes em uma determinada camada
e a outra ligagdo em uma camada distinta; (iii) considerando cada ligagao para uma
camada diferente. Para exemplificar, a Fig. 4.5 apresenta uma esquematizacao para
triangulos fechados em uma, duas e trés camadas.

O exemplo apresentado na Fig. 4.5 também permite observar a diferenca entre
uma rede multicamadas e uma rede agregada. Enquanto a primeira mapeia os
diferentes “aspectos” do sistema em camadas distintas, a segunda € a representagao
do sistema multicamadas em uma tnica camada que engloba todos os multiplos
tipos de relacionamentos, sem diferenciacao. Como pode ser visto no exemplo, a
rede agregada nao é capaz de distinguir se o triangulo é formado em apenas uma
camada ou devido as ligacoes através de multiplas camadas, sendo perdida essa
informacao.

Em nossas analises, utilizamos o calculo do coeficiente de aglomeragao global,

considerando tanto triangulos quanto triplas formados em uma, duas e trés camadas.

Comprimento de Menor Caminho Médio

Além da conectividade e do coeficiente de aglomeracao, outra medida topoldgica
fundamental em redes ¢ o comprimento de menor caminho médio (¢). Em uma
rede, o conceito de distancia fisica (como a distancia entre dois dtomos em um
cristal, por exemplo) é substituido pelo chamado comprimento de caminho [9]. Um
caminho é definido como uma rota entre vértices percorrida através de arestas. Dessa
forma, o comprimento de um caminho corresponde ao ntiimero de arestas que foram
percorridas entre os dois vértices de interesse, e o menor caminho é aquele em que
é necessario passar por menos arestas.

Uma maneira de calcular os menores caminhos é a partir da matriz adjecéncia,
A. Quando existe uma ligacao direta entre dois vértices ¢ e j, tem-se que A;; = 1
e a distancia entre esses vértices é d;; = 1. A distancia serd d;; = 2, se existir um
caminho de tamanho 2 entre 7 e j, ou seja, A;; Ay; = 1. O ntmero de caminhos

d;; = 2 entre os vértices ¢ e j ¢

N
N =" Ay Ay = AD, (4.11)

k=1
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Fig. 4.6: Esquematizacao do calculo do comprimento de menor caminho entre dois
vértices em uma rede multiplex. A distancia entre o vértice 1 da camada 2 (v, Ly) e
o vértice 3 da camada 2 (vs, L) é considerada infinita, pois nao existe ligacao entre
eles nesta camada. Contudo, isso é contornavel devido as ligagoes intercamadas
estabelecidas pela abordagem multiplex. Dois caminhos possiveis entre esses dois
vértices estao representados (arestas destacadas em vermelho): (i) (v, Lo) - (v4, L2)
- (v4, L1) - (v3, L) - (v3, L), com tamanho igual a 4; (ii) (vy, La) - (v1, L3) - (vs, L3)
- (v3, Lg), com tamanho igual a 3. Logo, a menor distancia entre os vértices (v, Lo)
e (vs, Ly) 6 igual a 3.

onde [---];; denota o elemento (ij)-ésimo elemento de uma matriz e N é o nimero
de vértices. Dessa forma, o nimero de caminhos com tamanho d entre ¢ e 7 é
/\fi(-d) = Agj), e a distancia considerada entre esses vértices é dada pelo caminho com
menor valor d para a qual J\/;-(jd) > 0.

O comprimento de menor caminho médio (¢), que informa o menor nimero de
passos que, em média, é preciso dar na rede para sair de um vértice até outro, é
definido por .

EZN(N—l),AZ, R (4.12)
i,J=1,N;1#j
sendo d;; a menor distancia entre os vértices i e j.

No caso de redes multicamadas, os menores caminhos podem variar significativa-
mente entre diferentes camadas, e também entre as camadas e a rede agregada. Ade-
mais, pode haver casos em que nao exista um caminho entre dois vértices em uma
camada, mas, como consequéncia da abordagem multiplex, eles sejam alcancaveis
entre si através de caminhos que percorram mais de uma camada. Na Fig. 4.6 apre-
sentamos uma esquematizacao para exemplificar um caso desse tipo. Assim, para

capturar a contribuicao multiplez, consideramos para o cédlculo das distancias entre
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os vértices das redes os menores caminhos percorridos em uma ou mais camadas.

4.2 Dados

Os dados utilizados neste estudo foram obtidos do catdlogo mundial perten-
cente ao Advanced National Seismic System (ANSS)!, sendo considerados dados
sismoldgicos de todo o planeta para o periodo de 2000 a 2019 (20 anos), e com
magnitude minima igual a 4,5. Seguindo nossas andlises anteriores apresentadas
nos Capitulos 2 e 3, dividimos o conjunto de dados obtido em terremotos rasos
(profundidade de até 70 km) e terromotos profundos (profundiade maior que 70 km)
[12, 13]. O total de dados é 107118 e 28507 eventos sismicos rasos e profundos,
respectivamente. Os tipos de magnitude considerados foram my, (onda de corpo de
curto periodo), my,. (centroide), My, (magnitude do momento).

Para cada conjunto de dados, aplicamos a metodologia de construcao de redes

multicamadas comentada na préxima secao.

4.3 Construcao das Redes Multiplex de Terremo-

tos

Na secao 4.1.2 foi apresentada a definicao de redes multiplex e abordado o con-
ceito de redes temporais. Para criar as redes temporais de terremotos, construimos
cada camada considerando o periodo de um ano de dados. Dessa forma, dado um
nimero M de camadas, consideramos que cada conjunto de M anos consecutivos
esta conectado formando uma rede multiplex, isto é, para o conjunto de anos ty a
tyr—1, construimos uma rede multipler de M camadas. A seguir considera-se o ano
seguinte como o inicial e cria-se uma rede para o conjunto t; a t;;. Esse processo é
repetido até cobrirmos os 20 anos de dados sismoldgicos.

Seguindo trabalhos prévios [14, 15, 16] e o estudo realizado no Capitulo 3, os
vértices foram definidos como sendo células quadradas (sitios) de tamanho 20 km x
20 km recortadas sobre a superficie do globo, onde ao menos um terremoto tenha
ocorrido. Em cada camada, as ligacoes entre os vértices foram estabelecidas seguindo
o modelo sucessivo proposto por [17]. Ou seja, dado um terremoto A, ocorrido na
célula Cy, e um evento subsequente B, ocorrido na célula Cp, criamos uma aresta
entre os vértices Cy e Cp. Essas sao as ligagoes intracamadas. Para estabelecer
uma rede multiplex, cada vértice foi conectado a si mesmo na camada seguinte,

configurando as ligagoes intercamadas.

Thttps://earthquake.usgs.gov/data/comcat/
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Com o objetivo de investigar o comportamento das propriedades topoldgicas
das redes de acordo com o nimero de camadas consideradas, variamos o ntmero de
camadas das redes temporais multiplex construidas. Além disso, analisamos a possi-
bilidade da existéncia de um valor para o nimero de camadas que apresente melhores
resultados, de acordo com os obtidos em trabalhos prévios de redes monocamadas

de terremotos. Em todos os casos, consideramos redes nao-direcionadas.

4.4 Resultados

No método de construcao de redes de terremotos utilizado neste trabalho, é
possivel saber a localizacao geografica de cada célula, bem como as ligagoes existentes
entre todos os vértices da rede. Dessa forma, foram geradas imagens geoespaciais
das redes temporais multipler para um melhor entendimento sobre elas e também
para a visualizacao da evolucao da ocorréncia de terremotos ao longo do planeta nos
20 anos de dados sismoldgicos usados nas analises. Na Fig. 4.7 é apresentada uma
rede multiplex de terremotos rasos com 3 camadas, abrangendo os anos de 2000 a
2002, assim como a respectiva rede agregada (uma tnica rede contendo os dados
de todas as camadas consideradas). Cada camada da rede multiplez é constituida
por uma rede criada com o modelo sucessivo, considerando dados sismolégicos de
1 ano, onde cada vértice é conectado a si mesmo na camada consecutiva de forma
a estabelecer uma rede multiplez (as ligagdes intercamadas nao estao representadas
na Fig. 4.7).

Os vértices com maiores nimero de ligagoes (hubs) variam a cada ano, porém se
encontram sempre em torno de lugares localizados nos limites das placas tectonicas,
podendo ser destacados o Japao (e seus arredores), as Ilhas Sumatra, o Chile e a
regiao ao redor da fossa oceanica de Tonga. Tais resultados fazem sentido, visto
que esses locais possuem intensa atividade sismica. Além disso, é interessante notar
que as ligagoes, em cada camada, ocorrem nao apenas entre células espacialmente
proximas, mas também entre regioes distantes umas das outras, evidenciando cor-
relacoes de longo alcance entre terremotos de todo o mundo, como foi encontrado
em trabalhos prévios. Destaca-se ainda o fato de que ao se considerar a rede mo-
nocamada agregada dos 3 anos, 2000 - 2002, (Fig. 4.7) a informagcao de quais locais
apresentam mais conexdes com outras regides (e assim, apresentando um papel mais
fundamental na rede de terremotos) a cada ano é “mascarada”, sendo mais dificil de
se analisar a influéncia de ocorréncia de terremotos entre diferentes locais em todo
o planeta.

Para exemplificar, a Fig. 4.8 apresenta 4 redes temporais multiplex, com 3 ca-
madas cada, de forma a cobrir os anos entre 2001 e 2006. Assim, o terremoto de

magnitude 9,1 (M) ocorrido em 26 de dezembro de 2004, em Sumatra, Indonésia,
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Aggregate

Fig. 4.7: Rede temporal multiplex de terremotos rasos com 3 camadas. Os anos
considerados para a criacao dessa rede sao 2000, 2001 e 2002. Os vértices sao
representados por esferas e as arestas intracamadas sao dadas por retas que as
conectam. Os vértices delimitam perfeitamente os limites das placas tectonicas.
Quanto maior o tamanho do vértice, maior é o nimero de ligacoes que ele possui
(s@o os hubs da rede). Também é apresentada a rede agregada dos 3 anos. As arestas
intercamadas nao sao mostradas para facilitar a visualizacao.

esta contido nesses dados, bem como dados de anos anteriores e posteriores a ele.
Nota-se que no ano de 2002, a maioria dos hubs se encontram localizados em regioes
proximas de Sumatra, evidenciando uma atividade sismica maior nesses locais nesse
ano do que em outras regioes do planeta. Nos anos seguintes, de 2003 e 2004, tal
comportamento permanece, culminando com o terremoto de elevada magnitude. Os
reflexos desse evento sismico sao especialmente notaveis no ano seguinte, 2005, onde
pode-se verificar enormes hubs dessa rede localizados em Sumatra e seus arredores.
Isto se deve ao fato de que terremotos de grande magnitude costumam ocasionar
muitas réplicas em localidades proximas do terremoto principal, fazendo com que
surjam mais conexoes entre esses vértices.

Outro ponto interessante é o fato de que o aumento na ocorréncia de terremotos
apos o evento de 2004 nao se deu apenas em regices proximas, mas também na China

e na Islandia, que sao locais onde outros hubs da rede estao localizados no ano de
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Fig. 4.8: Redes multiplex com 3 camadas de terremotos rasos para os anos (a)
2001 a 2003, (b) 2002 a 2004, (c) 2003 a 2005 e (d) 2004 a 2006. Maiores vértices
representam aqueles com maior nimero de ligagoes. As arestas intercamadas nao
sao mostradas.

2005. Isso corrobora com a ideia de que a influéncia desses grandes terremotos nao
se d& somente em curtas distancias, mas também a milhares de quilometros, sendo
mais um indicativo de possiveis correlacoes de longo alcance espacial e temporal no
fenomenos sismolégico. Finalmente, em 2006, observa-se que a atividade sismica
mundial permanece maior do que nos anos anteriores ao terremoto de 2004 em
Sumatra, no entanto, os hubs se encontram mais diluidos em varias células. Novos
locais também passam a ser hubs da rede, como as Ilhas Curilas, ao Norte do Japao,
local onde ocorreu um tremor de magnitude 8,3 (My ) em novembro de 2006 [18].

Anélise semelhante foi realizada para as redes temporais multiplex de terremotos
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Fig. 4.9: Redes multiplex com 5 camadas de terremotos profundos para os anos (a)
2000 a 2004, (b) 2001 a 2005, (c) 2002 a 2006 ¢ (d) 2015 a 2019. Vértices maiores sao
os que apresentam mais ligacoes (hubs). As arestas intercamadas nao sao mostradas
para facilitar a visualizacao.

profundos, considerando 5 camadas. O resultado é apresentado na Fig. 4.9, para o
periodo de 2000 a 2006, e também para o conjunto de 2015 a 2019. Os vértices sao
localizados em regides onde, em geral, ocorrem terremotos profundos (majoritari-
amente em zonas de subducgao nos limites de placas convergentes [19]), como era
esperado. No entanto, diferentemente dos terremotos rasos, que apresentaram va-
riagoes consideraveis nas redes das atividades sismicas global ao longo dos anos, no
caso dos eventos sismicos profundos nao houve mudancas significativas na aparéncia
das redes de um ano para outro. Os hubs se localizam, frequentemente, nas Ilhas
Fiji, na Argentina e na Colombia, o que faz sentido, visto que a maioria dos terre-
motos profundos ocorrem nesses locais. Apesar disso, eles nao possuem muito mais

ligacoes que outras regides do planeta. Tal fato é evidenciado pelo tamanho dos
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vértices, que sao muito parecidos.

Seguindo a apresentacao das andlises realizadas no presente estudo, os outros
resultados obtidos dizem respeito as propriedades topologicas das redes temporais
multiplex investigadas, como serd comentado a seguir.

Em trabalhos prévios considerando redes monocamadas de ligagoes sucessivas
para terremotos de regides pequenas do mundo (como Califérnia, Japao e Chile [20,
21]), foi observado que as distribuigoes de strength (s) dessas redes sao caracterizadas
por leis de poténcia, P>(s) ~ s~ (sendo v uma constante positiva), evidenciando
o comportamento livre de escala das redes de terremotos. No entanto, conforme
apontado em [14], quando realizada essa investigagao em redes de terremotos globais,
é observado que essas distribuigoes apresentam um corte exponencial para grandes
valores de strength, ou seja, elas sao melhor ajustadas por leis de poténcia com um

corte exponencial,

Ps(s) ~ 570 e %/5 (4.13)

em que 0 e s, sao constantes positivas.

Com relacao aos dados sismologicos globais do periodo de 2000 a 2019 utilizados
no presente estudo (conjunto de dados rasos e profundos), quando analisadas as
distribuicoes acumuladas de strength das redes agregadas de 20 anos, nota-se que
elas também seguem leis de poténcia com corte exponencial. Como pode ser visto
na Fig. 4.10, o regime em lei de poténcia desses graficos é obedecido apenas para os
primeiros pontos.

Ao ser utilizado o método de redes temporais multipler para construir as redes
de terremotos, alguns pontos interessantes sao observados. Para cada conjunto de
redes multiplex com M camadas, os valores de strength dos vértices foram calculados
a partir da Eq. 4.6, e esses valores foram utilizados na construcao das distribuicoes
de probabilidade acumulada de strengths. O ntmero de camadas foi variado entre
1 (que produz 20 redes monocamadas, com cada rede considerando o periodo de 1
ano), e 15 (produzindo 6 redes multicamadas, iniciando no intervalo entre 2000 e
2014, depois de 2001 a 2015, e assim sucessivamente, até serem englobados os 20
anos de dados). Nas Figs. 4.11 e 4.12 sao apresentados os resultados para redes
multiplex com 1, 3, 5 e 15 camadas, considerando terremotos rasos e profundos,
respectivamente.

No caso das redes criadas para dados de terremotos rasos, é possivel notar que
conforme o nimero de camadas aumenta as distribuicoes passam a ser cada vez
mais bem ajustadas por fungoes em lei de poténcia com corte exponencial (Fig. 4.11),
como era de se esperar, uma vez a distribuicao da rede agregada também possui este

comportamento (Fig. 4.10(a)). Contudo, vale destacar que quando o nimero de ca-
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Fig. 4.10: Distribuicao log-log de probabilidade acumulada de strength das redes
agregadas de dados de terremotos globais ocorridos no periodo de 2000 a 2019. Em
ambos os casos, o melhor ajuste ¢ dado para uma lei de poténcia com corte exponen-
cial, dada por Ps(s) ~ s7°e~*/%¢. (a) Terremotos rasos, com parametros de ajuste
igual a 6 = 0,96 e s. = 31,99 (ajuste em vermelho). (b) Terremotos profundos. Os
parametros do ajuste obtido foram § = 1,20 e s, = 55,57 (ajuste em vermelho).
Foram também ajustadas leis de poténcia (P>(s) ~ s~7) para comparagao (ajuste
em azul). Os valores dos parametros sao (a) v = 1,09, e (b) v =1, 23.
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Fig. 4.11: Distribuicoes log-log de probabilidade acumulada de strength das redes
temporais multiplez de terremotos rasos, considerando (a) 1 camada, (b) 3 camadas,
(c) 5 camadas e (d) 15 camadas. E possivel observar que com o aumento do niimero
de camadas da rede as distribui¢oes passam a apresentar um comportamento de lei
de poténcia com corte exponencial (ajustes em vermelho). Em todos os casos, foram
ajustadas leis de poténcia pura para comparacao (ajustes em azul). O destaque é o
grafico obtido para 3 camadas [(b)], pois o regime em lei de poténcia é maior do que
nas outras redes. Os valores encontrados para os parametros em cada ajuste estao
presentes nas figuras.

madas considerado é M = 3 (Fig. 4.11(b)), a distribuigdo acumulada de strength
possui um regime em lei de poténcia maior que em todos os outros casos (seja nas
redes temporais com outros valores de camadas ou na rede agregada). Isso signi-
fica que ao analisarmos redes de terremotos rasos a partir da abordagem multiplex
de 3 camadas, o comportamento livre de escala é mantido para maiores valores

de strength, sendo um comportamento mais préoximo do encontrado em estudos re-
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Fig. 4.12: Distribuicoes log-log de probabilidade acumulada de strength das redes
temporais multipler de terremotos profundos, considerando (a) 1 camada, (b) 3
camadas, (c¢) 5 camadas e (d) 15 camadas. As distribuigoes sao bem ajustadas por
leis de poténcia com corte exponencial (ajustes em vermelho), apresentando um
corte exponencial ainda maior conforme o nimero de camadas cresce. Em todos os
casos, foram ajustadas leis de poténcia pura para comparagao (ajustes em azul). O
destaque é o gréfico obtido para 5 camadas [(c)], uma vez que o regime em lei de
poténcia é maior do que nas outras redes. Os valores encontrados para os parametros
em cada ajuste estao presentes nas figuras.

alizados para redes monocamadas de terremotos de locais especificos do planeta
(17,22, 23, 24, 25]. Este fato se torna ainda mais relevante uma vez que para M = 1
e M = 2 (o gréfico deste tltimo nao estd representado) o comportamento em lei
de poténcia é praticamente inexistente. Ou seja, este comportamento se inicia em
M = 3, sendo maximo neste mesmo valor. Destacamos ainda que a rede temporal

de 15 camadas (Fig. 4.11(d)) apresenta uma distribuicdo muito similar a encontrada
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para a rede agregada.

Outro ponto a ser observado nos resultados para terremotos rasos ¢ o fato de
que o valor méximo de strength é sempre préximo de 200, seja considerando a rede
agregada de 20 anos (Fig. 4.10(a)) ou redes temporais com diferentes quantidades de
camadas (Fig. 4.11). Esse resultado é interessante pois mostra que existem vértices
com um elevado nimero de ligagoes que ocorrem em um periodo de tempo menor
que um ano. Ou seja, para terremotos rasos, construir as redes utilizando dados
de varios anos nao produzem como consequéncia imediata altos valores de strength,
uma vez que alguns eventos, mesmo em um curto perfodo de tempo (menor que
um ano), tém um grande efeito na ocorréncia de outros terremotos. Tal fato pode
ser entendido como um tipo de “clusterizacao temporal” nos terremotos rasos. Vale
salientar que esse fato s foi observado devido a utilizacao do método de multicama-
das, uma vez que ao construir uma tunica rede agregada essa informacao detalhada
seria “mascarada”’. A mesma quantidade de camadas foi considerada em um tra-
balho de rede temporais multipler de terremotos do Ira e da Califérnia, regioes
com predominancia de terremotos rasos [7]. Contudo no referido trabalho os auto-
res nao fazem um estudo para diferentes quantidades de camadas, nem apresentam
justificativa para a utilizacao de 3 camadas.

Com relagao aos resultados para terremotos profundos, também foi observado
que as distribuicoes de probabilidade de strength seguem uma lei de poténcia com
corte exponencial. Na Fig. 4.12 é apresentado como esse comportamento varia ao
serem adicionadas mais camadas na rede. Assim como nas redes temporais de
terremotos rasos, as distribuicoes possuem comportamentos que apresentam maior
similaridade com a funcao da eq. 4.13 conforme se aumenta a quantidade de camadas
narede. Para a rede criada com 15 camadas o comportamento do gréafico ja apresenta
grande semelhanga com a distribuigdo da rede agregada (Fig. 4.10(b)). No entanto,
diferentemente dos terremotos rasos, observamos que o comportamento em lei de
poténcia pura se mantém para maior quantidade de dados quando o nimero de
camadas é igual a 5 (apesar da distribuigdo sofrer pouca alteragdo no intervalo
desde M =3 até M =5).

Outro destaque ocorre para o valor maximo de strength das redes multiplex de
terremotos profundos, que possui caracteristicas distintas das encontradas para da-
dos rasos. Ao observar a Fig. 4.12, é possivel notar que o valor maximo de s da
rede cresce com o aumento do nimero de camadas. Ou seja, conforme é conside-
rado uma maior quantidade de anos na construcao da rede multiplex, os hubs da
rede também acumulam uma maior quantidade de ligagoes. Dessa forma, os valores
maximos de strength para essas redes sao diretamente dependentes da quantidade de
dados da atividade sismica profunda nas regioes ao longo de anos, fazendo com que

o fenomeno de “clusterizacao temporal”, seja menos claro neste tipo de terremotos.
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Fig. 4.13: Distribuicao log-log de coeficiente de aglomeracao global médio em fun¢ao
do nimero de camadas (a) para redes multipler de terremotos rasos. O gréfico
apresenta decaimento em lei de poténcia (C' ~ M™"), com parametro n = 1,21
(linha sélida em azul). (b) Mesma distribui¢do, porém para uma rede aleatéria
similar. O ajuste em lei de poténcia serve como um guia para os olhos (linha sélida
em azul). Como pode ser visto, essa rede nao possui 0 mesmo comportamento que
a rede original.
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Além das distribuicoes de strength, foram investigados os valores de coeficiente
de aglomeracao global (C') e comprimento de menor caminho médio (¢) das redes
temporais multipler criadas. Para cada conjunto de M camadas, com M variando
delalb (1 <M <15;M € N), foram calculadas as médias dos valores de C' e ¢ a
partir das equacoes Eq. 4.10 e 4.11, respectivamente. Vale ressaltar que para esses
célculos as redes foram simplificadas, isto é, foram retiradas auto-ligagdes (ligacao
de um vértice a si mesmo) e arestas repetidas foram consideradas como tendo peso
igual a 1.

Como pode ser observado nas Figs. 4.13(a) e 4.14(a), tanto para terremotos rasos
quanto profundos, o valor médio do coeficiente de aglomeracio global, C, das redes
diminui consideravelmente com o aumento do niimero de camadas utilizadas. Con-
tudo, o comportamento dos graficos é diferente. Para as redes de terremotos rasos
(Fig. 4.13(a)), encontramos um comportamento com excelente concordancia entre os
dados e uma funcéo em lei de poténcia do tipo C ~ M ~", indicando uma invariancia
de escala no sistema. A fim de analisar se este comportamento é uma caracteristica
inerente as redes de terremotos rasos, ou se € uma caracteristica aleatoria do sistema,
calculamos os valores dos coeficientes de aglomeracao médios para redes aleatorias
similares (6aleat), isto é, redes com a mesma quantidade de vértices e arestas que as
redes originais de terremotos rasos, porém com suas ligagoes distribuidas aleatoria-
mente entre os vértices. Como pode ser observado na Fig. 4.13(b), o comportamento
em lei de poténcia desaparece ao se utilizar as redes aleatérias, o que mostra que a
propriedade de invariancia de escala é caracteristica do sistema de terremotos rasos,
e nao uma consequencia do método de construcao das redes de terremotos.

Uma observacao a ser feita é que uma assinatura similar a que encontramos
aqui também surge ao se estudar a relagao entre coeficiente de aglomeracao de
redes monocamadas de terremotos no Ira e o tamanho das células consideradas
para a definigdo dos vértices [23]. Nesse trabalho, os autores variaram a resolucao
das células espaciais que definem os vértices, e notaram um decaimento em lei de
poténcia nos valores de coeficiente de aglomeracao com o aumento da resolucgao.
Dado esse resultado obtido para terremotos do Irda (local com predominancia de
terremotos ocorridos em baixas profundidades) e os encontrados no presente trabalho
para redes temporais de terremotos mundiais rasos, ¢ possivel argumentar que os
terremotos rasos possuem uma aglomeragao com comportamento em lei de poténcia
tanto em termos de uma resolugao espacial quanto temporal.

No que concerne aos terremotos profundos, o comportamento do coeficiente de
aglomeracdo global médio, C, em funcao do nimero de camadas da rede temporal
multiplez é mostrada na Fig. 4.14(a). Nota-se no gréafico um decrescimento rapido
até o valor de 5 camadas, mantendo-se um decaimento mais suave a partir desse

valor, nao sendo encontrado portanto um comportamento em lei de poténcia, como
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ocorre no caso das redes de terremotos rasos. Além disso, destacamos que o compor-
tamento do coeficiente de aglomeragao global médio de uma rede aleatoéria similar a
rede de terremotos profundos possui comportamento semelhante ao obtido para as
redes de terremotos profundos originais (vide a Fig. 4.14(b)). Tal resultado aponta
para diferencgas na formagao de grupos de vértices nas redes construidas para eventos
sismicos rasos e profundos.

Além do coeficiente de aglomeragao, outra medida topologica que foi investigada
nas redes temporais multiplex de terremotos globais é o comprimento de menor
caminho médio (¢). Na Fig. 4.15 s@o apresentados graficos dos valores médios de £ em
funcao do nimero de camadas consideradas nas redes de eventos rasos e profundos.
Como pode ser observado, ambas as distribui¢oes seguem um comportamento linear
crescente com o nimero de camadas. Vale destacar que este resultado é coerente,
uma vez que quanto mais camadas sao consideradas, maior é o numero de vértices
da rede multiplez, e portanto maior é o valor de ¢, uma vez que muitos vértices sé
conseguem ser alcancados por caminhos que utilizem de miltiplas camadas (como
no exemplo da Fig. 4.6)

No trabalho realizado para redes monocamadas de terremotos do Ira [23], em
que a resolucao das células espaciais foi investigada, os autores também obtiveram
um crescimento linear para o valor do comprimento de menor caminho médio, /,
com o aumento da resolugao. Isso mostra mais uma evidéncia de que o fenémeno
sismoldgico possui caracteristicas espaciais e temporais similares.

Conforme comentado em capitulos anteriores desta dissertacao, trabalhos prévios
encontraram caracteristicas livre de escala e mundo-pequeno em redes monocama-
das (simples) de terremotos locais e globais [14, 15, 16, 17, 22, 23, 24, 25|. Para
classificar uma rede mundo-pequeno, sao investigados os valores de seu coeficiente
de aglomeragao e comprimento de menor caminho médio [8]. Redes com propriedade
mundo-pequeno possuem um alto coeficiente de aglomeracao, comparado ao valor
para uma rede aleatéria similar, e um baixo comprimento de menor caminho médio,
quando comparado ao numero de vértices na rede.

Assim, no presente estudo, a fim de analisar possiveis caracteristicas de mundo-
pequeno, essas propriedades foram analisadas para as redes multiplex de terremo-
tos rasos e profundos. Para terremotos rasos foi considerada a rede de 3 camadas
(M = 3) e para terremotos profundos a rede de 5 camadas (M = 5). Na Tabela 4.1
sao apresentados os valores médios dessas métricas. Analisando os valores obtidos,
nota-se que ambas as redes (terremotos rasos e profundos) fornecem um valor de
comprimento de menor caminho médio com a mesma ordem de magnitude que o lo-
garitmo do niimero de vértices (¢ ~ In N), sendo uma das caracteristica necessarias
para que uma rede seja definida como do tipo mundo-pequeno [26]. Contudo, os

valores do coeficiente de aglomeracao encontrados para essas redes sao proximos
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Fig. 4.14: Distribuicao log-log de coeficiente de aglomeracgao global médio em fun¢ao
do niimero de camadas para (a) redes multiplex de terremotos profundos, e (b) redes
aleatérias similares. Ambos os graficos possuem um decaimento rapido até a camada
de valor 5, apresentando um caimento mais suave a partir desse valor.
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Fig. 4.15: Distribuicao da média dos valores de comprimento de caminho médio,
¢, em funcdo do nimero de camadas nas redes multiplez (a) de dados sismolégicos
rasos e (b) dados sismolégicos profundos. Em ambos os casos, é observado um
comportamento crescente linear (linha sélida preta), dado por (a) £ = 0,75 M +7,71
e (b) £ =0,68 M + 8,67, em que M é o niimero de camadas.
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Tabela 4.1: Valores de coeficiente de aglomeracdo (C), coeficiente de aglomeracio
de redes aleatdrias equivalentes (Cyeqt), comprimento de menor caminho médio (¢)
e nimero médio de vértices (N) para as redes temporais multiplex utilizadas neste

trabalho.

Terremotos C Caleat C/Caeat l N InN
Rasos (3 camadas) 0,00964  0,000380 25,4 9,99 8904 9,09
Profundos (5 camadas) 0,000785 0,000781 1,0 11,94 4298 8,37

dos valores obtidos para redes aleatérias de mesmo tamanho, isto é, nao temos
C > Clear. Dessa forma, tais redes ndo possuem propriedade de mundo-pequeno
no sentido convencional utilizado para redes monocamadas.

Contudo, ¢ importante salientar que estudos anteriores de redes monocamadas,
tanto para terremotos rasos quanto profundos [15, 16], apontaram para o fato de
que o método de criagao de arestas conectando apenas epicentros de terremotos su-
cessivos nao parece ser o mais adequado. Isto se deve ao fato de que esta modelagem
acaba por minimizar propriedades de longo-alcance das redes. Desta forma, uma
possibilidade para a falta de evidéncias de caracteristicas de mundo-pequeno em nos-
sas redes, pode ser a modelagem utilizando, sendo portanto necessaria a aplicagao
de modelos de construcao de redes mais robustos. Deste modo, os resultados obti-
dos no presente trabalho também colaboram com a ideia de que o modelo sucessivo
utilizado na criacao de arestas intracamadas apresenta limitagoes quando aplicado
a redes multipler de terremotos mundiais.

Por fim, é notavel destacar que a abordagem multicamadas em redes de terre-
motos se apresenta promissora, uma vez que ela permite aumentar o refinamento
das analises e também concede informacgoes mais detalhadas sobre a evolucao das

propriedades das redes.

4.5 Conclusoes

Neste capitulo foram investigadas propriedades topoldgicas de redes multicama-
das de terremotos globais. Foram construidas redes temporais do tipo multiplex,
sendo cada camada definida por uma rede sucessiva criada com dados sismologicos
de 1 ano. As analises foram realizadas separadamente para dados de terremotos ra-
sos e profundos, tendo em vista o pressuposto de que sao mecanicamente diferentes
[12, 19].

Primeiramente, foram criadas e analisadas imagens geoespaciais das redes em
multicamadas, onde alguns pontos interessantes foram observados. A abordagem

de redes multiplex permitiu observar caracteristicas em redes de terremotos que nao



Cap. 4 - Caracterizacoes Topoldgicas de Redes Multicamadas de Terremotos 103

eram visiveis ao utilizar uma tunica rede agregada. Na representacao das redes o
tamanho das células é proporcional ao niimero de conexoes que a célula possui em
cada camada. Nas redes temporais multipler de terremotos rasos algumas regioes
se destacam com relacao ao tamanho das células nesses locais. Exemplos desses
destaques sao as regioes do Japao, Ilhas Sumatra, Tonga e Chile. Dado o elevado
indice de ocorréncia de terremotos nessas regioes, faz sentido que os hubs das nossas
redes se encontrem nesses locais, indicando que a aplicacao de redes complexas no
estudo desses fenomenos apresenta resultados coerentes.

Tomando como exemplo o terremoto de grande magnitude ocorrido em 2004
em Sumatra, notou-se que antes do evento hda o aumento de atividade sismica em
localidades proximas, e que esses eventos geram nos anos seguintes um elevado
nimero de ligacoes entre essas células e outras do planeta, nao apenas em lugares
proximos, mas também a milhares de quilometros de distancia.

Por outro lado, as redes temporais de terremotos profundos mostraram que, in-
dependentemente da ocorréncia de terremotos de magnitude elevada, nao ha uma
variacao tao evidente na atividade sismica profunda ao longo do tempo, apresen-
tando uma constancia maior do que os terremotos rasos. Além disso, as células das
redes estao localizadas, em sua grande maioria, em zonas de subducg¢ao, concor-
dando com os conhecimentos geolégicos existentes. Os vértices (células) de maior
tamanho se encontram na regiao de Tonga, que é conhecida pela atividade sismica
profunda.

Esses resultados obtidos pela visualizagao espacial das redes em multicamadas
apontam para diferencas na dinamica de terremotos rasos e profundos. Vale ressaltar
que esta carateristica de dinamica temporal nao é possivel de ser observada ao se
analisar as redes de forma agregada.

Com relagao as distribuigoes de probabilidades dos strengths das redes, foi ob-
servado que tanto para terremotos rasos quanto profundos o melhor ajuste é dado
por uma lei de poténcia com corte exponencial, e quanto maior o nimero de ca-
madas na rede, menor é o comportamento da parte em lei de poténcia, e maior é
a parte exponencial. O surgimento do corte exponencial sugere a existéncia de um
fator limitante nas redes para grandes valores de strength, tendo sido encontrado
esse resultado também em estudos de redes monocamadas sucessivas de terremo-
tos mundiais [14]. Apesar disso, foi observado que existe um valor de nimero de
camadas para o qual o regime em lei de poténcia é maior. Os valores de camadas
que forneceram esse resultado foram 3 camadas para dados rasos e 5 camadas para
dados profundos. Esse resultado mostra uma outra vantagem na utilizacao de redes
multicamadas quando comparadas as redes monocamadas. Esta vantagem consiste
no fato de permitir a andlise dos mesmos 20 anos de dados (2000 a 2019) mas com

uma analise mais detalhada.
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Outras propriedades topoldgicas analisadas neste trabalho foram o coeficiente de
aglomeragcao global (C) e o comprimento de menor caminho médio (¢). Em relacao
ao primeiro, caracteristicas diferentes foram encontradas para os terremotos rasos e
profundos. Para as redes temporais multiplex de terremotos rasos, o valor médio do
coeficiente de aglomeracgao global variou com o niimero de camadas na rede seguindo
uma lei de poténcia decrescente, o que é um resultado muito interessante, uma vez
que essa funcao aponta invariancia de escala em relacionamentos entre diferentes
parametros. Para mostrar que esse resultado ¢ inerente ao fenémeno e nao somente
um resultado aleatério, foram calculados os valores dos coeficiente de aglomeragao
de redes aleatorias similares. Nestas redes aleatorios, apesar de o coeficiente de
aglomeracao médio também decrescer com o tamanho do niimero de camadas, os
resultados nao possuem concordancia com uma lei de poténcia.

Vale destacar que em [23] os autores utilizaram redes monocamadas de terremo-
tos do Ira [23]. Neste trabalho também foi encontrada uma relagao de lei de poténcia
para o coeficiente de aglomeragao da rede em funcao da resolucao das células espa-
ciais definidas como vértices. Visto que a abordagem de redes temporais aplicadas
no presente estudo pode ser entendida como uma anélise temporal da ocorréncia de
terremotos, pode ser argumentado que a formacgao de triangulos na rede de terre-
motos rasos (isto é, a informacao do coeficiente de aglomeragao) possui invariancia
de escala tanto espacial quanto temporalmente. Um estudo futuro mais detalhado
dessa caracteristica seria interessante para resultados mais aprofundados.

Por outro lado, as redes temporais de terremotos profundos nao apresentaram
uma relacdo em lei de poténcia entre os valores de coeficiente de aglomeracao e
o nimero de camadas da rede, tendo fornecido um comportamento similar ao de
redes aleatérias de mesmo tamanho, e valores de coeficiente de aglomeragao muito
préximos, indicando (como explicitado em [16]) que o modelo de construcao de redes
sucessivas pode nao ser o mais adequado para o estudo de determinadas propriedades
mais refinadas.

No caso do comprimento de menor caminho médio, em ambos os conjuntos de
dados (terremotos rasos e profundos) os valores encontrados apresentaram um cres-
cimento linear com o nimero de camadas. Comportamento similar foi observado
em redes monocamadas de terremotos do Ira [23], ao serem variados os tamanhos
das células espaciais que definem os vértices. Assim, observa-se semelhanca entre
propriedades temporais e espaciais dos terremotos, sejam eles ocorridos em locais
especificos do planeta ou em uma visao global.

Os valores de C' e ¢ calculados para as redes multiplex, com numero de camadas
M = 3 para terremotos rasos, e M = 5 para terremotos profundos), foram usados
para investigar a caracteristica de mundo-pequeno nestas redes. Foi observado que

apesar de possuirem um valor de ¢ proporcional ao logaritmo do niimero de vértices,
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as redes nao possuem um valor de C' > Cl.q:. Por conseguinte, essas redes multiplex
nao sao do tipo mundo-pequeno.

Por fim, em [15] os autores propuseram uma metodologia aprimorada para a
criacao das ligagoes entre os vértices e, como foi apresentado no estudo, ela foi capaz
de recuperar o regime livre de escala das distribuigoes de strength de redes mono-
camadas de terremotos globais. Além disso, ela forneceu caracteristicas de mundo-
pequeno nao apenas para redes simples de terremotos regionais, como também para
aquelas considerando eventos sismicos de todo o globo. Assim, um dos trabalhos
futuros sera a aplicagao desse modelo mais robusto para criar as ligagoes intraca-
madas e investigar a possibilidade da existéncia de propriedades livre de escala e

mundo-pequeno.
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Capitulo 5
Consideracoes Finais

Nesta dissertagao, aplicamos métodos de redes complexas e fisica estatistica para
investigar propriedades de terremotos ocorridos em escala mundial, sendo concluidos
os pontos abordados a seguir.

Do ponto de vista da Mecanica Estatistica Nao-Extensiva, foram encontradas
relagoes de escala em distribuicoes de distancia, tempo e velocidade entre terremo-
tos sucessivos gerados com um modelo OFC de topologia mundo-pequeno e terre-
motos globais, tanto rasos quanto profundos. Os graficos apresentaram excelente
concordancia com uma funcao da familia de fungoes de Tsallis, g-exponencial, que
apresenta comportamento assintético em lei de poténcia. Uma vez que essa funcao
surge em sistemas de interacoes de longo alcance espaco-temporal, tal fato é um
indicativo do comportamento nao-extensivo no fenomeno sismoldgico.

Além disso, a concordancia entre os resultados de terremotos sintéticos e reais
sugere a presenca da propriedade de criticalidade auto-organizada nesse sistema.
Ademais, nossas descobertas apoiam a ideia de que a crosta terrestre acumula ener-
gia lentamente e a libera rapidamente por meio de falhas. O estudo realizado de-
monstrou ainda que o modelo OFC modificado fornece resultados melhores e mais
consistentes do que o modelo spring-block 2D original, sendo uma excelente opgao
para se analisar propriedades de terremotos reais. Estes resultados estao apresen-
tados no Capitulo 2 e foram publicados em Chaos, Solitons € Fractals, 165 (2022)
112814, DOI: 10.1016/j.chaos.2022.11281/.

Em relacao as redes complexas, foram utilizadas duas abordagens: redes mo-
nocamadas (simples) e redes multicamadas. No estudo de redes monocamadas de
terremotos foram investigadas suas propriedades de correlacao, considerando dados
de terremotos reais rasos e profundos, e catalogos de terremotos simulados com o
modelo OFC modificado. Os métodos de construcao das redes foram dois: o modelo
sucessivo e o modelo de janela de tempo.

As redes construidas para terremotos rasos usando ambos os modelos sao assor-

tativas, ou seja, hubs da rede tendem, em média, a estar mais ligados entre si do
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que com outros vértices. Isso significa dizer que regides do mundo onde ocorrem
terremotos de grande magnitude possuem uma correlagao entre si muito maior, do
que com outras regioes, independentemente da distancia entre elas. Foi observado
que a rede criada com o modelo de janela de tempo apresenta comportamento muito
mais assortativo. Resultados semelhantes foram encontrados para redes de eventos
sismicos na Califérnia e no Japao, em trabalhos prévios.

Em contraste, as redes de terremotos profundos nao mostraram correlacao entre
a conectividade (grau) dos vértices, tanto para o modelo sucessivo quanto o modelo
de janela de tempo. Ou seja, locais onde terremotos profundos ocorrem em todo o
planeta nao possuem um tipo de correlacao especifica, sendo encontrado comporta-
mento neutro (aleatério). Os resultados permaneceram consistentes ao considerar
diferentes restrigoes, como limites de magnitude e exclusao de eventos com profun-
didades fixas.

Essas descobertas sugerem que terremotos rasos e profundos tém diferentes pro-
priedades de correlagao temporal e espacial. Além disso, a rede criada para da-
dos sintéticos do modelo OFC com topologia mundo-pequeno apresentou compor-
tamento assortativo, assemelhando-se aos terremotos rasos. Estes resultados estao
apresentados no Capitulo 3 e foram publicados em Brazilian Journal of Geophysics,
v.40, n.1. DOI: 10.22564/brjg.v40i1.213/.

Finalmente, como mostrado no Capitulo 4, a aplicacao de redes temporais mul-
tiplex construidas com o modelo sucessivo revelou propriedades em redes de ter-
remotos que nao eram visiveis em redes agregadas. As redes de terremotos rasos
mostraram que certas regioes, como Japao, Ilhas de Sumatra, Tonga e Chile, sao
constantemente destacadas devido a alta ocorréncia de terremotos. O terremoto de
Sumatra, em 2004, demonstrou o aumento da atividade sismica em locais préximos
antes de um grande evento, resultando em um grande nimero de conexoes entre
as células nos anos subsequentes, mesmo a milhares de quilometros de distancia.
Em contraste, as redes temporais de terremotos profundos exibiram menos variagao
na atividade sismica ao longo do tempo, e as células se apresentaram localizadas,
principalmente, em zonas de subduccao.

As distribuicoes de strength dessas redes apresentaram comportamento de uma
lei de poténcia com corte exponencial, sendo esse corte maior quanto maior o niimero
de camadas. No entanto, foi observado que para determinado valor de camada as
redes possuem maior regime livre de escala. O coeficiente de aglomeragao global das
redes multipler rasas apresentou decaimento em lei de poténcia com o valor de ca-
madas na rede, indicando invariancia de escala nas relagoes entre esses parametros.
Esse resultado nao foi encontrado, entretanto, para as redes de eventos sismicos
profundos, tendo, na verdade, comportamento semelhante aos fornecidos por redes

aleatdrias similares. O comprimento de menor caminho médio em redes de terremo-
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tos rasos e profundos demonstrou crescimento linear com o ntimero de camadas.
Os resultados apontam similaridades e diferencas entre terremotos rasos e pro-
fundos, em diferentes situagoes. Ademais, notou-se que o modelo sucessivo possui
limitagoes ao se analisar redes de epicentros. Dessa maneira, como perspectivas fu-
turas, e continuacao do presente trabalho, deve-se realizar analises e investigacoes
de redes de terremotos utilizando diferentes modelos de criagao de redes, de forma
a produzir um melhor mapeamento do sistema de terremotos e suas caracteristicas.
Realizando entao estudos de medidas topolégicas e dinamicas de redes para um
melhor entendimento desse sistema, e a formulagao de métodos de redes multica-
madas mais robustos, que nao seja somente multipler (variagdo de camadas por

profundidade dos terremotos, por exemplo).



